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Abstract. In the context of an idealized model describing an atom coupled to black-body radiation
at a sufficiently high positive temperature, we show that the atom will end up being ionized in the
limit of large times. Mathematically, this is translated into the statement that the coupled system
does not have any time-translation invariant state of positive (asymptotic) temperature, and that the
expectation value of an arbitrary finite-dimensional projection in an arbitrary initial state of positive
(asymptotic) temperature tends to zero, as time tends to infinity. These results are formulated within
the general framework of W*-dynamical systems, and the proofs are based on Mourre’s theory of
positive commutators and a new virial theorem. Results on the so-called standard form of a von
Neumann algebra play an important role in our analysis.
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1. Introduction

In this paper, we study an idealized model describing an atom or molecule con-
sisting of static nuclei and electrons coupled to black-body radiation. Our aim is
to show that when the quantized radiation field is in a thermal state corresponding
to a sufficiently high positive temperature, and under suitable conditions on the
interaction Hamiltonian, including infrared and ultraviolet cutoffs and a small value
of the coupling constant, the atom or molecule will always be ionized in the limit
of very large times. This process is called thermal ionization.

Thus, a very dilute gas of atoms or molecules in intergalactic space and sub-
ject to the 3K thermal background radiation of the universe will eventually be
transformed into a very dilute plasma of nuclei and electrons.

If the temperature of the black-body radiation is small, as compared to a typical
atomic ionization energy, then an atom initially prepared in an excited bound state
will start to emit light and relax towards its ground-state. After a time much longer
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than its relaxation time, it will be stripped of its electrons in very unlikely events
where an atomic electron is hit by a high-energy photon from the thermal back-
ground radiation. The life time of the groundstate of an isolated atom interacting
with black body radiation at inverse temperature 8, before it is ionized, is expected
to be exponentially large in B. A precise description of the temporal evolution of
such an atom is difficult to come by; but the claim that it will eventually be ionized,
is highly plausible. To most physicists, this result must look obvious. Unfortunately
a complete proof of it is likely to be very involved. The main purpose of this paper is
to present some partial results, thermal ionization at sufficiently high temperatures
for simplified models, supporting this picture.

If the temperature of electromagnetic radiation is strictly zero then an atom
initially prepared in a bound state of maximal energy well below its ionization
threshold can be shown to always relax to a groundstate by emitting photons; (for
a proof of this statement in some slightly idealized models see [FGS]). This result
and our complementary result on thermal ionization provide some qualitative un-
derstanding of two fundamental irreversible processes in atomic physics: relaxation
to a ground state, and ionization by thermal radiation.

Next, we describe the physical system analyzed in this paper somewhat more
precisely; (for further details see Section 2.1). It is composed of a subsystem with
finitely many degrees of freedom, the ‘atom’ (or ‘molecule’), and a subsystem with
infinitely many degrees of freedom, the ‘radiation field.” The space of pure state
vectors of the atom is a separable Hilbert space, #¢,,; (where the subscript , stands
for ‘particle’). Mixed states of the atom are described by density matrices, p, where
p is a nonnegative, trace-class operator on #,, of unit trace. The expectation value
of a bounded operator A on #, in the state p is given by

Wl (A) = tr pA. (D

Before the ‘atom’ or particle system is coupled to the radiation field the time
evolution of a bounded operator A on #¢, in the Heisenberg picture is given by

al (A) = et Ae~i1Hr, ()

where H), is the particle Hamiltonian, which is a selfadjoint operator on #¢,, whose
spectrum is bounded from below by a constant £ > —oo.
To be specific, we may think of #, as being the Hilbert space

H, =C" @ L*(R*, d’x), 3)
and the Hamiltonian H), as the operator
H, =diag(Eo = E, Ey,..., E,—1) o ®(—=A) [2m3.d3x) “4)

describing a one-electron atom (with a static nucleus) with n boundstates of ener-
gies Ey, E1, ..., E,—1 < 0 and scattering states of arbitrary energies k* € [0, o0)
spanning the subspace L*(R?, d*x) of #,. Thus, the point spectrum of H, is given
by the eigenvalues {Eg, Ey, ..., E,_;} and the continuous spectrum of H), covers
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[0, 00), has constant (infinite) multiplicity and is absolutely continuous. Just in
order to keep things simple, we shall usually assume that n = 1.

The bounded operators on a Hilbert space #¢ form a von Neumann algebra
denoted by B(F#). A convenient algebra of operators encoding the kinematics of
the ‘atom’ or particle system is the algebra A, := B(H#,).

The ‘radiation field’ is described by a free, massless, scalar Bose field ¢ on
physical space R3, a ‘phonon field.” For purposes of physics, it would be prefer-
able to replace ¢ by the free electromagnetic field. In our entire analysis, this
replacement can be made without any difficulties — at the price of slightly more
complicated notation. A convenient algebra of operators to encode the kinematics
of the radiation field is a C*-algebra 2, which can be viewed as a time-averaged
version of the algebra of Weyl operators generated by ¢ and its conjugate mo-
mentum field 7. The time evolution of operators in 2, in the Heisenberg picture,
before the field is coupled to the particle system, is given by the free-field time
evolution atf , which is a one-parameter group of xautomorphisms of 2l .

A one-parameter group {«,|t € R} defined on a C*-algebra 2 is a sxauto-
morphism group of 2l iff

o (A) € A, (o;(A)* = a,(A%), forall A €,
o;(A)a,(B) =a;(AB), forall A, B € 4, 5)
a—0(A) = A, a(0s(A) = o45(A), forall A ez, s e R.

Since we work on a time-averaged Weyl algebra, the free field time evolution is
norm continuous, i.e., t atf (A) is a continuous map from R to 2 ;. General
states of the radiation field can be described as states on the algebra %A, i.e., as
positive, linear functionals, @, on 2y normalized such that w (1) = 1.
A convenient algebra of operators to encode the kinematics of the system com-
posed of the ‘atom’ and the ‘radiation field’ is the C*-algebra, 2, given by
A=A, @AU;. ©6)

The time evolution of operators in 2, before the two subsystems are coupled to
each other, is given by
a0 =a’ Qo). (7)
A regularized interaction coupling the two subsystems can be introduced by
choosing a bounded, selfadjoint operator V€ e 2, where the superscript ¢ indi-
cates that a regularization has been imposed on an interaction term, V, in such a
way that ||V ©| = O(1/€). We define the regularized, interacting time evolution
of the coupled system as a xautomorphism group {at(;) | t € R} of the algebra A
given by the norm-convergent Schwinger—Dyson series

o0 t
o)(A) = @ 0(A) + Y (W) fo dry -
n=1

. / dt, ey, o(V©), [y, 0o(V ), ...,
0
[etr, 0(V D),y 0(A)] - 11, (8)
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for an arbitrary operator A € 2. In Equation (8), A is a coupling constant, and the
interaction term V is chosen in accordance with conventional models describing
electrons coupled to the quantized radiation field.

