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Abstract

In this paper, the stability of traveling wave solutions to the Lotka-Volterra diffusive model is
investigated. First, we convert the model into a cooperative system by a special transformation. The
local and the global stability of the traveling wavefronts are studied in a weighted functional space.
For the global stability, comparison principle together with the squeezing technique are applied to
derive the main results.
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1 Introduction

We are concerned here with the diffusive Lotka-Volterra competition model

{ ¢t = d1 gz +110(1 — b1 — a1v),

(1.1)
Yy = dothae + 120(1 — a2 — bat)),

with the initial data
6(2,0) = o(x) =0,  (x,0) = to(x) = 0, Vz €R.

Here ¢(z,t) and ¢ (x,t) are the population densities at time ¢ and location z; d; and da are the diffusive
coefficients; m and 7o are the net birth rates; a; and ag are the competition coefficients; 1/b; and 1/bo
are the carrying capacities for each species. For derivation and biological interpretation of this model,
we refer readers to [28,29].

Using the following transformations

vri/dix -z, rit—t,

b1¢(x’t) :¢(xvt)a b2¢(xvt) :1/}(33715)7
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do r9 aq
d=—, r=—, — = a,
ba

a9 .
2 4
dq r1 ’

by

the non-dimensional form of the system becomes

qgt :ngx+q;(1_§5_al@z)a (1 2)
¢t = dwaﬁm + 7“1#(1 - a2¢ - 77/})
By letting u = gZ, v=1-— 1;, this model can be further written as a cooperative system
Ut = Uge +u(l — a1 — u + a1v),
; (1-a 10) )
v = dugg + (1 — v)(agu — v),

with

u(z,0) = up(z) = gZ;(:U,O), v(z,0) =vo(x) =1— ’(;(CC,O), Vz € R.
For our study, we will assume that up(x) and vg(x) are non-negative. The existence and uniqueness of
the solution of the above problem can be easily verified by a classical argument of Picard’s iteration.

Throughout this paper, we assume that the condition
O<ar <1<ao (Cl)

is satisfied. Under this condition, equilibria to system (1.3) in the region {(u,v)|0 <u <1,0 <wv <1}
are only (0,0),(0,1), and (1,1). In the absence of diffusion in the system (1.3), it can be shown that
(0,0) is unstable and (1, 1) is stable. For the system, we are particularly interested in the traveling wave
solution, connecting (1,1) and (0,0), in the form

(u7 U)(I‘, t) = (Uv V)(Z),

where z = x — ct is the wave variable, ¢ > 0 is the wave speed, and (U,V) is called the wavefront and

satisfies
0=U,,+d,+U(l—a; —U+aiV), (1.4)
0=dV.. + V. +r(1 —=V)(aU V), '
subject to

This is equivalent to studying traveling waves for the original competition system (1.2) that connect
the boundary equilibria (0,1) and (1,0).

The existence of traveling waves to the above problem is well-studied in literature. It is known that
there exists ¢* > 0 so that the problem (1.4)-(1.5) has a monotone solution (U,V)(z) for ¢ > ¢* and
no wavefront exists for ¢ < ¢*, see [16,20,21,36]. ¢* is called the minimal wave speed for this system
and satisfies ¢* > 24/1 —a;. When ¢* = 21/1 —a;, we say that the minimal wave speed is linearly
determined, see the details in [20].

We know that (U,V)(z — ct) is a special pattern that only satisfies the first two equations in (1.3).
For the stability of this pattern, we want to know if the solution of (1.3) tends to (U,V)(z — ct) for given
initial data ug(z) and vg(z). To this end, we use the (z,t)-coordinate and

(u7 U)(JZ, t) = (U7 V)(Z, t),



to transform the wv-model (1.3) into the partial differential model

Uy=U.+cU.+U1l—-a1—U+aV),
Vi=dVy, +cV,+r(1=V)(aU = V),

subject to
U(z,0) =up(z), V(2,0)=1v0(z2), VzeR.

It is easy to see that (U,V)(z) is the steady-state to the above new system.

