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Abstract

Spreading speed of spatio-temporal nonlinear dynamical system can sometimes be determined either by
its corresponding linear system with an explicit speed formula, or by the complicated nonlinear system
itself with the existence of a pushed wavefront. In this paper, the spreading speed (the minimal speed of
wavefronts) for a Lotka-Volterra competition model in spatially periodic habitats is investigated. We estab-
lish new results on the linear and nonlinear selections in terms of the spatio-periodic coefficient functions.
In the case of nonlinear selection, lower and upper bound estimates of the minimal speed are provided.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is devoted to the spreading speed (the minimal wave speed of traveling waves)
determinacy for the following Lotka-Volterra competition model in periodic habitats:
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duq 0°uy

5 =@ —m tunbi(x) —anuy — anxjuz),

duy 32u2 (b
B ZdZ(X)W +uz(ba(x) — a1 (X)uy —axn(x)uz), t >0, x €R,

with all of the coefficients in system (1.1) to be L-periodic functions for a positive number
L. Here, u;(¢,x) and u,(¢,x) are the population densities of two species respectively. The
functions dj(x) and d»(x) represent the diffusive coefficients that are bounded below by pos-
itive constants so that the operators dp(x) 832;‘2‘ and d>(x) 3;;‘22 are uniformly elliptic. Moreover,
ajj(x), 1 <1i, j <2 are positive, while b1 (x) and b2(x) can change signs. We will also assume
that all the coefficients are in C¥(R)(v € (0, 1)). For more details on the biological interpretation
of the coefficient functions, readers are referred to [31].

Dynamics for reaction-diffusion models, time-delayed reaction-diffusion models and scalar
evolutions in heterogeneous media (including periodic habitat), have been widely investigated in
literature (see for examples [2-6,8,11,25-28,30,32]). In the spatial bounded domain with some
particular boundary conditions, Dockery et al. [7] proved that the phenotype of a species with
lowest diffusing speed dominates the other phenotypes, under conditions that the rate of mutation
is small and the species is of haploid genetics. The uniqueness, stability of the coexistence steady
states of a classic diffusive Lotka-Volterra competition model with spatially heterogeneous in-
trinsic growth rate have been studied in [19]. By incorporating advection-effect, Lutscher et al.
in [21] studied pattern formations of a Lotka-Volterra competition model.

Spreading dynamics plays an important role in understanding the invasion of foreign species
in competition for a common resource. In the case of homogeneous environment (the coefficients
in system (1.1) are constant), patterns of traveling waves and their spreading speed (the minimal
speed) determinacy have been studied extensively in [1,13,15-17,20,22] and references therein.
However, when the coefficients are spatial-periodic functions, wave-propagation study becomes
challenging, since not only the dynamics of co-existence steady state(s) is unclear, but also the
method of phase plane analysis, which is useful in the study of classical KPP-Fisher model [18],
cannot be applied to find the existence of wavefronts.

In the present paper, we adapt the upper-lower solution method to investigate the minimal
speed determinacy of traveling waves, connecting two semi-trivial equilibria, of system (1.1)
with monostable nonlinearity that is illustrated in section 2. With a deep understanding of the
dependence of wavefront V on the invasion front U, we first investigate the essential feature of
nonlinear selection. As an application, several criteria in terms of the coefficients are established
for the nonlinear speed and some estimates are provided. For the linear selection, we obtain a set
of sufficient conditions that are completely different from the condition in [31] that implies the
nonlinear system is bounded by the corresponding linear system along the direction of a partic-
ular eigenvector. The new upper and lower solutions constructed in this paper play an important
role, which establish nonlinear selection of the minimal wave speed that has not been investigated
before in [31].

The paper is arranged as follows. In section 2, we establish the monostable nonlinearity of the
system. Detailed derivation for the linear speed cg is provided. In section 3, we proceed to give
a priori estimate of the wave profile and indicate the dependence of V on U. In sections 4 and 5,
we establish the nonlinear and linear speed selection respectively. Section 6 is a short conclusion
of our paper.
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2. Monostable nonlinearity and the linear spreading speed

Let us first study the dynamics of (1.1) when the initial data are spatially-periodic. Obviously
(0, 0) is a steady state and it is unstable if
(A1) A(di(x),b;i(x))>0,i=1,2.
Here, the notation A(d(x), b(x)) represents the principal eigenvalue of the system

Ap(x) = d(x)g" (x) + b(x)p(x),
px)=9px+L), xeR.

Under this condition (A1), for (1.1) there exist two semi-trivial equilibria

(p(x),0) and (0, g (x)) 2.1

with unknown explicit formulas. Both p(x) and g (x) are twice-differentiable with respect to x
(see, e.g., [31, Proposition 2.1]). Linearizing the system around (0, g(x)), we know that it is
unstable under a further condition

(A2) A(di(x),bi(x) —ain(x)q(x)) >0, Vx e R.

However, due to such a complicated coupled system, we still don’t know whether there exists
a co-existence positive equilibrium, even though we assume that (p(x), 0) is stable under the
condition

Mda(x), ba(x) — a1 (x) p(x)) <O0. (2.2)

As such, we follow [31] to assume

(A3) there is no steady solution in the interior of Py for the system (1.1),

where P, ={p € P : ¢(x) > 0,Vx € R} and PP is the set of all continuous and L-periodic func-
tions from R to R?.

Remark 2.1. The condition (A3) combined with (A2) implies that (p(x),0) is stable for all
initial data in P. For details, readers are referred to [31, Theorem 2.1]. Hence, it follows that
AMdy(x), by(x) — az1(x)p(x)) < 0. In addition, we remark that (A1) holds whenever b;(x) >
0,i = 1,2 for all x € R and (A2) holds whenever b1 (x) — aj2(x)g(x) > 0 for all x € R. As far
as (A3) is concerned, we can consider a special case: dy(x) =d1,dy(x) = dp with 0 < d] < d,
bi1(x) = by(x), aj1(x) = ax1(x) = ax(x) =1 and aj(x) = ¢ with ¢ € [0, 1]. Such a model
was also reported in [31], where the authors showed that (A1)-(A3) hold true provided that
by =1 [ bi(x)dx = 0 (see page 58 of [31]).

From a biological point of view, conditions (A1)-(A3) are referred as the case of competition
exclusion or the so-called monostable nonlinearity.
By making use of a transformation

ui(t, x) us(t, x)
it ) =1—
pory 20 ES)

vi(t,x) = , 2.3)

we can rewrite the competitive system (1.1) into the following cooperative system
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3 a2 "(x) 9
gﬂ=dmn—i§+2mu»393Jﬂ+wumAMp@x1—m)—mﬂ@quxl—mn,
t 0x p(x) ox
3 a2 "(x) 8
SF =) T + 2 992 4 (1 = vz (¥) pCoyws — an(0gvs].
t 0x q(x) 0x

2.4
The two equilibria (p(x),0) and (0, g(x)) are changed into (1, 1) and (0, 0) respectively. As
such, (2.4) has three equilibria

e0=1(0,1), e1=(1,1), e2=1(0,0).