We are interested in analyzing the time evolution of the coupled system in
some states w of physical interest, i.e., in understanding the time-dependence of
expectation values

w(@(A), Ae, )

in the limit where the regularization is removed, i.e., ¢ — 0, and for large times ¢.
The states w of interest are states ‘close to’ (technically speaking, normal with
respect to) a reference state of the form

wpp = 0l ® W), (10)

where ! is given by a density matrix p on #,, see Equation (1), and a)g is the
thermal equilibrium state of the radiation field at temperature 7 = (kg )~!, where
kg is Boltzmann’s constant. Technically, a)g is defined as the unique (oe,f , B)-KMS
state on the algebra 2l ;; it is invariant under (or ‘stationary’ for) the free-field time
evolution a,f . If the density matrix p describes an arbitrary statistical mixture of
bound states of H,, but p vanishes on the subspace L?(R?, d*x) of J,, then w,, 4
is stationary for the free time evolution «; ¢ defined in Equation (7). However, it
is not an equilibrium (KMS) state for «; . In fact, because H, has continuous
spectrum, there are no equilibrium (KMS) states on 2 for the time evolution «; .

Given the algebra 2 and a reference state w, g on 2, as in Equation (10),
the GNS construction associates with the pair (2, w, g) a Hilbert space #, a
xrepresentation g of 2 on J, and a vector 2, € F, cyclic for the algebra g (2l),
such that

Wy, g(A) = (2,, mg(A)L2,), an

for all A € 2. The closure of the algebra mg(2l) in the weak operator topology is a
von Neumann algebra of bounded operators on # which we denote by 9g. This
algebra depends on 8, but is independent of the choice of the density matrix p. The
states w on 2 of interest to us are given by vectors ¢ € # in such a way that

w(A) = (Y, mg(A)y), Ae (12)

We shall see that there exists a selfadjoint operator Lff) on Jf generating the
time evolution of the coupled system, in the sense that

75 (@) (A)) = e g (A)e (13)
for A € Lff) is called the (regularized) Liouvillian. Clearly,

6 V(K) = Ke K e My, (14)
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defines a xautomorphism group of time translations on 9ig. For an interesting class
of models, we shall show that

. . (€) .
s-lim e/l =: eltlx (15)

e—0
exists, for all ¢, and defines a unitary one-parameter group on #¢. It then follows
from (14) and (15) that

01 (K) = e Ke "t (16)

defines a one-parameter group of sxautomorphisms on the von Neumann alge-
bra Mig. The pair (Mg, o0, ;) defines a so-called W*-dynamical system. If the cou-
pling constant 2 vanishes then a state w,, s = 07 ® a)g , where the density matrix p
vanishes on the subspace L*(R? d’x) C #, corresponding to the continuous
spectrum of #f, and commutes with H,,, is an invariant state for o, o, in the sense
that

wp,p(01,0(K)) 1= (L), 07,0(K)R2)) = w, p(K), (17

for all K € 9Mig.

The main result proven in this paper can be described as follows: For an interest-
ing class of interactions, V, for an arbitrary inverse temperature 0 < 8 < oo, and
for all real coupling constants A with 0 < |A| < Xo(B), where A¢(8) depends on the
choice of V, and on B as Ao(B8) ~ efFo, where E; < 0 is the ground state energy
of the particle system, there do not exist any states w on g close, in the sense of
Equation (12), to a reference state w, g, as in Equation (10), which are invariant
under the time evolution o, ; on Mg, (in the sense that w (0, ,(K)) = w(K), for
K € 931,3)

In other words, we show that, under the hypotheses described above, there are
no time-translation invariant states of the coupled system of asymptotic temper-
ature T = (kgB)~' > 0. It will turn out that this result is a consequence of
the following one: For a certain canonical definition of the Liouvillian L, of the
coupled system, and under the hypotheses sketched above, L, does not have any
eigenvectors ¥ € J, in particular, ker L, = {0}. This result will be proven with
the help of Mourre’s theory of positive commutators applied to L, and a new virial
theorem.

As a corollary of our results it follows that, for an arbitrary vector ¢ € # and
an arbitrary compact operator K on #,

(W, e"lrKe iy — 0, (18)

as time t — oo, (at least in the sense of ergodic means). This means that the
survival probability of an arbitrary bound state of the atom coupled to the quantized
radiation field in a thermal equilibrium state at positive temperature tends to zero,
as time ¢t — oo. Heuristically, this can be understood by using Fermi’s Golden
Rule.
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One may wonder how the quantum-mechanical motion of an electron looks like,
after it has been knocked off the atom by a high-energy boson, i.e., after thermal
ionization. We cannot give an answer to this question in this paper, because we are
not able to analyze appropriately realistic models yet. But it is natural to expect
that this motion will be diffusive, furnishing an example of ‘quantum Brownian
motion.” Progress on this question would be highly desirable.

Organization of the paper. In Section 2, we define the model, and state our main
result on thermal ionization, Theorem 2.4, which follows from spectral properties
of the Liouvillian proven in our key technical theorem, Theorem 2.3. In Section 3,
we state two general virial theorems, Theorems 3.2 and 3.3, we present a result on
regularity of eigenfunctions of Liouvillians, Theorem 3.4, and explain some basic
ideas of the positive commutator method. The proof of Theorem 2.3 (spectrum of
Liouvillian) is given in Section 4. It consists of two main parts: verification that the
virial theorems are applicable in the particular situation encountered in the analysis
of our models (Subsection 4.2), and proof of a lower bound on a commutator of the
Liouvillian with a suitable conjugate operator (Subsections 4.3, 4.4). In Section 5,
we establish some technical results on the invariance of operator domains and on
certain commutator expansions that are needed in the proofs of the virial theorems
and of the theorem on regularity of eigenfunctions. Proofs of the latter results are
presented in Section 6. In Section 7, we describe some results on unitary groups
generated by vector fields which are needed in the definition of our ‘conjugate op-
erator’ A7 in the positive commutator method. The last section, Section 8, contains
proofs of several propositions used in earlier sections of the paper.