We should mention that dynamics for (1.2) is very rich. There are always three non-negative
equilibria (0,0), (1,0), and (0,1). In the case when a; < 1,a2 < 1, or the case when a1 > 1,a2 > 1,
there exists a unique positive co-existence equilibrium

@) = (o

1-— 04&27 1-— a1ag

Based on the phase plane analysis to the ordinary differential system of (1.2) without diffusion terms, the
nonlinearity of the model (1.2) when a; < 1 and az < 1 is called the persistence case (or co-existence).
Likewise, the nonlinearity is called the mono-stable case when a; < 1 and as > 1 are satisfied, or the
bistable case when a; > 1 and ag > 1. Traveling waves to (1.2) have been investigated considerably.
For the bistable case, please see [5, 8] for the existence of traveling waves connecting (1,0) and (0, 1),
and [15] for the uniqueness and parameter dependence of wave speeds. For the mono-stable case, we
refer to [14,16] for the existence of traveling waves, and [1,11] for the selection of the minimal speed. For
the persistence (co-existence), the existence of traveling wave connecting (0,0) and (¢*,1*) has been
studied in [32,35]. When time delays are incorporated into (1.2) in the persistence case, Li et al. [19]
and Gourley and Ruan [9] have proved the existence of traveling waves.

The stability of traveling waves to a scalar partial differential equation has been well-studied, e.g.,
[6,7,13,17,22,24,27,30,31,34,37], the monograph [3,36] and the survey paper [38]. Indeed, the extension
of this study to a general system is not trivial. As we know, when time delays are directly incorporated
in the competition terms in (1.2), the system becomes non-monotone and the comparison principle
cannot work. Alternatively, in [23,26], the authors studied the stability of traveling waves for the so-
called cooperative delayed reaction diffusion system by changing the signs of a; and as. To be exact,
with putting delay= 0, they studied the cooperative system

{ ¢r = didgs +116(1 — b1 + arv)),
Pt = dothyy + rop(1 + G2 — bot),

where d;, r;, a;, and l;, are all positive. This corresponds to the persistence case in our model (1.2).
Under the condition b1by — G1a9 > 0, a positive equilibrium

<m¢m=< nih bt )

biby — dras biby — a1ao
exists. They proved that the traveling wave fronts, connecting (0,0) and (¢4,4), are exponentially
stable in some weighted L* spaces, and obtained the decay rates by the weighted energy estimate.

Despite the success in the study of the stability of traveling waves to the classical model (1.2) in the
bistable and persistence cases, the stability of traveling wave in the mono-stable remains still unsolved.



The purpose of this paper is to systematically study the local and the global stability of the steady-
state (U,V)(z). Using the method of spectrum analysis in [12], we give the local stability. For the global
stability, we construct an upper and a lower solutions to the system (1.6), and prove their convergence
to the traveling wave (U,V)(z). In view of comparison together with the squeezing technique, we arrive
at new results on the global stability of the traveling waves. We remark that our method is different
from that in [23,26] where weighted energy method was applied.

The rest of the paper is organized as follows. Local analysis of the wave profile near the unstable
point is studied in Section 2. In Section 3, we study the local stability of the steady-state by applying
the standard linearization. The resulted spectrum problem is studied by the method in [12]. A suitable
weighted functional space is chosen to proceed the analysis. In Section 4, besides the weighted functional
space, the upper-lower solution method together with the squeezing technique are applied to derive the
global stability results. Conclusions are presented in Section 5.

2 The local analysis of the wave profile near the equilibrium (0, 0)

In this section, we study the behavior of the traveling wave (U,V)(z) locally near the equilibrium (0, 0).
Assume that the solution has exponential decay as z — co. Indeed this claim can be easily verified by
the maximum principal coupled with a comparison near the neighborhood of infinity. Therefore, we set

U V)(2) ~ (Ge™*, Gee™") as z — oo,

for positive constants (1, (2, and p. By substituting this into (1.4) and linearizing the equations we have

A(u)<2>2<8>, (2.1)

A<m=<“2‘c““‘“1 0 ) (2.2)

where A(p) is given by

rasg dp® —cp—r

The system of algebraic equations (2.1) has a non-trivial solution if and only if det(A) = 0. This implies
= 1,23 > 0, where

() = c— 02—24(1—a1)’ 1ia(c) = c+ 02—24(1—(11)’ (2.3)
and
ps(c) = et Vel +dar VCQ""MT. (2.4)

2d
Indeed, a condition so that py and po are reals is

c>2v1—a1 = c.