In the current paper, we are interested in the existence of positive traveling wave solution,
connecting e and ey, to the system (2.4). It is a special solution in the form of

(wi(t, x), v, x)=WU(x,z2),V(x,2)), z=x —ct. (2.5)

Here, ¢ is the wave speed, and the pair of functions (U, V) is called the wavefront. Substituting
(2.5) into (2.4), we have

P (x)
px)
+ Ulai1(x)p(x)(1 = U) —apn(x)g(x)(1 — V)] =0,

dy(X)(Vyx +2Viz + V) + 2d2(x)%(vx + V) +cV,

+ (= W)la21(x) p()U — ax(x)q(x)V] =0,

di(x)(Uxx +2Ux; + Uzz) +2d1 (x) Ux +Uz) +cU;

(2.6)

prescribed by boundary conditions

U, V)(x,—o00)=(1,1), (U, V)(x,+00) = (0,0). 2.7)

In general, (2.6)-(2.7) does not always have a non-negative monotone solution for every c¢. How-
ever, it was proved in [31, Theorem 3.1] that there exists a number cpi, such that the system
possesses a non-negative monotone solution if and only if ¢ > cpin. Usually, it is difficult to ob-
tain the explicit expression for the minimal speed cpiy. To estimate it, we can first linearize the
system (2.4) near e, to get a linear system

dvy 321)1 p'(x) vy
a3 =d (X)W + 2d; (x) — + (@11 (x) p(x) —an(x)g(x))vr,
X p(x) ox
dvs 320, q'(x) dvs @9
B =dy(x)—— +2d>(x) — + a1 (x) p(x)v) — axn(x)g(x)vs.
t 0x g(x) 0x

The first equation can define a linear speed

co = inf (A(10)/ 1}, (2.9)
n>0
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where X(M) is the principal eigenvalue of the following eigenvalue problem

A= dy (¥ — (2d1 (O —2d1 (1) 2 (x)) ¢
p(x)
p

'(x)

(2.10)

+ (m ()u* —2d; (x) 1+ ar (x) p(x) — au(x)qm) ®,

p(x)
¢(x+L)=¢(x), x eR.

Remark 2.2. By the yvell known Krein-Rutman theorem, it follows that for each w, (2.10) has a
principal eigenvalue A(u) and a corresponding positive eigen function ¢, (x).

Besides the existence of traveling waves for ¢ > cpp, it follows also from [31, Proposition
4.1] that cmin > ¢o under the conditions (A1)-(A3). Therefore, ¢y becomes a lower bound of
Cmin, but we don’t know whether or when they are equal or not. We say this minimal speed is
linearly selected if cpin = cg, and nonlinearly selected if cpin > co. In [31], the authors studied

the linear determinacy with two further technique conditions

(D1) Ao(ro) > A(ko);

Pi(x) ap(x) axpx)
D2) 7 = ma"{amx)’ an ) } vreR,

where Ag(u) is the principal eigenvalue of the equation

{w =di ()" —2d1 ()Y’ + [dr () p? + b1 (x) — ar(x)g ()1, e

Y(x)=v¢x+L), xeR,

and A(u) is the principal eigenvalue of the equation

{M// =d ()Y = 2 ()Y + [da () p? + bo(x) — 2a2(x)q ()],
Yx)=¢vx+L), xeR.

The constant w1 is the point such that % attains its minimum. Moreover, wf(x) and w;‘ (x)
are two positive L-periodic eigenfunctions corresponding to Ag(up) to the following periodic
eigenvalue problem

M =di (Y] —2d1 ()] + [di () p® + bi(x) — a12(x)g () 1y,
My = da ()Y — 2 () ui; + a21 (X)q ()1 + [da(x) p” + ba(x) — 2a22(¥)g ()],

Yix)=vi(x+L),i=1,2, xeR.
(2.12)

Remark 2.3. Note that [31] requires assumption (D1) so that the eigenfunctions of (2.12) are
positive. In addition, (D2) implies that the nonlinear system is bounded by the corresponding
linear system along the direction of the initial data (e *0* v/ (x), e 7*0* /] (x)). In our study, we
can remove both restrictions to have new results.
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Remark 2.4. We should mention A(u) = Ag(w), with the eigenfunction ¥ in (2.11) satisfying
Y = p(x)¢ for ¢ in (2.10).

In summary, we will study the minimal wave speed selection for the traveling waves of (2.6)
under conditions (A1)-(A3) with the linear speed c( defined in (2.9).

3. A priori estimate of the wave profile and the dependence of V on U

As we know, for ¢ > cpjp, traveling wavefronts (U, V) of (2.6) exist and we want to give a
priori estimate of their behaviors as z — oco. This will also give a derivation of (2.10). Indeed
as z — 0o, we will see that the nonlinear system is well-approximated by its linear system.
Linearization of system (2.6) around e, gives

d1(x)(Usx +2Ux; + U;;) + 2d; (x)%(Ux +U;)+cU; +Ulay(x) p(x) —aiz(x)g(x)]
=0,

dy () (Vex +2Viz + Vio) + 2dz(x)qq ((j:)) (Vi + Vo) + Vs + a3 (0) p()U — ana(x)q (x)V
— 0,

(3.1
where p(x) and ¢ (x) satisfy

{0 =di(x)p"(x) + p(X)[b1(x) — aj1(x) p(x)],
0=dsr(x)q" (x) + q(xX)[ba(x) — axn(x)q(x)].

The first equation in (3.1) is decoupled. Let U = e™*2¢ (x), for some positive functions ¢ (x)
and constant z. Substituting it into the first equation of (3.1), we get the following problem

0=dj(x)¢] — (2d1 () — 2d (1) 2 m) ¥,

p(x)
p'(x)
p(x)

+ <d1 (x)u* —2di (x) p—cp+an(x)plx) — au(X)é](X)) b1,

o1 (x+L)=¢1(x), x eR.

(3.2)
For later use, we need to investigate the concavity of A(u) that is defined in (2.10). The
following lemma can be found in [31].

Lemma 3.1 (Lemma 5.1 in [31]). Assume that L-periodic functions d(x), g(x), m(x) are in

C'(R)(v € (0,1)). Let Ay (1) be the principal eigenvalue of the following elliptic eigenvalue
problem

{Mﬁ =dx)y" —[2d()p + )Y + [d@)p? + g +m)1Y,
Y(x+L)y=v((x), xeR.
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Then A, () is a convex function of u on R.

Therefore, it follows from Lemma 3.1 that ')t(,u) in (2.10) is a convex function of x on R. This
together with the condition (A2) implies that, for each ¢ > ¢y, X(,u) — cp = 0 has two positive
roots u1(c) and wa(c), with wy(c) < p2(c) for each ¢ > cg. The corresponding positive eigen-
fuctions are denoted as ¢1 4, (x) and @1, (x). When ¢ = ¢y, we have [ := p1(co) = pa(co).
Moreover, it follows that w1 is a decreasing function and w7 is an increasing function with re-
spect to c. A straightforward way to understand this property is as follows. Divide both sides
of the first equation of (3.2) by dj(x)¢1(x) and integrate it from O to L to obtain the following
characteristic equation

1> —cAu+B=0,

where

)dx.