2. Definition of Models and Main Results on Thermal Ionization

In Section 2.1, we introduce our model and use it to define a W*-dynamical system
(Mg, 0,). Our main results on thermal ionization are described in Section 2.2.

2.1. DEFINITION OF THE MODEL

Starting with the algebra 2 and a (regularized) dynamics at(;) on it, we intro-

duce a reference state w,, g, and consider the induced (regularized) dynamics at(j)

on mg(2), where (H, g, 2,,) denotes the GNS representation corresponding to
(A, w,, ). We show that, as € — 0, o*t(j) tends to a xautomorphism group, o; ;, of
the von Neumann algebra 9ig, defined as the weak closure of 774(21) in B(H). We
determine the generator, L;, of the unitary group, e’%*, on # implementing o ;;
L, is called a Liouvillian. The relation between eigenvalues of L; and invariant
normal states on 9ig will be explained later in this section (see Theorem 2.2). We
will sometimes write simply L instead of L;, for A # 0.
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2.1.1. The Algebra 2L,

We introduce a C*-algebra suitable for the description of the dynamics of the free
field, and, as we explain below, for the description of the interacting dynamics.
Let 20 = 20(L}) be the Weyl CCR algebra over

L} = L*R?, &*k) n L*R?, [k|7! d*k),

i.e., the C*-algebra generated by the Weyl operators, W( f), for f e L2, satisfying
W= =W  WHW( =eMEPW(f + o).

Here (-, -) denotes the inner product of L%. The latter relation implies the CCR
W(HHW(g) = e ™V EW () W(f). (19)

The expectation functional for the KMS state of an infinitely extended free Bose
field in thermal equilibrium at inverse temperature § is given by

: 1 2
g wh(W(g) = GXp{—Z /R3<1 + m>|g(k)|2d3k},

which motivates the choice of the space L% (as opposed to g € L*(R?)).
The free field dynamics on 2U is given by the sautomorphism group

aZ(W(f) = W f). (20)

It is well known that for f # 0, t — oztw(W(f)) is not a continuous map from R
to 20, but ¢t +— a)(Ottm (W(f))) is continuous for a large (weak* dense) class of
states @ on 20. An interacting dynamics is commonly defined using a Dyson series
expansion, hence we should be able to give a sense to time integrals over o™’ (a),
for a € 20. Because of the lack of norm-continuity of the free dynamics, such an
integral cannot be interpreted in norm sense, but only in a weak hence representa-
tion dependent way. In order to give a representation independent definition of the
(coupled) dynamics, we modify the algebra in such a way that the free dynamics
becomes norm-continuous. The idea is to introduce a time-averaged Weyl algebra,
generated by elements given by

a(h) = / ds h(s)a™ (a), 21)
R

for functions % in a certain class, and a € 20U (if & is sharply localized at zero, the
integral approximates a € 20). The free dynamics is then given by

of (a(h)) = / ds h(s)a™ (&P (a)) = / ds h(s — Ha* (a).
R R

We now construct a C*-algebra whose elements, when represented on a Hilbert
space, are given by (21), where the integral is understood in a weak sense.
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Let B3 be the free algebra generated by elements
{a(h) | a € W, h € CFR)},

where " denotes the Fourier transform. Taking the functions 4 to be analytic (i.e.,
having a Fourier transform in C{°) allows us to construct KMS states w.r.t. the free
dynamics, as we explain below. We equip the algebra I3 with the star operation
defined by (a(h))* = (a*)(h), and introduce the seminorm

pla(h)) = sup H/dth(t)n(atw(a)) , (22)
R

mweRep W

where the supremum extends over all representations of 2U. The integral on the
r.h.s. of (22) is understood in the weak sense (¢ +—> 71(0{,Em (a)) is weakly mea-
surable for any w € Rep20), and the norm is the one of operators acting on the
representation Hilbert space. It is not difficult to verify that

N={aeP|p@=0)

is a two-sided xideal in ‘3. We can therefore build the quotient xalgebra I3/
consisting of equivalence classes [a] = {a +n | a € B,n € N}, on which p
defines a norm

Ilall = p@), [a] € B/N,
having the C* property
llal*[alll = lilall*.

The C*-algebra 2, of the field is defined to be the closure of the quotient in this
norm,

Ay =P/ .

Notice that every gy € Rep 2U induces a representation 7, € Rep 2l according
to wr(a(h)) = f dr h(t)ngg(a,m (a)). The algebra %A, can be viewed as a time-
averaged version of the Weyl algebra. The advantage of 2l ; over 20U is that the free
field dynamics on 2l 7, defined by

of (@(h)) = a(hy),  h(x) =h(x —1), (23)

is a norm-continous xautomorphism group, i.e., ||a,f (a) —al]| > 0,ast — 0, for
any a € Ay.
There is a one-to-one correspondence between (3, ozfm )-KMS states w%ﬁ on 27

and (8, oetf ')—KMS states a)g on 2, given by the relation
W} (@i (f1) - an(f))
= fdtl cedty fi(t) - fa(t)op (@ (ar) - o (@)



THERMAL IONIZATION 247

If (#, ngn, ) is the GNS representation of (20, w%n) then the one of (2, a)g ) is
given by (#, n"?, ), where

Th@(fi) - an(f)
= f dry - dty fi(0) - fulta) Ty (@ (ag) - - & (@) (24)

It follows that any unitary group implementing the free dynamics relative to ”51

implements it in the representation f , and conversely.

2.1.2. The Algebra 2 and the Regularized Dynamics at(;)

The C*-algebra 2 describing the ‘observables’ of the combined system is the tensor
product algebra

A=A, @Ay. (25)
Here 2, = B(H,) is the C*-algebra of all bounded operators on the particle

Hilbert space

@
H,=COL R, de:$) =C | H,de, (26)
Ry

where de is the Lebesgue measure on R, ) is a (separable) Hilbert space, and the
r.h.s. is the constant fibre direct integral with §, = §), e € R,. An element in #,

is given by ¥ = {/(e)}ec(rjur, , Where Y (E) € C,and Y (e) € 9, e € R,. H, is
a Hilbert space with inner product

(V. ¢) = w(E)d)(E)Jr/R (W(e), p(e))g de.