For ¢ > ¢p, obviously p; < pa. When 0 < d < 1, we have also us < pg for all ¢ > ¢, i.e., e #1?
dominates both of e7#2% and e™#3%. In this case, the eigenvector of A(u) corresponding to y;, fori = 1,2,
is the strongly positive vector (¢1(us) Ca(pi))T, where

Ci(pi) = —(dpi — cui —r) and Ca(ui) = ras. (2.5)



It follows that

U(2) Gi(p) —pz Cupa) e M2*  as z — 0o
(V(2)> C(@( )>€u +02<C2(M2)> b2 ag 2 s oo, (2.6)

for C7 > 0 or C; =0,C5 > 0. For the case when

l<d< 2+ i =
1—&1

the same behavior in (2.6) is still true if ¢* < ¢ < ¢, where

r+1—a1 (1
=\/— —a
d—-1 ) 7“+1—a1

If ¢ > ¢, then pp < ps < po and we have

l_](z) =C Gi(p) e M* 4+ Oy ~Gilp2) e 2% 4+ Oy 0 e "% asz— o0, (2.7)
V(z) C(p1) —Ca(p2) 1
for C1 > 0 or C; =0,Cs3 > 0. Here, (0 1)T is the eigenvector of A(yu) corresponding to 3, and note
that ¢1(p2) < 0 in this case. On the other hand, when
d>d,

(U,V)(2) behaves like (2.7) if ¢ > ¢é. For the case when ¢* < ¢ < ¢, we have u3 < 1 < po. Hence,

V)(
z =) N —C1(p2) J— 0\ e s o
( V(2) > ( o) >e iz 4 Oy ( o) ) H2z 4 Oy ( ) ) Hsz — 00, (2.8)

for C1 3 >0, or C1 =0, Cz3 > 0. We summarize the above behaviors in the following table

’ Condition on d ‘ Condition on ¢ ‘ The asymptotic behavior ‘

0<d<1 c>c* (2.6)
l<d<d ¢ <e<é (2.6)
1<d c>¢ (2.7)
d>d cF<e<é (2.8)

Table 1: The asymptotic behavior of the wave profile (U, V) near infinity.

Kan-on in [16] derived the asymptotic behaviors of (U,V)(z) near infinity when ¢ > ¢*. After deriving
the behavior of U(z), he used it into the V-equation to find the behavior of V(z) when py < pa < s
and when ps < pp < pg. Our result here agrees with that in [16] when ¢ > ¢*. We further study the
case when py < ps < pa.

Finally, we have the asymptotic behavior for the solution U(z) when the wave speed is greater than
the minimal speed c¢*.

Theorem 2.1. For ¢ > ¢*, the wavefront U has the following behavior
U(z) ~ Cre ™% as z — 00

for some C7 > 0.



Proof. On the contrary, assume that for some ¢; > ¢*, the wavefront U has the following behavior

U(z) ~ Cye 2% as 2 — o0 (2.9)

for some Cy > 0. By this assumption, it follows that (U,V)(x — ¢1t) is a solution to the following partial
differential equation

{ut:uxx+u(1a1u+a1v), (2 10)

v = dvgy + (1 —v)(agu — v),

with the initial conditions

u(x,0) =U(z) and v(z,0) =V(x).

We know that there exists a monotonic traveling wavefront to the system (2.10) for any ¢ > ¢*. In
particular, assume (U, V')(xz — ct) is a solution for some ¢ € (¢*, ¢;) with the initial condition

u(z,0) =U(z) and v(x,0) =V (z).

By a simple computation of the asymptotic behavior of this solution to (1.4)-(1.5) near +oco, we can

always obtain (by shifting if necessary) U(z) < U(z) for all x € (—o0, 00). From the second equation of
(1.4), we have V(x) < V() for all x € (—oc,00). For (2.10), by comparison, we get

U(r — cit) (x —ct), (2.11)

<U
V(z —cat) < V(z —ct),
for all (x,t) € (R,R*). On the other hand, fix £ = 2 — ¢1t. Then U(£) > 0 is fixed, and we have
Ulx—ct)=U(E+ (c1 —c)t) ~U(+0) =0 as t — oo.