L L
1 / 1 = l/(an(x)l?(x)—alz(x)CI(x) . ¢>_i/+2P/(x)¢{(X)
/ di(x) 1 p(x)p1(x)

The condition (A2) implies B > 0. Hence, the two solutions are

cA—/(cA)? —4B cA++/(cA)?—4B
ni(c) = > >0, pua(c) = > >

0, (3.3)

as ¢ > cg. Here ¢ satisfies
cg A2 =4B.
Remark 3.2. For each ¢ > ¢(, the asymptotic behavior of positive U (x, 7) is given by
Ux,2) ~ Ciht oy (0)e M7 4 Cogy iy (1)e 2%, as 2 — o0,
with C1 > 0, or C; =0, C; > 0. What should be pointed out is that the asymptotic behavior of
U(x,z), as z — oo, can not contain generalized eigen-models like ¢; ,,, (x)(1 + a1z + arz? +
B anz")e_“"(c)z, n > 1 as long as ¢ > cg. For this result, one is referred to the work [14,

Theorem 1.3]. We can give a short explanation. Take a single term a1¢y, (x)ze M1(97 a5 an
example. Putting it into the first equation of (3.1) leads to

¢ (x) P e
2 -2 2 —
o0 ML Tam

Integrating the above equation from O to L with respect to x gives u; = % , Which is impossible
for ¢ > cp. Hence, the term like ¢, M(x)ze”“(“)Z can not be appeared in the asymptotic
behavior of U(x, z) as z — oo. Similar discussions can rule out the other terms with high order
power of z.
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For the above given behavior of U, we can use the second equation of (3.1) to get the behavior
of V. Denote the principal eigenvalue of the operator

L) = dz(x)qﬁg — (2d2(x)u _ 2d2(x)q ()C)> ¢§
q(x)

q'(x)
q(x)

+ (dz(X)Mz — 2d5(x) - azz<x>q<x>) ¢

by x (1), which is also a convex function. Then condition (A1) together with Remark 2.1 implies
q(x) >0, k(0) <0, and « () — cu = 0 has a unique positive root for each ¢ > cp. Also denote
this positive root by 3(c). Then the behavior of V is given by

1
— lim —logV =
>0 7

!min{m(C), us(c)}, if C; >0,
(3.4)

min{uz(c), u3(c)}, if C;1 =0,

where C is defined in Remark 3.2.

The next lemma plays an important role in obtaining our main result. It enables us to avoid
constructing simultaneously the upper solution U and V (or lower solution) to the equations
in system (2.6) and shows the dependence of V on U. Instead, we only need to focus on the
construction of the solution U.

By an upper or lower solution, we have the following definitions.

Definition 3.3. (Upper/Lower solution) A pair of continuous functions (U, V)(x, z), which is
twice continuously differentiable in x and z, is called a regular upper solution of (2.6) if it satisfies

dy(X) Uyy + 2Uy + Us2) + 2d; (x) ’; ((j:)) Uy + Us) + cU.+
Ulan@p()(1=0) —an@e@d =Moo
q'(x) )

dr(x)(Vix +2Vyz + Vi) + 2da(x) (Vi + Vo) +cV+

q(x)
(1 =W)a1(x)p(x)U —axn(x)g(x)V] <0,

for (x,z) € [0, L) x R. The definition of a regular lower solution follows by reversing all the
inequalities in (3.5).

Usually it is difficult to find upper or lower solution pairs twice-differentiable in subdomains.
We can relax to find upper or lower solutions domain-wisely. This results in the definition of
irregular upper or lower solutions. The notion of “irregular solution” is now more commonly
known as “weak solutions” in the H' sense.

Definition 3.4. (see, [12]) A pair of continuous functions v ,_\7) is said to be an irregular upper

solution of (2.6), lf there exist regular upper solutions O, VY, ..., (U, V¥) of (2.6) such that

w,v)= lm_ink (U*, V') componentwise. Similarly (U, V) is called an irregular lower solution
<i<
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of (2.6) if there exist regular lower solutions (gl, yl), s (Qk, l/k) of (2.6) such that (U, V) =

max (U i yi ) componentwise.
1<i<k

From now on, by an upper solution (lower solution), we always mean an irregular upper
solution (lower solution).

Lemma 3.5. For ¢ > 0 and any given continuous function U (x,z) which is non-increasing

in z and is L-periodic in x, and satisfies U(x,400) = 0, with %U(x, —00) > 1 or
%U(L —00) < 1, the equation
q'(x)
dy(xX)(Vix +2Vie + V) + 2d2(x)%(vx + V) +cV,
+ (1 =W)laz1(x) p(x)U — an(x)g(x)V]=0, 3.6)
V(x, —00) = min{l, MU()@ —o0)}, V(x,400)=0, x eR,
axn(x)q(x)
Vx,2)=V(x+1L,2),

has a continuous solution V which is non-increasing in z and is L-periodic in x. The solution V
is also monotone in U.

Proof. By putting £ = —z and W(x,&) =1 — V(x, z), the equation (3.6) can be rewritten as

dy () (Wi — 2Wie + Wee) + 2d2<x)f] ((;“)) (Wy — We) — cWe + an(x)g(x) Wla(x, £) — W]
=0,
W(x. —o0) = 1, W(x. +00) = 1 —min{1, 2XPD 1 ). x eR.
az(x)q(x)
W(x, &) =W +L,§),
(3.7)
where
a(e gy =1 = 2P
axn(x)q(x)
with
_a1(x)p(x)

a(x,—o0)=1, a(x,00) =1 U(x,—00), x eR.

ax(x)g(x)

Next, we use the upper and lower solution method to prove the existence of W which then gives

rise to the existence of V. To proceed, we will consider two cases: (i) %;Z&X;U (x,—00) > 1

and (ii) %U (x, —o0) < 1. Firstly, it is easy to check that W =1 is an upper solution of

(3.7), no matter for case (i) or case (ii). For the construction of lower solution, it is completely
different for the two cases.
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Case 1. We intend to apply the result of bistable wave in [10]. Indeed, for a sufficient small
number €, we define

an(@)gx)W(l —e—W), W =0,

felx, W) = ) ) .
an(x)g(x)W(e+ W), W <

and consider the following equation

q'(x)

do(x)(Wyy —2Wye + Wee) + 2da(x) 70

(W — We) + & We + fe(x, W) =0, (3.8)

which has three equilibria —e, 0, 1 — €. This is a bistable system and by following the idea in
[10], one can prove that equation (3.8) has a non-increasing solution W = W¢, subject to

W(x, —00)=1—¢, W(x,+00)=—¢. (3.9)
As € — 0, we claim that & — & and the limit of W,, say W, satisfies
e PP o
700 (Wy — We) 4+ coWe +anx)g(x)W(1 — W) =0,
(3.10)

do () (Wyy —2Wae + Wee) + 2da (x)

which admits a non-negative solution, connecting 1 and 0, with

R AW
co=max{ —— ¢ > 0.
u>0 12

Here )AL(,u) is the principal eigenvalue of the following eigenvalue problem

(¢ () = da(x)¢ (x) + 24y (x) (u + Z ((j))) ¢ (x)

q'(x)
q(x)

+ (dz(X)M2 + 2uda (x) +6122(x)61(x)> ¢ (x),

¢(x+L)=¢((x), x €R.

Assume that this claim is true and we proceed to prove our main result. There exists a number &g
such that a(x, &) > 1 — € if & <& since a(x, —00) = 1. Due to any translation of W(x, E)in&
is still a solution to (3.8), we can assume that W(x, &)>0if & <&, and W(x, £)<0if &€ > &.
Let W(x, &) be the solution to (3.8)-(3.9). Then we can define the following function

0, for & > &,

W(x, &) =max{0, W(x, &)} =1 .
W(x, &), foré<g.