Let o denote the *automorphism group on 2, given by
atP(A) — eitH,,Ae—itH,,’
where H), is a selfadjoint operator on #,, which is diagonalized by the direct
integral decomposition of #,,:

®
H,=E 69/ ede, forsome E < 0. 227)
R

"
The domain of definition of H, is given by

52

D(H,) =Ce {vf e [ #ode
Ry

/ elly ()5 de < oo}. (28)
Ry

The dense set C;°(R4; ) = C;° consists of all elements ¢ € #, s.t. the
support, supp(r | R,), is a compact set in the open half-axis (0, 00), and s.t. ¥ is
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infinitely many times continuously differentiable as an $-valued function. Clearly,
Cy® C D(H,), and since e'fr leaves C§° invariant, it follows that C§° is a core
for H,. It is sometimes practical to identify C = Cg, and we say that ¢, is the
eigenfunction of H,, corresponding to the eigenvalue E.

EXAMPLE. This model is inspired by considering a block-diagonal Hamil-
tonian H, on the Hilbert space C & L*(R3 dx), with H, | C = E < 0,

H, | L>(R% d®x) = —A. Passing to a diagonal representation of the Laplacian

(Fourier transform), we have the following identifications, using polar coordinates:
H,=C @ L*(R?, &°k)
=C® L R, x 82, |k|*dlk| x dZ)
=C® L*(Ry, |k|>d|k|; L>(S%,d%))
=C® L*(Ry, du; 9),
where we set ) = L?(S?, dX), and make the change of variables |k|> = e, so that
du(e) = u(e)de, with u(e) = (1/2)4/e. To arrive at the form (26), (27) of #,,
H,, we use the unitary map U': L*>(R,,du; ) — L*(R,, de; $), given by
¥ Uy = Juy.

If H, is the operator of multiplication by e on L*(Ry, du; $), then its transform,
UH,U™, is the operator of multiplication by e on L*(R,, de; 9).

We define the noninteracting time-translation *xautomorphism group of 2 (the
free dynamics) by

00 = a,p ® oc,f.

Given € # 0, set

1
VOi=>"G,® E{(W(egoc))(he) — (W(ega)) (o)™} € A, (29)

where the sum is over finitely many indices «, with G, = G}, € B(H)), g, € L(z),
for all o, and where &, is an approximation of the Dirac distribution localized at
zero. To be specific, we can take h () = (l/e)e_’z/ez. For any value of the real
coupling constant A, the norm-convergent Dyson series

ar0(A) +
+ ) 6w / dn - - / i, o (VO [+ ety (V) 0(A)] -+ 1]
n>1 0 0
= a,9(4), (30)

where A € 2, defines a xautomorphism group of 2[. The multiple integral in (30)
is understood in the product topology coming from the strong topology of B (#,)
and the norm topology of 2 .



THERMAL IONIZATION 249

One should view a,(;) as a regularized dynamics, in the sense that it has a limit,

as € — 0, in suitably chosen representations of 2; (this is shown below).

The functions g, € L(z) are called form factors. Using spherical coordinates
in R?, we often write g, = g, (w, L), where (w, £) € R, x S°.

In accordance with the direct integral decomposition of H,, the operators G,
are determined by integral kernels. For v = {y/(e)} € #,, we set

G4 (E, E)¢(E)+f Go(E,eHy(e)de, ife=E,
Bt 31)

Gy(e, EYY(E) —I—/ Gyle,e)Y(e)de’, ifeecR,.
Ry

(Go)(e) =

The families of bounded operators G, (e, €¢'): 9o — 9., with Hg = C, have the
following symmetry properties (guaranteeing that G,, is selfadjoint):

G.(E,E)e R,
Go(E,e)*=Gy(e,E), YeeR,,
Gyle,e) = Gy(e,e), Ve, e eR,.

Here, * indicates taking the adjoint of an operator in B($, C) or B(£)).

Remarks. (1) The map G,(E, ¢): . — Cisidentified (Riesz) with an element
['y(e) € 9., sothat G, (E, e)Y(e) = (I'y(e), ¥(e))s,. Then G4 (E,e)*: C — 9,
is given by G, (E, e)*z = zI'y(e), for all z € C. Consequently, the above symmetry
condition implies that G, (e, E)z = z[',(e).

(2) Assuming the strong derivatives w.r.t. the two arguments (e, ') € ]R%r of
G,(-, -) exist, we have that 9, ,G,(e, ¢') are operators § — $. Similarly, one
introduces higher derivatives. We assume that all derivatives occuring are bounded
operators on §). For G, (-, ) € C"(R; x Ry, B(9)), it is easily verified that the
above symmetry conditions imply that

(3] 95°Gale, €)' = 81783 Gu(e ). (32)

forany ny, > 0, n; + ny < n, where * is the adjoint on B($). Similar statements
hold for G, (E, e), G, (e, E).

The interaction is required to satisfy the following three conditions:

(A1) Infrared and ultraviolet behaviour of the form factors: for any fixed ¥ € S2,
g.(-, ) € C*(R,), and there are two constants 0 < ki, ky < oo, s.t. if
w < ki, then

10/ g (@, 2)| < kow?™/,  for some p > 2, (33)

uniformly ine, j =0,...,4and ¥ € S2. Similarly, there are two constants
0 < Ky, Ky < o0,s.t. if o > K, then

10/ g (@, £)| < Krw @7/, for some g > 1. (34)
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(A2) The map (e, ¢') = Gg(e, ') is C*(R; x R, B($)), and we have

f de||e""lai"2Ga(e, E)||2fJ < 00, 35)

Ry

f de/ de’||e‘”’l(e’)""’laf’za;"/zGa(e, e/)||§3(ﬁ) < 00, (36)
R, JR,

for all integers m », m’l’2 > 0,s.t.my+m\+my+m) =0, 1,2, 3. Moreover,

/ de/ de'|leG (e, e/)||f8(y)) < 00. (37)
Ry R,
(A3) The Fermi Golden Rule condition. Define a family of bounded operators
on #, by
F@,%) =) g(®, £)Ga. (38)
There is an €y > 0, s.t. for 0 < € < €y, we have that
/ood / 05— poF(, %) Poc F(o, )"
w w, w,
_E 2 opo — 1 10 (H, — E — w)? + €2 po
= Y Ppo, (39)

for some strictly positive constant y > 0. Here py is the orthogonal projec-
tion onto the eigenspace C of H, (see (26), (27)), and py = 1 — py is the
projection onto L2(R ., de; ).

Remarks. (1) Since E < 0 we have that y ~ e?£ decays exponentially in S,
for large B.