By (2.11), this implies that U(¢) < 0 , which is a contradiction. The proof is complete. |

3 The local stability

To study the local stability, as usual, we add a small perturbation to the traveling wave and study the
behavior of this perturbation for large time period. If this perturbation decays, then we say that the
traveling wave is locally stable. For § < 1 and a parameter A, let

Uz, t) =U(z) + 6¢1(2)e,
V(z,t) =V(2) + da(2)e™,

where ¢; and ¢9 are two real functions. Substitute these formulas into (1.6) and linearize the system
about (U,V) to get the following spectrum problem

AP = L& := DO + cd' + J(2)®, (3.1)

where ® = (¢1 ¢2)7, D and J(z) are 2 x 2 matrices given by

10 1—a; — 20+ a1V aU
D= d - : ). 2
( 0 d ) and J(2) ( ras(1—V)  r(=1— ad + 2V) ) (32)



For ® in a suitable space, we shall find sign of the maximal real part to the spectrum (A) of the
operator £ to determine the local stability of the traveling wave solution. To proceed, we introduce a
weighted functional space L%,

L, = {f(2) :w(z)f(2) € LP(R),p > 1}
with the norm .
5@l = ([ wsere:)”.
where

w(z) = (1/wi(2), 1/w(z)) (3-3)

is the weight function with

e—alz=20) > 20 e Ble—z) o> 20
e ’ - ’ 4
wi(2) { e LI (3.49)

for some positive constants «, § and zp to be chosen. Here, LP(R), for p > 1, is the well-known Lebesgue
space of integrable functions defined on R. Then we consider the operator £ on this new space and find
its spectrum. To do this, we write ®(z) in the form

&\ [ wit
@_<¢2>_<w2¢2>’ (3:5)

for LP-functions 1; and 3. Substituting (3.5) into (3.1) gives a new spectrum problem in the weighted
space L%,
AU = L,V := DV + M(2)¥ + N(2)¥,

where ¥ = (1 12)T, M(z) and N(z) are 2 x 2 matrices defined by

M(z) = ( ety 0 ) (3.6)

0 c+2d§j—§

and

wy wh
—L 4 c—L 0
—M@Z(“”Owld%+g%>+y@%

wo wo
with the ik-element of the matrix Y (2), vk, being given in terms of the ik-element of the matrix J(z)
as Yir, = o~ Jik, that is,

rag(l —V)%L d%%—c%—l—r(—l—@ﬁ—&— 2V)

w2

wy wy 77 4 7wz

L tcL4+1l1—a—-2U0+a1V a U2

N(z) = ( o Tl T 1 + a1 W ) (3.7)
The details to find the essential spectrum of the operator £,, can be finalized by using Theorem A.2

in [12] and are given below. After we choose the weight function so that the essential spectrum is on

the left-half complex plane, we can determine the sign of the maximal real part of the point spectrum

in the weighted space as well.



First of all, to apply the method in [12], we need to choose o and 8 so that the matrix functions
M (z) and N(z) are bounded, i.e., the limits

lim U2 — 4, and lim (1 — V()13 — 4,
Z2—00 w1 (Z) Z—00 w2(z>
for some constants A; and As, are satisfied. We choose
a—m <B<a, (3.8)

where p is defined in (2.3). This makes, by using Theorem 2.1, A; = 0 and

0 when 8 < a,
Ay =
1 when 8 = a.

Now, we define
Sy :={\|det(—7%D +itMy + Ny — M) =0, —00 < T < o0},

where My and Ny are the limits of M(z) and N(z) as z — oo, respectively. Then the essential
spectrum of the operator £,, is contained in the union of regions inside or on the curves S; and S_,
see [12, pp. 140]. By letting z — 400, M, and Ny are given as (taking condition (3.8) into account)

c— 2« 0 a?—ca+1—am 0
M, = d Ny = .
* ( 0 c—2dﬁ> EE ( As dﬁZ—cﬁ—r>

The equation det(—72D + i7 My + N4 — AI) = 0 has two solutions A = A1 2, where

A = —72+z’7(c—2a)+a2—ca+1—a1,
Ao = —72d +it(c — 2dB) + dB* — cB — -

This means that S, is the union of two parabolas in the complex plane which are symmetric about the

real axis, namely

Sii1={M|—00<T<o0} and Syo={N|—00<T <00}

2

The most right points of these curves are a® — ca + 1 — a; and dfB? — ¢ — r, respectively, which are

negative if
Qac (:u17,u'2) and 6 € (07;“3)7 (39)

where g, o, and pg are defined in (2.3)-(2.4). Hence, when the above condition satisfies, Sy =
S41 US4 2 is on the left-half complex plane.
Similarly, we find S_ by solving the equation det(—72D +itM_ + N_ — \I) = 0, with

M:(C O) and N:<_1 “ )
0 ¢ 0 r(1-—a9)

This gives two solutions A = A3 4, where

A3 = —72 +ite — 1,

M = —7%d +itc+7(1 — as).