We readily see that W is a lower solution to (3.7). Actually, the proof of the case & > & is
obvious. As for the case & < &y, we have
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q'(x)
q(x)
= —(c + E)We +an(x)g(x)Wla(x, &) — (1 — )]
>0,

Ay (xX)(Wxx —2Wye + Wee) + 2da(x) Wy —=We) —cWe +anx)g(x)Wla(x,§) — W]

for ¢ > 0. Thus, for given U, we find a solution V. The monotonicity of V on U comes from the
positivity of p(x) and a»(x) in (3.6).

We are left to prove our claim.

By developing the ideas in [33, Lemma 3.6], we first show that lim+ Ce < ¢9. We start

e—0
with showing that ¢, is nonincreasing with respect to €. Suppose 0 < €] < €, and vy (x,?) =

ng (x,x — ¢ 1) and vp(x, 1) = WQ (x,x — Ce,t) are solutions of (3.8) with (3.9). Translate so
that

We,(x,7) >0 (3.11)

for some 7. It is easy to see that ng x,—00)=1l—€;>1—€ = Wgz(x, —o0) and ng (x,00) =
—€1 > —€p = We,(x, 00). As aresult, due to the fact that any translation of W (x, &) in & is still

a solution to (3.8), one can assume that Wel (x,x) > Wez (x,x) for x € R. Noting f¢, > fe, and
by use of the comparison principle to the parabolic equation, we obtain

V1(x, 1) = We, (6, X — E¢,1) > Wey (x, X — Eeyt) = v2(x, 1) for (x,1) € (R,RT).
To the contrary, if &, < C,, by letting n = x — C, 1, it follows that
We, (x, 1) < We, (x, (Cey, — Ce))t) = —€1, ast — 00,

which contradicts to (3.11). Consequently, we get ¢¢, > Ce, if €1 < €, which indicates ¢, is
nonincreasing in €. This together with ¢, < ¢ implies the existence of limit of & as € — 0. We
denote it by ¢ which satisfies ¢ < ¢o.

Next, we shall prove that ¢ > ¢y. Replacing € by ¢,,n =1,2,---,k in (3.8) and denoting
the unique solution by (c,, We,,)- Here, the sequence ¢, is chosen so that nll)n;o €, =0 and

Wen (0,0) = 1 by a translation. Passing to a subsequence of ¢, if it is necessary and by virtue

of some a priori estimates, one can show that (c,, Wen) converges to a solution (c, W) of the
following system

q'(x)
q(x)

WE+L,z)=W(x,2), (x,2) eR xR.

da(xX)(Wyy — 2Wye + Weg) + 2da(x) (Wy — We) + EWe +an(x)g(x)W(l — W) =0,

W(0,0) =

| =

We dedu_ce from the monotonicity and boundedness of Wen (x, z) that Wz <0and 0 < W < 1.
Hence, W (x, +00) exists and satisfies

q'(x)

dr (X)W (x) + 2d> (x) o) Wy +an(x)gx)W( — W) =0. (3.12)
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By the assumption (A3), the second equation of (1.1) has and only has two steady states 0 and
q(x). Taking the transformation (2.3) into account, it is obvious that (3.12) has and only has two
steady states 1 and 0. This is equivalent to W (x, +00) € {0, 1}. In view of the monotonicity of
W(x, 7) in z, we get

W (0, 00) < W(0,0) = = < W(0, —00).

SR

Therefore W (x, —00) = 1 and W (x, 0o) = 0. It is proven that W (x, x — ¢t) is a traveling wave-
front of (3.10) connecting 1 to 0. This further implies ¢ > ¢, since (3.10) is a KPP-Fisher type
system with minimal speed ¢g. Thus, we have shown that ¢ = ¢y.

Case 2. For this case, we can simply choose

W = min
x€[0,L)

{1 _ P, _oo)}
ax(x)g(x)

as the lower solution. Thus, the proof is complete. 0O
4. Nonlinear speed selection

In what follows, we will first concentrate on the nonlinear speed selection of system
(2.6)-(2.7). Our result shows that the nonlinear selection is realized if we can find a pair of lower
solutions of system (2.6) with U to be decayed with a faster rate u, at infinity. Note that the
choice of larger decay rate (7 in z for “pushed fronts” was also observed by Roques et al. [24] in
a conjecture. To some extent, the following theorem provides a justification for that conjecture.
Moveover, lower and upper bounds of the minimal speed cpin can be derived.

Theorem 4.1 (Nonlinear selection). For a given ¢ = ¢ > cg, let (U,V)(x,z) be a pair of
nonnegative functions which are non-increasing in z and L-periodic in x with z = x — cqt. If
U, V)(x, 2) is a lower solution to the system (2.6), and satisfies

lim U(x,2) <1, Ux,2) ~ ¢y, (x)e ", z— +o0,
—>—00

where [ := ua(cy) is the eigenvalue that is given in (3.3), ¢, (x) is the corresponding eigen-
Sfunction in (2.10), then for any speed c € [co, c1), no traveling wave solution exists for system
(2.6)-(2.7). This means cpin > C1.

Proof. Conversely, suppose that there exists a traveling wave solution (U, V)(x,x — ct) for a

given number c in [cg, c1) to the system (2.4). In other words, (U, V)(x, x — ct + &p) is an exact
solution of (2.4) with the following initial conditions

u(x,0)=Ux,x + &) and v(x,0) =V (x,x + &)

for any constant &y. Additionally, (U, V)(x, z) is a lower solution to the system (2.4), subject to
the initial conditions

u(x,0)=U(x,x) and v(x,0) = V(x, x).
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Because 11(c) is decreasing and p» (c) is increasing with respect to c, it follows from Remark 3.2
that U (x, x) < U(x, x + &) for a chosen negative enough &;. By Lemma 3.5 we conclude that
U,V)x,x) <U,V)(x,x + &) for x € R. Then it follows from comparison principle that

Ux,x—cit) <Ux,x—ct+&)and V(x,x —cit) <V(x,x —ct +&p). “.1)

By the assumption, we can fix a value for z = x — ¢t such that U (x, z) is fixed and positive.
Thus, we obtain

Ux,x—ct+&)=Ux,z+ &+ (c1—o)t) ~U(x,00)=0ast — oo.

Therefore, the first inequality of (4.1) gives U (x, z) < 0 which is contradicted to U(x, z) > 0.
The proof is complete. O

The above theorem not only gives a criterion for nonlinear selection, but also provides a lower
bound to the minimal speed cmin. Our next result gives an upper bound to this speed.