(2) Recalling that G, (E, e) is identified with ', (e) € ., see Remark (1) after
(31) above, we can rewrite the 1.h.s. of (39) as

w? €
/ da)dE/ de 5 5 %
(—E,00)x§? Ry efr —1(e— E—w)*+¢

X Y Zulw, £)(Ta(e), Tar(€)) 58w (@, T),

o,

and this expression has the limit

2

w —

/ dod2 = ) (@, D)o(E+0), To(E + o)t (@, ),
(—E,00)x§ -

oo’

as € — 0, because I',(e) is continuous in e. Consequently, (39) is satisfied if this
integral is strictly positive.
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2.1.3. The Reference State w,, g

Let py be a strictly positive density matrix on #,, i.e., pg > 0, trpy = 1, and

denote by w? ' the state on 2, given by A > trppA. Let a)g be the (oe,f , B)-KMS
state on %A  and define the reference state

f
Wpy.p = Wp @ W

The GNS representation (H, g, 2,,) corresponding to (2, w,, g) is explicitly
known. It has first been described in [AW]; (we follow [JP] in its presentation).
The representation Hilbert space is

H=H,®H,®F, (40)
where ¥ is a shorthand for the Fock space
F = F(L*R x §?,du x dX))), (41)

du being the Lebesgue measure on R, and d¥ the uniform measure on S%. F (X)
denotes the bosonic Fock space over a (normed vector) space X:

F(X) :=CaoPuxe, (42)
n>1

where 4 is the projection onto the symmetric subspace of the tensor product. We
adopt standard notation, e.g., €2 is the vacuum vector, [{/], is the n-particle com-
ponent of ¥ € F(X),dI'(A) is the second quantization of the operator A on X,
N = dI'(1) is the number operator.

The representation map mg: A — B(H) is the product

Mg =7, Q nf‘g,
where the xhomomorphism 7 ,: A, — B(H, ® H,) is given by
T,(A) =AR®1,.

The representation map nf‘g: Ay — B(F) is determined by the representation

map of the Weyl algebra, ngn: W — B(F), according to (24). To describe 77513’
we point out that L*(R. x 8% @ L*(Ry x §?) is isometrically isomorphic to
L*(R x §?) via the map

uf(u, ¥, u >0,

(f,8) > h, hu, ¥) = { o). w0, (43)

The representation map ”gn is given by

B
gy = TTFock © Tﬂ,
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where the Bogoliubov transformation 7. 20(L%) — 20(L*(R x $?)) acts as
W(f) > W(ts f), with t5: L>(R; x §?) — L*(R x S?) given by

[ u Juf(u, ), u >0,
(@, B) = 1 —eBu { —V/=uf(—u,%), u<0O. @4

Remarks. (1) Itis easily verified that Im(tg f, 148) 12mxs2) = Im(f, &) 12, x52)>
for all f, g € LZ, so the CCR (19) are preserved under the map .
(2) In the limit 8 — oo, the r.h.s. of (44) tends to
uf(u, ), u=>0,
0, u <0,

which is identified via (43) with f € L%. Thus, 7 reduces to the identity (an
imbedding), 715] becomes the Fock representation of QB(L%), as B — oo, and we
recover the zero temperature situation.
It is useful to introduce the following notation. For f € L*(R x §?), we define

unitary operators, W ( f), on the Hilbert space (40), by

W(f)=e,  fel’®xS$,
where ¢ ( f) is the selfadjoint operator on ¥ given by
_ @) +al)

N

and a*(f), a(f) are the creation- and annihilation-operators on ¥, smeared out
with f. One easily verifies that

oy (W (f)) = W(zs f).

The cyclic GNS vector is given by

o(f) (45)

Q) = Qf,o R 2,
where 2 is the vacuum in ¥, and
QY =" kugn ® Cpp € H), ® H,. (46)
n=0

Here, {k,zl},‘jio is the spectrum of py, {¢,} is an orthogonal basis of eigenvectors
of pp, and C, is an antilinear involution on #,. The origin of C, lies in the
identification of lZ(J{p) (Hilbert—Schmidt operators on #,) with #, ® #,, via
) (Y| = ¢ & C,¥. We fix a convenient choice for C),: it is the antilinear invo-
lution on #, that has the effect of taking complex conjugates of components of
vectors, in the basis in which the Hamiltonian H), is diagonal, i.e.,

Y()eC, e=E,

¢ _ e
(Crpe) {w(e)eﬁ, e € [0, 00).
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By ¥ (e) € $ for e € [0, 00), we understand the element in $) obtained by complex
conjugation of the components of {(e) € §), in an arbitrary, but fixed, orthonormal
basis of . This C, is also called the time reversal operator, and we have

C,H,C, = H,.

2.1.4. The W*-dynamical System (Mg, 0; )

Let Mg be the von Neumann algebra obtained by taking the weak closure (or
equivalently, the double commutant) of 7g(21) in B(H):

My = B(H,) @1, ®F(Ap)" C B(H).

Since py is strictly positive, €270 is cyclic and separating for the von Neumann

algebram,(A,)" = B(H,)®1,. Similarly, 2 is cyclic and separating for n’? A5,
since it is the GNS vector of a KMS state (see, e.g., [BRII]). Consequently, 2, is
cyclic and separating for 91g. Let J be the modular conjugation operator associated
to (Mg, ). Itis given by

J=J,®Jy, (47)
where, for ¢, ¢ € F,,

Jp(@ @ Cp¥) =¥ ® Cpo,
and, for ¥ = {[V],}nz0 € F,

e lanQuy, ..o sun) = Wl (—ur, ..., —uy), forn =1,
[wa]o = [Jflﬁ]o e C.

Clearly, J2,, = 2,,, and one verifies that

Jym,(A)J, =1, R C,LAC,, (48)

T W (NI y = W(—e P Prp(f) = We ™ Prp( )", (49)
for f € L2. More generally, for f € LX(R x $2), J;W(f)J; = W(f(—u, %)).