From (C1), S_ ={A\3 | —00 <7 < o0} U{\s | —00 <7 < o0} is on the left-half complex plane.

The above analysis shows that the essential spectrum of £,, is on the left-half complex plane as long
as conditions (3.8) and (3.9) are satisfied. In fact, there are many choices of a and [ satisfying these
conditions depending on u1, g2, and ps3. We choose them by the following algorithm:

Algorithm 1. Two mechanisms are valid to choose o and 3 so that all conditions in (3.8) and (3.9)
hold:

(1) If gy < pg, then we choose 8 = « for any a € (pq, min{pa, us});

(2) If 1 > ps, then we choose € < 8 < u3 and a = pg + € for small € > 0. In particular, we can
choose B = 2¢ and a = 1 + ¢, for € < min{pg — p1, ps/2}.

Finally, in order to get a local stability result, we need to check the sign of the principal eigenvalue
in the point spectrum for (3.1)-(3.2). Consider the associated linear partial differential system

up = Duy, + cu, + J(2)u, (3.10)

where u(z,t) = (u1(2,t),ua(2,t)). The eigenpair (), ®) of (3.1) implies a solution e*® to the above
system. Let Q; = u(t, z,¢) denote the solution semiflow of (3.10) for any given initial data ¢ in LP.
It is easy to see @ is compact and strongly positive. By the well-known Krein-Rutman theorem (see

g., [10]), @Q; has a simple principal eigenvalue A\pax with a strongly positive eigenvector, and all other

At

eigenvalues e must satisfy

\e/\t] < e)\nlaxt.

For any ¢ > ¢*, we have from Theorem 2.1 that U(z) ~ Cie "% C; > 0, as z — 0o. A = 0 is an eigen-
value to the operator £ defined in (3.1) with the one-sign (strongly positive) eigenvector (—U , —V')(z).
By the choice of the weighted functional space L%, the one-sign eigenvector (U7, V')(z) is not inside.
Hence, the real parts of point spectrum of the operator £,, in L%, are all negative. We can also explain
this in a simple analysis. Assume to the contrary that (A, ®) is an eigenpair of the eigenvalue problem
(3.1)-(3.2) with A > 0 and ® € LE,. Obviously, the one-sign function ® = (U, —=V')(2) satisfies (3.10).
For @ in the L,-space, we have essentially (or except for a set of zero measure) ®(z) > ®(2) as z — oo.
On the other hand, when z — —oo, we can apply the method of asymptotic analysis and assume that
the eigenfunction of (3.1) behaves like ke** for some positive values k and u. By substituting it into
the eigenvalue problem and using the behavior of J(z), we obtain that y is increasing with respect to .
This implies that ®(z) > ®(z) as z — —oo. Hence, by choosing k sufficient large, we can have k® > |®|.
By comparison, from the partial differential system (3.10), we obtain k®(z) > |®|e*, which contradicts
A > 0. This implies that for ® € L%, the real parts of all eigenvalues X of (3.1) should be non-positive.
Now we are in a position to state the local stability result.

Theorem 3.1. For any ¢ > c*, the wavefront (U,V)(z) is locally stable in the weighted functional space
LY, with the weight function w(z) defined in (3.3)-(5.4), where o and B in the formula of w(z) are
chosen by Algorithm 1.

4 The global stability

We study here the global stability of the steady-state (U,V)(z) in a special choice of the weighted
functional space Li,(R). Let p = oo and define the norm || f||ze = ess sup,cg |w(z)f(z)|, for some



weight function w(z). Assume p; < pz. By Algorithm 1, we choose @ = € (p1, min{ua, us}).
Specifically, let & = 3 = u1 + €, for small positive number e. Also, we assume that the functions U(z)
and V(z) satisfy the condition

|

7()

U(2)
Theorem 4.1. Suppose ¢ > ¢*, p1 < ps, and conditions (C1)-(C2) hold true. If the initial data
U(z,0) =Uy(z) and V(z,0) = Vo(z) satisfy

<min{as,1/a1}, Vzé€ (—o0,+00). (C2)

(0,0) < (Uo,Vo)(2) < (1,1), Vz€R,
lim inf(Uy, Vp)(z) > (0,0),

Z—>—0Q0
and
[Uo(2) =U(2)] € Ly (R), [Vo(z) —V(2)] € LT (R).
Then the solution (U,V)(z,t) to (1.6) exists globally with
(0,0) < (U, V)(2,t) < (1,1), ¥(z,t) € RxRT,
and converges to the steady-state (U,V)(z) exponentially in the sense of

sup }U(z,t) —U(z)} <ke ™ t>0,
z€R
sup ‘V(z, t) —V(z)} <ke ™ t>0,
z€R

for positive constants k and 7.