Theorem 4.2 (Upper bound for the minimal wave speed). For ¢y > co, suppose that
there exists a positive and nonincreasing upper solution pair (U, V2)(x, x — cat) of (2.4), satis-
Jying
liminf (Uz(x,2), Va(x, 2)) > (0,0),  U2(x,2) = pip(ery (e "2 as z > 00,  (4.2)
7——00
where wa(cp) is defined in (3.3). Then, cmin < 3.
Proof. First we recall the definition of the spreading speed in [9] (see also the paper [23]).
For any initial data (p1(x), p2(x)) to (2.4), its solution (v; (¢, x, p1(x)), v2(¢, x, p2(x))) defines a
monotone semiflow map Q;. Attime t = 1, we have a map Q. Now we can define the spreading

speed c* of Q1 as

c* :=sup{c: lim a(c;x) = (1,1}, 4.3)
i—>ooxeliL,(i+1)L]

where
a(c; x) = lim a,(c; x).
n—oo
For a given real number ¢, the sequence of functions {a,};2, is defined as

ap(c; x) =@ (x),  ant1(c; x) = Relan(c: )](x), 4.4)

and

Rclal(x) = max{¢ (x), T_[Q1[all(x)}, 4.5

where
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Ty(u)(x) =u(x —y),

and ¢ (x) is a non-increasing function that satisfies
¢(x)=1(0,0) for x >0and lim (¢(x) —w) =0,
X—>—0Q

(0,0) <w < (1, 1). Here, ¢* is well-defined and independent of the choice of ¢, see [9,23]. As it
can be seen from [31], there is no traveling wave connecting (0, 1) and (0, 0). As such, a single
spreading speed c* exists and it is equal to the minimal wave speed cpin. Therefore, we can let
¢ (—o0) be small so that the upper solution (Us, V») (or a shift of (Us, V») if needed) satisfies

ap(cz; x) < (U2, V2)(x,x) (4.6)

for all x € (—o00, 00). From (4.4) and (4.5), by induction, it follows that

apy1(c2;x) < Uz, V2)(x,x), n=>0.
Thus a(cp; —00) = 0. By (4.3), we have ¢* < ¢, that is ¢pin < ¢. The proof is complete. O

Based on Theorem 4.1, we will derive results on nonlinear selection by construction of lower
solutions. To proceed, for 0 < k < 1 and sufficient small number €, we choose

k
Ulx,2) = — 5> M2:=pa(o),

I+3.®

where ¢ = c; = cg + €. Let V (x, z) be the function determined by Lemma 3.5. By substituting
(U, V) into the U-equation, one can show directly that (U, V) is a lower solution to the system
(1.1) provided that

/

2
—2d, (x)(uz - %> +Yi(x,2) =0, 4.7)
Pus

where

a(x)g(x)V +Q[a11(X)P(X)(Z% - - alz(x)q(X)_%]
F1-7)

Thus, for the nonlinear selection, we have the following result.

Yi(x,2) =

Proposition 4.3. If (4.7) is true, then cmin > co.

Furthermore, by virtue of choosing explicit function V, we can obtain the following results
concerning the nonlinear selection.
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Theorem 4.4. The minimal wave speed of (2.6)-(2.7) is nonlinearly selected provided that there
exist €, k > 0 such that

a2(0q () +2d2(0) (2 = 92) = B8 ept = M) + €2 = Qp ()
a1 (x) p(x)
/ 4.8)
24y (x) (2 — 52)?
<k< min {1- 12
x€[0,L) ar (x)p(x)
holds for ¢ = co + ¢, where
A(x) :=an(x)p(x) —an(x)g(x), 4.9
and
¢y, (%) )(q’(X) P’(X))
=2d = — .
Cr®) 2(’C)<¢M(x> S ANTES e
Proof. By a substitution of
V(6,0 = UG, ) with U, ) = —
k _et2t
- PYNED)
formula (4.7) can be estimated by
¢,\>
—2d1(X)<M2— ¢—“2> +anx)pxx)(1—k)>0. (4.10)
)

It is true due to the right part of (4.8). In view of (4.8), a substitution of (U, V) into the V-
equation enables us to get

da(x)
dy(x)

vda —L/){ (cpz2 = A(x)) —cpz + Qu, (x)

o N2 “4.11)
+ (@21 (x) p(X)k — an(x)q(x)) — 2d2(X)<M2 - f) } > 0.
w2

Thus, (4.10) and (4.11) guarantee that (U, V) is a lower solution. By Theorem 4.1, the proof is
complete. O

Remark 4.5. In Theorem 4.4, we have chosen ¢ = cg+¢€. As € — 07, we have ¢ — ¢, o — ft
and ¢, (x) — ¢(x). As aresult, (4.8) can reduce to
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a0 (0)q () + 20 (2 = §)? = PD (cofi — A@)) + coft — Qs (x)

a1 (x)p(x)

24y () (i — %)

che min | 2AOE—G)

© T xel0,L) ay(x)p(x)

where
o) \[(qdx) p’(x)>

2 (x) :=2d - - ) 4.12
Qi (x) 2<x>< 500 u)(q(x) ) (4.12)

Inspired by Remark 4.5, hereafter, we will always denote the principal eigenfunction corre-
sponding to A(it) in (2.10) by ¢ (x) for brevity. Alternatively, we can choose

k U(x, U(x,

U= —5 |y = 28D (T 4.13)
1+ euz(r)<. k k
¢;1.2(c)(x) B -

where ¢ = cg + € and ¢, () (x) is the principal eigenfunction corresponding to 5\(“2 (c)) (see
(2.10)), to have a different result on the nonlinear selection. By performing an analogous limiting
analysis as in Remark 4.5, we have the following conclusion.

Theorem 4.6. The minimal wave speed of (2.6)-(2.7) is nonlinearly selected provided that

/

¢ 2
6dz(x)(ﬁ - 5) —an(x)g(x) <0,

o 4.14
2a25(x)g (x) — 20 (x) . 1_2muxu—%f—auumu) 19
az1(x)p(x) xe[0,L) a(x)p(x) '
where
) dy(x) _ _
Ox) = [cop — A(x)] —copt + Qp(x).

di(x)
Proof. From the second condition in (4.14), we can select the constant k in (4.13) satisfying

_ 9
2a2(x)q (x) — 20 (x) P 2d, (x) (i — #)2 —ap(x)q(x)
az1(x)p(x) T xel0,L) ap(x)p(x)

(4.15)

Substituting (4.13) into Y (x, z) gives

Yi(x,2) > ain(x)q(x) + a1 (x) p(x)(1 — k),

hence, for small &, (4.7) holds true if
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/

¢r(0)\?
—2d1(X)</1— . ) +an()qx) +an(x)pk)1 —k) >0, (4.16)
¢ (x)

which can be deduced from the second inequality of (4.15). Next, by a substitution of (4.13) into
V-equation, we can rewrite the left-side of V-equation as %(1 — %)Fo(%), where

/

U 2
Fo(7) =20(x) + a1 (1) p(0)k = 2a(x)q (x) - [6dz<x)(m - %) +20(x)

[7%)
U / 2 U 2
+ a1 (x) p(x)k — 3azz(X)q(x)} -+ [6d2(X)<Mz - %> - azz(X)q(x)] (1) :
k Pus k
4.17)

It is easy to check that Fp(1) = 0. As ¢ — 0, the first condition of (4.14) indicates that Fo(%) is
a concave downward function, and the first inequality of (4.15) implies i

Fo(0) =20(x) + a21(x) p(x)k — 2a23(x)q (x) = 0.

Consequently, we have Fo(%) >0 for U € (0, k). This combined with (4.16) shows that the pair
of functions (U, V) is a lower solution. Thus, by use of Theorem 4.1, the proof is complete. O

Remark 4.7. We illustrate an application of Theorem 4.6 to the following constant-coefficient

system
8141 82u1 + (1 )
—:—2 ui —uir —auy),
ot 3x2 (4.18)
ad ]
%: be—l—ruz(l—azul—uz),t>0,x€R.