We now construct a unitary implementation of ozt(f,\) w.r.t. mg. Recall that mg =

Ty ®71f’3, where 7,: B(H) — B(H,® J,) is continuous w.r.t. the strong topolo-

gies and nﬁ: Ay — B(F) is continuous w.r.t. the norm topologies (because it is
a x homomorphism). We thus have, for A € 2,

75 (0,5 (A))

=wmwm+ZMﬁ4mmA“%mmmM%¢~

n>1

<[ (e o (V) 7@ o(AN] - - -11. (50)
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Because

wp(al (A)) = e Ae"r @ 1,
— et (L1, ®Hy) . (p)e=it (Hp®1)=1,8Hy),

and

7 (T (W (f))) = 7wy (W (& ) = W (e 14(

ICH = Ty = s(f))
— eitdr(u)W(Tﬂ(f))e—itdr(u)
— eitdF(u)ngn(W(f))e—it dF(u)’

so that

nff(oe,f(a)) = e”dr(”)nfﬁ(a)e_”dr(”), aeUy,
we find that

01.0(p(A)) == mp(as0(A)) = " Momp(A)e™""0,
for all A € 2, where L is the selfadjoint operator on #, given by

Ly=H,®1,—-1,® H, +dI'(u), (51)
commonly called the (noninteracting, standard) Liouvillian. One easily verifies that

Jel'to = ¢ithoy, (52)

Remark. There are other selfadjoint operators generating unitary implementa-

tions of 0, o on J¢. Indeed, we may add to L, any selfadjoint operator L;, affiliated
with the commutant imjg; then Lo + L; still generates a unitary implementation
of 0; on J. However, the additional condition (52) fixes L¢ uniquely, and the
generator of this unitary group is called the standard Liouvillian for o; . This
terminology has been used before in [DJP]. The importance of considering the
standard Liouvillian (as opposed to other generators of the dynamics) lies in the

fact that its spectrum is related to the dynamical properties of the system; see
Theorem 2.2.

~ Notice that 0,9 is a group of sautomorphisms of (), in particular,
etomg(A)e b0 = mg(A), Vi € R. From Tomita—Takesaki theory, we know that
JMgJ = sm;g (the commutant), and since

010 (VNI = Jor0(rp(V )T = Jrg(a, o(V))J € My,
we can write the multicommutator in (50) as

[67,.00ms (V) — Jrg(VENT), [ -
oo [01,.0(p(VO) — Tmg(VN), 010(mp (A - - -11.
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It follows that the r.h.s. of (50) defines a xautomorphism group of mg(2A), o*,{?,
which is implemented unitarily by

€ i (e) _i (€)
o) (p(A)) = mp(@)(A)) = e"Fr mp(A)e
with
() __ (e)y _ (e)
Ly = Lo+ Amg(V©) = AJmg(V ) J.

It is not difficult to see (using Theorem 3.1) that the regularized Liouvillian Lff) is
essentially selfadjoint on

D=CFRCTQ(FCERxSH)NF) CH,

. . . . 7 (€) .y (e)
where % is the finite-particle subspace. Moreover, we have that Je'l." = el'Li" J,

We now explain how to remove the regularization (¢ — 0), obtaining a weakx
continuous *automorphism group o; , of the von Neumann algebra 1. We recall
that a sautomorphism group 7, on a von Neumann algebra 91 is called weak*
continuous iff t — w(t,(A)) is continuous, for all A € M and for all normal
states @ on 1. From

(€) 1 0 o Aiut
Tp(V) =D Gu®1,® = | drh(){W (" ety(ga)) =
o R
— W etp(ga))")
1 _
Trg(VI =) 1,8C,G,C, ® T / dt he (1){W (™ ee P/ *15(g,)) —
o L€ Jr
— W(e"ee ™ 15(84))"),

where we recall that i, () = (1/e)e™’ 2e? approximates the Dirac delta distribution
concentrated at zero, one verifies that, in the strong sense on D,

lim 75 (V) = D Gu®1, ® ¢(5(82)),

lim Js(V9)J = D 1, ®C,GC, ® (e P 14(g4)).
€—

o

where the operator ¢( f) has been defined in (45). The symmetric operator L;,
defined on D by

L, = Lo+, (53)
with

I=3Ga®1,®(t4(8)) — 1, ® C,GuCp ® p(e " *15(80)),  (54)
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is essentially selfadjoint on D, for any real value of X; (this will be shown to be a
consequence of Theorem 3.1). Using Theorem 5.1 on invariance of domains, the
Duhamel formula gives

t
) /0 (I — (V) + g (VO)Jye iDL
as operators defined on £, from which it follows that el’ L — e'lr ase — 0, in
the strong sense on #. Consequently, for A € mg(2l), we have a,(j\)(A) — 07, (A),
in the o-weak topology of 8 (#). Notice that for A € mg(2A), we have o;;(A) €
Mg, because 0;,(A) = w-lime_90,5(A), 0,9(A) € ms(A) C M, and My
is weakly closed. Clearly, o; , is a o-weakly continuous xautomorphism group of

B(H).If A € My, there is anet {A,} C mg(A), s.t. A, — A, in the weak operator
topology. Thus, since o;  is weakly continuous, we conclude that

071 (A) = w-limoy 3 (Ay) € Mp.
o
We summarize these considerations in a proposition.

PROPOSITION 2.1. (Mg, 0,,) is a W*-dynamical system, i.e. o, is a weakx
continuous group of xautomorphisms of the von Neumann algebra 9Mg. Moreover,
0., Is unitarily implemented by e/l where L, is given in (53), (54), and

Je''bh = ¢ty forallt € R.

2.1.5. Kernel of L, and Normal Invariant States

Let & be the natural cone associated with (Mg, 2,,), i.e., P is the norm closure
of the set

[ATAQ, | A€ My} C H.

The data (Mg, H#, J, P) is called the standard form of the von Neumann alge-
bra Mg. We have constructed J and & explicitly, starting from the cyclic and
separating vector £2, . There is, however, a general theory of standard forms of von
Neumann algebras; see [BRI, II, Ara, Con] for the case of o-finite von Neumann
algebras (as in our case), or [Haa] for the general case. Among the properties of
standard forms, we mention here only the following:

(P) For every normal state w on g, there exists a unique § € &, s.t. w(A) =
(5, AE),VA € M.