To prove Theorem 4.1, we will find an upper and a lower solution to the partial differential equations
system (1.6). For z € R, define

Uy (2) = max {Up(2),U(2)}, V' (2) = max{Vy(2),V(2)},

Uy (2) =min {Uo(2),0(2)}, Vi (2) = min{Vy(2),V(2)}.
It is easy to see that the following inequalities are true

(0,0) < (Uy . V5 )(2) < (o, Vo)(2) < (U, Vg )(2) < (1,1),

(0,0) < (Uy, V5 )(2) < U V)(2) < (U, Vi")(2) < (1,1).

Denote (UT,VT)(z,t) and (U~,V~)(2,t) as the solutions to the system (1.6) with the initial data
(U, Voh)(2) and (Uy, Vy )(2), respectively, that is,

(4.1)

U =UL +cUE+U1 —a) — U* + a1 VF),
VE =dVEi 4 ceVE +r(1 = VE)(aUT — V), (4.2)
(UF,V5)(2,0) = Uy, V5 ) (2).
By the comparison principle, one gets
(0,0) < (U, V)(z,t) < (U, V)(2,t) (U, V)(2,t) <(1,1), V(z,t) € R xRT, (4.3)
(0,0) < (U, V)(z,t) < UWV)(2) U, VT)(2,t) <(1,1), V¥(z,t) eRxRT.

In the following lemmas we shall prove the convergence of (U™, V™")(z,t) and (U, V7)(z,t) to the
wavefront (U,V)(z). Then we apply the squeezing theorem to obtain the result in Theorem 4.1.

10



Lemma 4.1. Under the conditions in Theorem 4.1, (UT,VT)(z,t) converges to (U,V)(z).
Proof. For (z,t) € R x RT, define

P(z,t) =U"(2,t) =U(z) and Q(z,t) = V*t(z,t) —V(z).
These functions, P and @, satisfy the initial value conditions

P(2,0) =Uy (2) —U(z) and Q(z,0) =V, (2) —V(2).
By (4.1) and (4.3), for all z € R and ¢t > 0, we have
(0,0) < (P,Q)(2,t) < (1,1).

By (1.4) and (4.2) and using condition (C2), we can verify that P and @ satisfy

PtéPzz+CPz+(1_al)P+(P+U)(—P+a1Q),
Qt S sz + CQz + T(a2P - Q) + T(Q +17)(—a2P + Q)

To study the stability in the weighted functional space L2, with w(z) defined in (3.3), we first let

( g ) (z,t) = e"(z720) ( g ) (z,t), forall (z,t) € R x RY,

(4.4)

where P and @ are functions in L®(R) and zj is the same number used in the weight function w(z).
This gives

P P P P (T + e E20P) (—P + a1Q)
( Q ) =7 ( Q >ZZ+M < Q )ZM(O‘) ( Q ) ! ( r(7 + e G0 (~axP + Q) )
— 'Cl(]_D’@)
' LQ(P7C_2) ’

where A(«) is the same matrix defined in (2.2) and M = diag(c — 2a, ¢ — 2da).
Define P;(z,t) and Q(2,t) as

(4.5)

Pi(z,t) = kiGie™" and Q(z,t) = kiGee™™", V(2,t) € R x RT,

for some constants k1,71 > 0 to be chosen and ({1, (2) = (¢1(a), (2(«)) is the eigenvector of the matrix

2

A(a) associated to the eigenvalue o® — cao + 1 — a;. Simple computations give

(o) = ( 2—ca+1—a1)—(da2—ca—r)
=i+l —d)+1—ay+r,

G2(a) = rag,

which are positive for small € and g3 < u3. Since the initial values P(z,0) and Q(z,0) are in the space
L2, we can choose ki > max,cr{P(2,0)/¢1,Q(2,0)/(2}. Direct computations and using condition (C2)
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show that both of £1(Py,Q;) and L2(P1,Q,) are negative. This allows to choose a positive value to 7,

I Q) —me £1(P1,Q,)
(Q )t Sk ( G ) " ( £>(P1,0)) ) (4.6)

holds. Hence, since (Py,@;)(0,z) > (P,Q)(0,2) and by comparison on unbounded domain, see e.g. [2,

so that the inequality

Proposition 2.1],
(P,Q)(2,t) = (P,Q)e =) < ky((r, Go)e @) 7mE (2 ¢) € R x RT.