As aresult, we obtain that the minimal wave speed of (4.18) is nonlinearly selected provided that

6d(1 —ay)—r <0,

2r —2(d -2)(1 —ay) <3ay— 1 (4.19)

raa
which is new comparing with results in [1].
5. Linear speed selection

In this section, we are concerned with the linear speed selection. We will construct a pair of
upper solutions to establish the existence of traveling waves for ¢ = ¢g. For (2.6), recall that there
are three equilibria (0, 0), (0, 1) and (1, 1). It is easy to see that there is no traveling wavefront of
(2.6), connecting (0, 1) and (0, 0) for ¢ > cg. As such, by Theorem 5.3 in [9], a single spreading
speed exists, which is equal to the minimal speed of traveling waves to (2.6)-(2.7).
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Theorem 5.1 (Linear selection). For ¢ = cq, assume that there exists a continuous and positive
function (U(x, z), V(x, 2)) as an upper solution of (2.6) such that

liminf(U (x, z), V(x,z)) > (0,0), lim (U(x,z), V(x,2)) = (0,0). (5.1)
7—>—00 —>00

Then the minimal wave speed is linearly selected. This means cmin = Co.
Proof. The proof here is similar to that of Theorem 4.2 and omitted. O

Next, we prepare to construct an upper solution to (2.6). Let & = ©1(co), and ¢ (x) be the
corresponding eigenfunction, see (2.10). Then, by keeping Lemma 3.5 in mind, we can define

U(x,z)= p V(x,z7)is the corresponding solution, see Lemma 3.5, (5.2)

I+ 3G

which satisfy

Uy = %U(l -U), U,=—nU(1-0), U, =w*U(1-U)(1-20), (5.3)
and
’ "y 412 N 2
U, = —E%U(l — )1 =20), Uy, = %U(l )+ (%) T -T)(1 - 20).

(5.4)
By virtue of (5.3) and (5.4), the U-equation (the left of the first equation of (2.6)) becomes

T(1 - U){ [dl 0 - (2d1 (O — 241 () (x))"i + (dl O — 2d1 (o0 2 — ﬂ)}
P v ) ()

"\ 2
—2d (1)U (ﬁ - %) + Ulan () p(x)(1 = U) — ar2(x)g (x)(1 — V)]}

N 2
=U(l —ﬁ){ — (a1 (x) p(x) — a12(x)q(x)) — 2d, (x)U (ﬁ - %) }

+Uan@)px)(1 —=U) —an@)qx)(1-V)]

L, 2 V-T
=T°(1- U){ —2d (x)<ﬁ— %) +a12(x)q(x>m}.

Thus, the pair of functions (U, V) turns to be an upper solution if

/

X o
—2d1(x)<ﬁ—%> Fap()q)Ya(x, 2) <0, where Ya(x,2) = —— 2

P —— 5.5
u1-"u) 63

By Theorem 5.1, we arrive at the following result.
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Proposition 5.2. The minimal wave speed of (2.6)-(2.7) is linearly selected if there exists an
upper solution (U, V') in the form of (5.2) such that (5.5) is satisfied.

Now we provide explicit formulas for the upper solution pair to establish new results on the
linear selection. Bearing the notations A(x) and Q;(x) (see (4.9) and (4.12) respectively) in
mind, we have the following result.

Theorem 5.3. Assume that there exists a number n > 1 such that

az1 (x) p(x)
an(X)q(x) = Q(x) = [(HH — Deolt — FEI A()]

o (5.6)
N anwp 2@ -5
<n < min ,
xel0.0) | axn(x)g(x)  a(x)g(x)
Then the minimal wave speed of (2.6) is linearly selected if
b _ (g0 + ol = Q) )

di(x) — copt — A(x)

where cq is the wave speed of the linear system and is defined in (2.9).
Proof. Let U(x, z) be the function defined in (5.2), and redefine an irregular upper solution
V(x,z) =min{l, nU (x, 2)}. (5.8)

In the case V (x, z) = 1, it is obvious that

4 () (Vx + Vz) + COVZ
q(x) (5.9)

+ (1 = V)(a21 () p(x)U — azn(x)q(x)V) =0.

dr(x)(Vxx + 2V 3z 4+ V22) + 2do (x)

As for the case V (x, z) = nU (x, z), a straightforward calculation combined with (5.6) and (5.7)
results in

Ay () (V sy + 2V 1z + Vo2) + 2o (x) ‘f] ((j)) Ve + V) + V.
+ (1= V) an @) p)T — an@@)qx)V) 510
— — [d
<nT(1 - U){ dfg (coTt — AG)) — coli + 0 (x) + (M - azz(X)Q(x)) }
<0.

In addition, from (5.5), it is easy to check that
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1 _
T <7, it nU =1,
Yo(x,z) = n—1 (5.11)
— <p, if nU<1.
1-U "~ " 1
Hence, in view of the condition (5.6), we obtain
¢\
—2d;(x) (ﬁ— E) +an(x)g(x)n <0. (5.12)

Based on (5.9), (5.10) and (5.12), we can conclude that (U, V) is an upper solution to the system
(2.6). By Theorem 5.1, the proof is complete. O

Next, we want to construct a new pair of upper solution to establish some sharper sufficient
conditions for linear selection. In fact, we can set up

V=Ua+bU+(—a-bT), (5.13)

where a, b are two constants that will be determined later. By substituting (5.13) into the U-
equation, we have a new condition for linear selection. Before stating it, we need some notations:

A1 (x) = a1 (x) p(x) — an(x)g(x)a,
A=a0O(x)+ A1(x),

¢ 2 ¢’ 2
B = —2ad,(x) (E - ;1) +2b [@(x) +dy(x) (5 - ;1) }

+ [(1 — @)A1 (x) — bax(x)g (x)], (5.14)

/

¢ 2 ¢/ 2
C = —6bdy(x) (E - ;1) +3(1—a->b) [9()6) + 2d>(x) (5 - /1) }
+A—-a—-Db)A1(x) — (1 —a)bax(x)q(x),
¢’ 2
D=—-12(1 —a — b)d»(x) (5 — /1) .

Theorem 5.4. The minimal wave speed of (2.6)-(2.7) is linearly selected provided that there exist
two numbers a and b satisfying

4 a1 (x) p(x)
T an(x)g(x) —0x)’

I\ 2
apn(x)q(x)(b+2(a — 1)) <2d, (X)<ﬁ— %) (5.15)

and

l-a-b<0, B<0, B+C+D<0. (5.16)
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Proof. Substituting (5.13) into the function Y>(x, z) gives
Yo(x,z2)=a—1+(@+b—1U. (5.17)

Therefore, the conditions (5.15) and 1 —a — b <0 in (5.16) imply that (5.5) can be evaluated by

/

2
- 2d1(x)<ﬁ - %) +anp@q@)(@—1+4@+b-1H0)

/

2
< 24, (x)(ﬁ - %) +ap g (b + 2 — 1)

<0.

(5.18)

The following formulas can be obtained by a direct computation (n is an integer),

@)=t T (- D). U". =-nU"(1-0),
¢
" /2 I\ 2
Uy =nU0"(1 — U)¢ ¢¢ ¢ (%) U'1-U)n—m+1D0),

w )zx=—n,uq;U A=) =+ D), Uz ==’ (1 =T)(n— (n+ D).