Recall that a state w on Mg C B(H) is called normal iff it is o -weakly continuous,
or, equivalently, iff it is given by a density matrix p € I'(#), as w(A) = tr pA,
for all A € Mg. The uniqueness of the representing vector in the natural cone,
according to (P), allows us to establish the following connection between the kernel
of L, and the normal invariant states (see also, e.g., [DJP]).
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THEOREM 2.2. If L; does not have a zero eigenvalue, i.e., if ker L; = {0}, then
there does not exist any o, -invariant normal state on M.
Proof. We show below that, for all 1 € R,

P =9 (55)

If w is a normal state on Mg, invariant under o; ;, i.e., such that w o 0, , = w, for
all r € R, then, for a unique & € P,

0(A) = (£, AE) = 0(0,1(A)) = (e 7"1g, Ae"hiE),

Since (55) holds, and due to the uniqueness of the vector in & representing a given
state, we conclude that e+ = &, for all t € R, i.e. L, has a zero eigenvalue with
eigenvector &.
We now show (55). Notice that (55) is equivalent to etlhP C P. Since P is

a closed set, it is enough to show that for all A € Mg, e”LAAJAQpO e P. Since
eltbrJ = Jeiths el Ae™ithi € Mg, for all A € Mg, and BJBJP C P, for all
B € Mg, we only need to prove that

e, € P. (56)
The Trotter product formula gives

itL : iLod itL
ell‘ )LQ,DO — nll)nolo(el n el” O)”on,

and, since & is closed, (56) holds provided the general term under the limit is
in P, for all n > 1. We show that e*0P = # and e**'P = P, forall s € R.
Remarking that

eiSL()QpO — (eiSH,, ® e—iSHp ® eisdr(u))on — (eiSHp ® :ﬂ_p)](eiSH,, ® ]]-p)QpOa

where we use that Jp(ei“HP ®1,)J,=1,® @pe”HP@p =1,® e sty recalling
that e’*£0 implements o, ¢, and arguing as above, we see that e"'Lo P = P.
The Trotter product formula gives

N
exp[is ZG“ ®1,®p(tp(ga) — /G, @1, ® <P(Tﬁ(ga))f}§

a=1

. i5G, ~ (s
= lim [(e T eL,Q W(-%(&J)) X
ny—o0o ni
i <G, ~ (S
X J<e o ®11P®W<—r,3(ga)))Jx
nj

N
s
X exp|:z o Z(Ga ®1, R ¢(tp(8a)) —
a=2

-JG,®1,® w(fﬁ(ga))f)” £,
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for all £ € &, and we may apply Trotter’s formula repeatedly to conclude that,
since AJAJP C P, for A € Mg, and P is closed, we have that e"* P = P, for
all s € R. O

Remark. The proof of Theorem 2.2 uses property (P), which is satisfied in our
case, because 2, is cyclic and separating for 91g. This, in turn, is true because
po has been chosen to be strictly positive. One may start with any reference state
of the form w) ® a)g , where p is any density matrix on #f,; it may be of finite
rank. The resulting von Neumann algebra (obtained as the weak closure of 2
when represented on the GNS Hilbert space corresponding to (2, w? ® a)g )) is
xisomorphic to Mg. This is the reason we have not added to Mg an index for the
density matrix po. More specifically, the GNS representation of (2, w? ® a)g ) is
given by (#, 7y, 1), where

Hi=H,Q K, C H, R H,,
T (AR W) =AQ1,® / dt h(t)W (™ 75 (f)),
R
Q) =Q)®Q.
Here, X, is the closure of Ran p, 7 is given as in Equation (46). Consequently,
711(91)// — O(B(}fp) X :ﬂ_p LK,; ®7Tfﬁ(Q[f)// o~ 97(,3

In particular, 7; ()" and Mg have the same set of normal states. Thus, our par-
ticular choice for the reference state is immaterial when examining properties of
normal states. One may express this in the following way: (Mg, #, J, P) is a
standard form for all the von Neumann algebras obtained from any reference state
QA wf ® w}).

2.2. RESULT ON THERMAL IONIZATION

Our main result in this paper is that the W*-dynamical system (9ig, 0, ;) intro-
duced above does not have any normal invariant states.

THEOREM 2.3. Assume conditions (A1)—(A3) hold. For any inverse temperature
0 < B < oo there is a constant, Ao(B) > 0, proportional to y given in (39), such
that the following holds. If 0 < || < g then the Liouvillian L, given in (53)
and (54) does not have any eigenvalues.

Remark. Since y decays exponentially in 8, for large B8, Theorem 2.3 is a
high temperature result (8 has to be small for reasonable values of the coupling
constant A). From physics it is clear that thermal ionization takes place for arbitrary
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positive temperatures (but not at zero temperature, where the coupled system has a
ground state).

Combining Theorems 2.3 and 2.2 yields our main result about thermal ioniza-
tion.

THEOREM 2.4 (Thermal ionization). Under the assumptions of Theorem 2.3,
there do not exist any normal o, ;-invariant states on Mg.

Remark. For 1 = 0, the state wy, determined by the vector Q) ® 2, where Q) =
Po® @y € H,®FH,, and ¢y is the eigenvector of H),, is a normal o; p-invariant state
on Mg. As we have explained in the introduction, the physical interpretation of
Theorem 2.4 is that a single atom coupled to black-body radiation at a sufficiently
high positive temperature will always end up being ionized.

The proof of Theorem 2.3 is based on a novel virial theorem.

3. Virial Theorems and the Positive Commutator Method
3.1. TWO ABSTRACT VIRIAL THEOREMS

Let # be a Hilbert space, & C # a core for a selfadjoint operator ¥ > 1, and X a
symmetric operator on £. We say the triple (X, Y, D) satisfies the GJN (Glimm—
Jaffe-Nelson) condition, or that (X, Y, D) is a GJN-triple, if there is a constant
k < oo, s.t. for all € D:

XYl <kIYY, (57)

Ti{(XY, YY) — (Y, X)) < ki, Y). (58)
Notice thatif (X, ¥, D) and (X>, Y, D) are GIN triples, then sois (X1+X>, Y, D).
Since Y > 1, inequality (57) is equivalent to

XVl < kiY@ Il + kil

for some k;, k, < oo.

THEOREM 3.1 (GJIN commutator theorem). If (X, Y, D) satisfies the GJN condi-
tion, then X determines a selfadjoint operator (again denoted by X), s.t. D(X) D
D(Y). Moreover, X is essentially selfadjoint on any core for Y, and (57) is valid
forally € DY).

Based on the GJN commutator theorem, we next describe the setting for a
general virial theorem. Suppose one is given a selfadjoint operator A > 1 with
core D C H,and operators L, A, N, D, C,,n =0,1, 2,3, all symmetric on D,
and satisfying

{9, DY) = i{{Le, NY) — (No, L)}, (59)
Co=1L,
(0, Cuth) =i{{(Chr9, AY) — (A, Cpr )}, n=1,2,3, (60)
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where ¢, ¥ € £. We assume that

e (X, A, D) satisfies the GIN condition, for X = L, N, D, C,. Consequently,
all these operators determine selfadjoint operators, which we denote by the same
letters.

e A is selfadjoint, D C D(A), and e'’4 leaves D(A) invariant.

Remarks. (1) From the invariance condition e’AD(A) C D(A), it follows that
for some 0 < k, k' < oo, and all ¥ € D(A),

IAC Ay || < ket Ayl (61)

A proof of this can be found in [ABG], Propositions 3.2.2 and 3.2.5.