In particular, this is true when z € [z, 00), for any fixed zg.

Now, we introduce the weight function w(z) defined in (3.3)-(3.4) with & = 8 = p; + €. By the
above analysis, we need to prove the convergence of (P,Q)(z,t) to (0,0) for z € (—o0, 29]. Note that
the full system of (P, Q)(z,t) can be expressed as

P\ P P AP (=P +a1Q)P
(6)2(8) ~(a) ala)-(mee) o

Here, J(z) is the same 2 x 2 matrix defined in (3.2). Let 2y be chosen so that

-1
J(2) < + €1 a1 + €1 .,
€1 r(l —az) + €

for some given small e; > 0, when z < zy. This is equivalent to require that (U,V)(z) is close to (1,1)
for all z < zp. Define (P, Q)(t) as the solution of the autonomous system

P B ]E (—ﬁ —i:\m@ﬁ/\
(é)f"“(@)*(N—@H@Q)’ -

P(0) > P(z,0), Q(0) >Q(z,1), V2 €R.
Then (P, Q) is an upper solution to the system (4.7).

with the initial data

Now we need to prove the convergence of (P,Q)(t) to (0,0) as t — oo. The Jacobian matrix
J(0,0) = J., of system (4.8) at the fixed point (0,0) has two eigenvalues, Ay < A; < 0. By the phase
plane analysis, there exists 0 < § < 1 so that the flow in the ﬁ@—space converges to origin for any
initial data (P, Q)(0) in the box [0,1] x [0,4]. Hence, we conclude that

(P,Q) = ky(Cy, Co)eM! as t — oo,

for positive constant 12:1 and (61 @)T is the eigenvector of J¢, corresponding to 5\1. For the maximal
possible choice of the constant § so that we have the convergence result inside the box [0, 1] x [0, d], see
Remark 4.1 below.

We can choose /%1 large and A\ = min{7n;, —5\1} so that, at the boundary z = 2y, we have

(P,Q)(z0.t) < ki (G, G2)e ™Mt < ka(Cr, Co)e ™M

Hence, by comparison on the domain (—oo, zp] X [0, 00), see e.g. [33, Lemma 3.2],
(P.Q)(zt) < k(C1, G)e ™M, W(z,1) € (—o0,20] x RY.

This completes the proof. |
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Remark 4.1. The maximal possible value of the constant §, which could be 1, depends on the location
of the fourth fixed point to the system (4.8) near or inside the box [0, 1] x [0,1]. See Figure 1 for all
possible different cases. In (a), the positive fixed point is far away from the box [0, 1] x [0, 1] and does
not effect the flow. This happens when as > 2. Hence we set § = 1. The second figure (b) shows the
effect of the positive fixed point on the flow, which still outside the box. The maximal choice of § for
this case exists in the interval (az — 1 — € /r,1). The number ay — 1 — €, /r is the positive Q-intercept
of the nullcline Q; = 0. A fixed point exists inside the box [0, 1] x [0,1] in (c), where § becomes close to
the value ag — 1 — €1 /r.

S NN T A A A R /S SN S )N~
NNV SN /) NS

o\ \ VL o8t S~ S S osf ) | S S S S
[N S O O A B A AV A SN S SIS S S S S

ST N T O Y B A A A A I PR Y N VAV AV A e gl I PR T g A P
o S I B O B B A B A e N P S R AR SNy N
L S N Y Y A A A A AV AV 4 4=\ | ) S S S s A\ S S S

\ LSS AN/ S S A |/
OZX}///////// 0.2\)///////// 0.24 //////////
) ) S S e S

0 0‘2 0‘4 AO‘,6 0‘.8 1 0 012 0‘,4 AO‘.f) 0‘.8 i 0 0.‘2 0‘.4 A016 018 i

P P P
(a) a1 = 0.5 and a2 = 2.4. We choose (b) a1 = 0.5 and a2 = 1.4. The maxi- (¢) a1 = 0.3 and a2 = 1.4. The maxi-
0=1 mal possible value of ¢ is in (0.3984,1). mal possible value of § becomes close
to 0.3984.