By taking n = 1, 2, 3 respectively and plugging the above relationships into the V-equation, we
can rewrite the left-side of the V-equation as U(1 — U)F (U), with F(U) = A+ BU + CUz +
DUa, where A, B, C and D are defined in (5.14). Under the assumption (5.15), we can further
estimate the left-side of the V-equation as

T2 (1 - U)G@),
with G({U) = B+ CU + DU”. Formulas in (5.16) imply that G(U) < 0 for U € [0, 1]. This,

combined with (5.18), indicates (U, V) is an upper solution. In view of Theorem 5.1, the proof
is complete. O

Remark 5.5. By letting a =2, b = —1, ¢ =0, the choice in (5.13) becomes

Ux,7)=——, V=20U-U". (5.19)

It follows that the minimal wave speed of (2.6) is linearly selected provided that

/

'\?
- 2d1(X)<ﬁ - E) +an()qx) <0,

/

&\
6d2(x)(ﬁ— 5) —axn(x)g(x) >0,

20(x) + a21(x) p(x) — 2an(x)q(x) <0.

(5.20)
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A further application of (5.20) on the constant-coefficient system (4.18) indicates that the mini-
mal wave speed of (2.6) is linearly selected provided that

a1 <-,6d(l1—a))—r>0, 2d—4)(1A —ay) <r2—ay). (5.21)

W

This is a new result, and is not covered in [16,29]. In fact, to some extent, our result is much
sharper than the previous ones. For example, if we take a; =0.5,a, =1.5,r =2,d =1, then
(5.21) holds true. Hence, the linear selection of the minimal wave speed of (2.6) is realized, but
this case cannot be handled in [16,29].

Remark 5.6. It is possible to establish a unified type of upper solution with the following form

— 1 — _ —
Ux,2) = ——=—, V(x, ) =max{1,U" (1 + U +---)},
1+ 555
where
_ m3(co)
11 (o)’

Taking the system (4.18) as an example, it gives

dr
T+ 1+ 155
v= d
According to the previous analysis, one can find that the sufficient conditions obtained in
Theorem 5.3 and Theorem 5.4 rely heavily on the choice of upper solutions. In particular, smooth
functions can be constructed so that we can have regular upper or lower solutions. For instance,
we let

Uz%/?, V=vU@+(1-a)VvU), a=1 (5.22)
(1 + 55>

Then the following relations are readily to verify.

U, = Ul —U?), Ux=2%U(1—U%),
s 1 3.1 _¢ 1 3.1
Ug=n U(l—U2)(1—§U2), szZ—ZMEU(l—Uz)(l—EUZ), (5.23)
¢"p— ¢ I ¢\ 3
UxxzzTU(l—U2)+4<$> U -UH1-3U.

For simplicity, we need the following notations:
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14 ! ! / 1
=d2(X)%—d2(x)(ﬂ—2q (x))¢ + {BWE -~ dk YA ~ Seoit.

qx) /) ¢ q(x)
¢ ¢ ( e >)¢>/ g
=2d — +2d — —d 40 d ,
2(x) 3 + 2d>(x) 5 2(x) )6 +da(x)in? 700 I
E —1d L 2—¢/ ’ E —3d L 2¢, ’ 5.24
2= 2(x)<ﬂ— ¢), 4=3 2(x)<,u— E) (5.24)

Theorem 5.7. Assume that

¢ (P NG L¢P
l¢+2<p(x> )¢+2¢2—0’ (525)

—Es+an(x)px) — (1 —a)a;n(x)g(x) <0,

or

¢ p(x) ¢ ¢* di(»)

” / / /2 1
|¢ +2<p B _ﬁ>£ +2¢ +——[-Es+anx)pkx)— (1 —a)anx)gx)] <0,
—Es+an(x)p) — (I —a)ap(x)g(x) > 0.

(5.26)
The minimal wave speed of (2.6)-(2.7) is linearly selected provided that
ar (x)p(x) —an(x)g(x)(1 —a) — E4 <0,
E1 —an(x)q(x) <0, (5.27)
a(Ey — E2) + (1 —a)(E3z — E4) + (2 —a)(a21(x) p(x) — axn(x)gq(x)) <0.

Proof. Let U and V be the functions defined in (5.22). Using the relations in (5.23) to the U-
equation, we arrive at

iy (¥) (Uss + 20 + Us) + 2y (1) 2
p(x)

Ux +U;) +cU;

+Ulan(x)p(x)(1 = U) —app(x)qg(x)(1 - V)]

! ¢" ¢'° < p(x>>¢
=U(l-U 2d — +2d —d d
( 2){ 1(x)¢ + 1(X)¢ 1(x) o) e +dy(x)j2?

/

—2dy ) 2
p(x)

—coft +an (x) p(x) —app(x)g(x)

/

1 3 _ 2¢ 2
+ U2 [ - Edl (x)<u - 7) +an(x)pkx)—A —a)alz(X)q(X)”

¢ P _\¢ ¢
=U(1-U2)1di(x)— +2d 2d
( 2){ 1(X)¢ +2d (x )( ) >¢ + 1(x)¢2

/

3 20"\ 2
+ U? [ — zdl (X)<E - %) +an(x)px)—1 - a)alz(x)q(X)} }
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<0.
The negativity comes from (5.25) or (5.26). Inserting (5.22) into the V-equation leads to
q'(x)

q(x)
+ (1 = V)(a1(x) p(x)U — axn(x)g(x)V)

dr(x)(Vix + 2V + V) + 2da(x)

Vx + V) +coV;

=VU(1 - ﬁ){aEl — aan (x)q(x) + [az1 (x) p(x) — (1 — a)az (x)q(x)
—a(l —a)an(x)q(x) + (1 —a)E3 — aE2]VU + (1 — a)[a1 (x) p(x)
—anx)g(x)(1 —a) — E4]U}

<0.

The negativity follows from (5.27). Consequently, the pair of functions (U, V') defined in (5.22)
is an upper solution. By Theorem 5.1, the proof is complete. O

6. Simulations

In order to verify numerically the result of Theorem 4.6, we consider

8u1 82u1
L= Sl g (14 0.1¢0s(0.2x) — uy — 0.98u2),
ot 0x
) (6.1)
ou 0“u
2 =352 4 up(140.1c05(0.2x) — 2uy —ua), 1> 0, x €R.
ot 0x

The graph of u; (¢, x) is shown by Fig. 6.1, when the initial data are taken as step functions.
We numerically calculate out

A(1,1+40.1cos(0.2x)) = 1.0785 > 0, A(3, 1 + 0.1 cos(0.2x)) = 1.0722 > 0,

which indicates that (A1) is satisfied. Moreover,

A(1, 14 0.1cos(0.2x) — 0.98¢(x)) = 0.0214 > 0,
A(3,140.1c0s(0.2x) — 2p(x)) = —0.9711 <0,

which implies that (A2) is valid and (p(x),0) is stable. By performing a similar argument
as [31, Lemma 5.3], one can prove that under the condition bi(x) = by(x) = ﬁ 010”(1 +
0.1cos(0.2x))dx > 0 (which is obvious true), (A3) is ensured. A further computation shows that
(4.14) is also valid for system (6.1). Thus, the minimal wave speed of (2.6) must be nonlinearly

selected. In fact, we have

A =0.0425, i = 0.15, co = 0.02834, Cpym = 0.6614.
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species u

Fig. 6.1. The wave profile of uy (¢, x) of (6.1).