Figure 1: The phase portrait of system (4.8) when ¢; = 0.003 and r = 1.875.

Lemma 4.2. Under the conditions in Theorem 4.1, (U=, V ~)(2,t) converges to (U,V)(z).
Proof. For (z,t) € R x RT, define
R(z,t) =U(2) = U (2,t) and S(z,t) =V(2) =V (z,1).
These functions, R and S, satisfy the initial value conditions
R(2,0) =U(z) — Uy (2) and S(z,0) =V(z) — V; (2).
From (4.1) and (4.3), for all z € R and ¢ > 0, we have
(0,0) < (R, 8)(=1) < (1,1).

From (1.4) and (4.2), R and S satisfy the system

R\ (R R R (—R+aS)R
<S)t_D<t§>%+c<S>Z+J@)<S>__(MﬂmR+$S>’ (4.9)
with J(z) defined in (3.2). By condition (C2), we have

Ri<R,,+cR,+(1—a))R+(R-U)(R—a195),

— 4.10
Sy <dSz. + ¢S, +r(aaR—S)+7r(S—V)(a2R - S). (4.10)
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Similar to the previous analysis in the proof of Lemma 4.1, and making a use of the facts R <U and S <
V, we can prove that there exist 1y > 0 and

o > e*C70) max{R(2,0)/C1, 5(2,0)/¢2}

so that
(R, S)(z,t) < kg((l,@)e’mt, V(z,t) € R x RT.

For the choice of zp in proof of Lemma 4.1, we study the stability in the weighted space Lg>. To
this end, define (R, S)(t) as the solution of the system

R\ R (—R+a A)fz
(5 (D)w(n)

R(0) > R(z,0), S5(0) > S(2,0), Vz € R. (4.12)

with the initial data

It is easy to see that (1/%, §) is an upper solution to the system (4.9). The phase plane analysis shows
that (R, S)(t) converges to origin for any initial data in the region [0, 1] x [0, 1] except the point (1,1).
Similar to the previous lemma,

(R, S)(2,t) < ka(Cr, G)e ™™, V(z,t) € (=00, 2] x RY.
for some positive constants ko and Xo. This completes the proof. |
Now, we are ready to give the proof of Theorem 4.1.

Proof of Theorem 4.1. From (4.3), for all (2,t) € R x RT, we have

By lemmas 4.1-4.2 and the squeezing theorem, it follows that there exist kK > 0 and 1 > 0 so that
U (2,t) =U(2)] < ke™™,
V(z,t) = V(2)] < ke™™,
for all (z,t) € R x RT. This proves the desired result. |

Condition (C2) is used in the previous analysis to construct the upper solutions in the proof of
Lemmas 4.1-4.2. It implies that, at ¢ = ¢g and z — +o0,

Ca(p1)
C1(p1)

< min{ag,1/a1},

and it can be guaranteed by
d <2,
(arae — Dr < (2 —d)(1 — ay).

This condition arose in the linear speed selection studies, see [18]. To see that the condition (C2) can
be realized for all z € R, we prove the following claim.
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Claim 1. d =0 and aias < 1 imply (C2).

Proof. In the case when d = 0, the V—equation can be written in the form

V=017V - a),
B c _ (4.13)
V(—00) = 1,V(4+00) = 0.

Since ajas < 1, we need to prove V(z) < aU(z) for all z € R. Assume, for contrary, this is not true for
some zZ € R. By (4.13), V is increasing at the neighborhood of z. Since U(z) is a decreasing function,
we have V(z + 6) > V(2) > a2U(2) > a2U(z + §), for some 6 > 0. Similarly, we can show that V(z) is
increasing for all z > z, which contradicts the fact V(+o0c) = 0. This implies that condition (C2) holds
true. ]

5 Conclusions

The local and the global stability of traveling waves to the two-species Lotka-Volterra competition model
(1.3) under the condition (C1) are investigated. Using the linearization and the essential spectrum
analysis in [12], we find that the traveling wavefront is stable in some weighted functional space, see
Theorem 3.1. Many choices of the exponential weight functions are valid, see Algorithm 1.

Under some further condition, (C2), we apply the upper-lower solution method to obtain a global
stability result. Indeed, we prove that both the upper and the lower solutions tend to the wavefront.
Our main results are presented in Theorem 4.1.
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