As we can see, the numerically computed speed cy,,,;, is greater than the linear speed cg. The
solution evolves into a pushed wave.

To verify the condition (5.20) so that the minimal wave speed of the system (2.6) is linearly
selected, we set

3u1 821/!1
S R (14 0.1 c0s(0.2%) — uy — 0.5u2),
ot 0x
) (6.2)
ou 0“u
T2 =252 Fup(14+0.1¢05(0.2x) —ug —uz), t >0, x R,
ot dIx

The graph of uj (¢, x) is given by Fig. 6.2.
Noting that

107

1
/ (140.1co0s(0.2x))dx =1> 0,
0

107

it follows from Remark 2.1 that conditions (A1)-(A3) are valid. Additionally, by the software
MATLAB, one can check that the condition (5.20) is also true. Hence, the minimal wave speed
is expected to be linearly selected. In fact, by the simulation, we have A= 1.0046, 1 =0.71,co =
1.4150 and the numeric speed is ¢, = 1.4122. As we can see, the relative error is as small as
0(1073) which demonstrates the linear selection of the minimal wave speed.

The above graph demonstrates that our numerical simulations agree with the theoretical results
from Theorems 4.14 and 5.4. One can confirm the theoretical results of Theorems 4.8, 5.3 as well
as Theorem 5.7 by setting more general coefficients in (1.1). We omit them here.
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species u

08

06

0.4

0.2

Fig. 6.2. The wave profile of u (¢, x) of (6.2).

7. Conclusions

In this paper, by means of the upper or lower solution method as well as comparison princi-
ple, we studied speed selection mechanism to the spreading speed of a two-species competitive
reaction diffusion model in periodic habitats in the monostable case. Nonlinear selection can be
obtained, as long as we can find a pair of lower solutions to the wave profile system with the
first species decaying with a faster rate. Upper and lower bounds for the nonlinearly-selected
spreading speed were provided. Explicit results for the determinacy of the nonlinear selection
were established, based on various constructions of the lower solutions. On the other side, for the
linear selection, our results showed that it is sufficient to find the existence of an upper solution at
the linear speed cg. This helped us to contribute a series of new results in terms of the coefficient
functions.

Finally, to simplify the conditions of (4.14), we look at the special case when aji(x) =
an(x)=1,apx)=a; < 1,a1(x) =ar > 1,d;j(x) =1 and b; (x) = b+ cosQux/L+&),i =
1, 2. In this case, we have

b—8<px)<b+68, b—8<qg(x)<b+3s. (7.1)

We can use asymptotic analysis to obtain an explicit condition of (4.14). To give an estimate
for p’(x)/p(x), we consider the equation

" (x)+ p(x)(b+8cosrx/L + &) — p(x)) =0. (7.2)

For small §, we set p(x) ~ b+ p1(x)8, where pi(x) is an L-periodic function. Substituting it
into the above equation and equating the coefficient of § yield

Pl(x) —bpi(x) = —bcosQmx/L +&). (7.3)
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Owing to the fact that pj(x) is an L-periodic function, we find

x)=—————cosQux/L+&).
PI) = G Os@TR/L +6)
As aresult, an integral of (7.2) can lead to
p'(x) 2rL .
~ sin2rx/L + £)6 (7.4)

p(x) 42 +bL?

for small §. Since g (x) satisfies the same equation as (7.2), we get g(x) = p(x). Next, we turn
to the estimate of ¢’/¢. To this end, let ¢ ~ 1+ @1 (x)8, A ~ Ao+ A8 and w ~ o + 18, where
¢1(x) is an L-periodic function, 19 = 2(1 — a1)b and po = +/(1 — a1)b. Plugging them into
(2.10) leads to

(o +118)(1 + ¢18) = 16 — 20 + 118 — L)t s
p(x)
(o + p18)? — 2%% +18) + p() — a1g(0)1(1L + 1 6).

Equating the constant term, we get A9 = M% + b(1 — ay). Equating the coefficient of §, we have

Xod1 + A1 =@ —2o) + [2promt +2Mposin@Qux/L +§)
+ (1 = a)Mj cosRux /L + £+ [1ud + (1 — a)blgy,

_ 2n L _ b _
where M = PRy and M| = @

that the above equation is equivalent to

Bearing Ao = p3 + b(1 — a;) in mind, one can see

=@ —2umod] + [2uopm1 +2MuosinRrx/L+ &) + (1 —a;) M cosQrx/L + £)].

Integrating it from O to L yields A1 =2uopn;. Hence,

0=¢ — 2u0¢| + [2Muosin@rx/L + &) + (1 — a))M; cosQmx/L +£)].  (1.5)

To find the expression of ¢, we set

¢1=Crcosax/L+ &)+ Cosinux/L+§),

and put it into (7.5) to get
2w, 2
(=) Cr+2uo(=)Ca =1 —a) My,
L L
2 2
= 210()C1 + ()2 Co = 2M po.

Then we have
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(1 —a)M 3 = Quo)*M 2p0(1 — a)) My + 2uoM 3
K 2 == .
()3 + Quo* 3 ()3 + Quo* 3¢

Ci=

As a result, for small §, we get

¢’ 27 27
E ~ (=C; A sinRrx/L+ &)+ sz cosRmx/L + &))4.

In view of (3.3) in our manuscript, we know & = \/E, with

NI

L
- 1
B=— -
- O/ () —a(g ) + 5L+ 22

P (X)) (x) I

p(xX)p1(x)

L
1 /
== O/(pm —ar(x)q(x) + (%)2 +2

Consequently, we have
(10 + 118 +0(8)* =b(1 —ar) +0(8).
From which, it follows that
uo=">b(1—ay), u1 =0.

In view of A1 =2uom1, we further obtain A1 = 0. Thus, A = A9 4+ 0(§) and it = uo + 0(5).
Due to the fact that p(x) = g(x) in our special case, we get

() qgx) p
2(x):=2d - - =0.
Qn(x) 2(x)<¢(x) M)(q(x) P(X)>

Based on the above analysis, there exists a small §; so that

’ 2
p(x)>b—8, <M_(Z((;))> <(uo+2”L+1,/C12+C§5)2

for § < §1. The first condition of (4.14) can be ensured provided that

2 1 _
6(10 + ——=\/CT +C38)* = (b~ 8) <.

which can be further ensured if

b—6b(1—ay)

1+ 24po(r + 5),/C?+C3/L

8 < min{dy, 1. (7.6)
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Similarly, the second equation of (4.14) can be guaranteed by

2. 1
242(1 —ay) 2(uo + T/ CF + €38
il S VAP B

a) — =
ap b—346

)

which can be further ensured if
C3b—2(1 —ay)b
C3+4puo(m + 3),/CE + C3/L

where C3 = ((1+aj)ay —4+2ay)/a;. Then one can conclude from (7.6) and (7.7) that condition
(4.14) holds true provided that

6 < min{é,

I 7.7

5 < min(s b—6b(1 —ay) C3b—2(1 —apb }
< min{dy, s .

1+ 24p0(m + ) /CH+C2/L C3+4po(r +4),/C3+C3/L
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