(2) Condition (57) is phrased equivalently as ‘X < kY, in the sense of Kato
on D

(3) One can show that if (A, A, D) satisfies conditions (57), (58), then the
above assumption on A holds; see Theorem 5.1.

THEOREM 3.2 (1st virial theorem). Assume that, in addition to (59), (60), we
have, in the sense of Kato on D,

D < kN'?2, (62)
e"ACre " < kKNP, some 0 < p < o0, (63)
eitAC3e—itA g kek/le/z, (64)

for some 0 < k, k' < 0o, and allt € R. Let v be an eigenvector of L. Then there
is a one-parameter family {y,} C D(L) N D(Cy), s.t. Yo — ¥, ¢ — 0, and

lim (o, C1a) = 0. (65)

Remarks. (1) A sufficient condition for (63) to hold (with ¥’ = 0) is that N
and €4 commute, for all ¢ € R, in the strong sense on D, and C; < kN?. This
condition will always be satisfied in our applications. A similar remark applies
to (64).

(2) In a heuristic way, we understand C; as the commutator i[L, A] =
i(LA— AL), and (65) as (¢, i[L, A]Yr) = 0, which is a standard way of stating
the virial theorem, see, e.g., [ABG] and [GG] for a comparison (and correction) of
virial theorems encountered in the literature.

The result of the virial theorem is still valid if we add to the operator A a suitably
small perturbation Ag:

THEOREM 3.3 (2nd virial theorem). Suppose that we are in the situation of
Theorem 3.2 and that Ag is a bounded operator on H s.t. Ran Ay C D(L) N
Ran P(N < ny), for some ng < 0o. Theni[L, Ag] = i(LAg— AgL) is well defined
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in the strong sense on D (L), and we have, for the same family of approximating
eigenvectors as in Theorem 3.2:

lim (o, (Cy +i[L, Ao])¥a) = 0. (66)

In conjunction with a positive commutator estimate, the virial theorem implies
a certain regularity of eigenfunctions.

THEOREM 3.4 (Regularity of eigenfunctions). Suppose C is a symmetric opera-
tor on a domain D(C) s.t., in the sense of quadratic forms on D(C), we have that
C > P — B, where P > 0 is a selfadjoint operator, and B is a bounded (every-
where defined) operator. Let ., be a family of vectors in D(C), with V¥, — V¥, as
oa — 0, and s.t.

lirr%)(wa, Cyy) =0. (67)

Then (Y, Byr) > 0, ¥ € D(P'/?), and
|22y < (v, By)'/2 (68)

Remark. Theorem 3.4 can be viewed as a consequence of an abstract Fatou
lemma, see [ABG], Proposition 2.1.1. We give a different, very short proof of (68)
at the end of Section 6.

3.2. THE POSITIVE COMMUTATOR METHOD

This method gives a conceptually very easy proof of absence of point spectrum.
The subtlety of the method lies in the technical details, since one deals with un-
bounded operators.

Suppose we are in the setting of the virial theorems described in Section 3.1,
and that the operator C (or C; + i[L, Ag]) is strictly positive, i.e.

Cizvy, (69)

for some y > 0. Inequality (69) and the virial theorem immediately show that
L cannot have any eigenvalues. Indeed, assuming v is an eigenfunction of L, we
reach the contradiction

0 = lim (Yo, C1¥sa) > y lim (Yo, ) = ylIlyl* > 0.

Although the global PC estimate (69) holds in our situation, often one manages to
prove merely a localized version. Suppose g € C*°(J) is a smooth function with
support in an interval / C R, g [ J; = 1, for some J; C J, s.t. g(L) leaves the
form domain of C; invariant. The same reasoning as above shows that if

g(L)C1g(L) > yg*(L),
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for some y > 0, then L has no eigenvalues in the interval J;. The use of PC
estimates for spectral analysis of Schrodinger operators has originated with Mourre
[Mou], and had recent applications in [Ski, BESS, DJ, Mer].

4. Proof of Theorem 2.3
4.1. STRATEGY OF THE PROOF

As in [JP, Mer], the starting point in the construction of a positive commutator is
the adjoint operator A, = dI'(i9,), the second quantized generator of translation
in the radial variable of the glued Fock space ¥, see (41). We formally have

ilLo, Af]=dI (1) =N >0.

The kernel of this form is the infinite-dimensional space #, ® #, ® Ran Pq.
Following [Mer], one is led to try to add a suitable operator Ag to A ;, where A de-
pends on the interaction A/, and is designed in such a way that i[Lo+AI, A+ Aol
is strictly positive (has trivial kernel). This method is applicable if the (imaginary
part) of the so-called level shift operator is strictly positive, or equivalently, if
(39) is satisfied, but where the finite-dimensional projection py is replaced by the
infinite-dimensional projection 1,. Such a positivity condition does not hold for
reasonable operators G, and functions g,.

In order to be able to carry out our program, we addto Ay aterm A, ® 1, —
1,®A, that reduces the kernel of the commutator. A prime candidate for A, would
be the operator i 9, acting on #,, (we write simply i9, instead of 0 ®i9,, c.f. (26)),
since then

i[Lo. Ay ® 1, —1,® A, + Asl = Po(Hy) ® 1, + 1, ® P(H,) + N,

where P, (H,) = flgi de is the projection onto L*(R., de; #). The above form has
now a one-dimensional kernel, Ran py ® py ® P,. By adding a suitable operator
Ay, as described above, one can obtain a lower bound on the commutator (and in
particular, reduce its kernel to {0}), provided (39) is satisfied.

However, the operator A, chosen above has the inconvenience of not being
selfadjoint, while our virial theorems require selfadjointness. We introduce a fam-
ily of selfadjoint operators A7, a > 0, that approximate id, in a certain sense
(a — 0). The idea of approximating a nonselfadjoint A by a selfadjoint sequence
was also used in [Ski]. We now define A“ and then explain, in the remainder of this
subsection, how to prove Theorem 2.3.

We define A7 as the generator of a unitary group on L*(R,, de; #), which is
induced by a flow on R,. For the proof of the following proposition, and more
information on unitary groups induced by flows, we refer to Section 7.

PROPOSITION 4.1. Let &: Ry — R, be a bounded, smooth vector field, s.t.
EO0) =0,&() > l,ase —> oo, and ||(1 + e)€'||c < 00. Then & generates a
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global flow, and this flow induces a continuous unitary group on L*(R,, de; $).
The generator A, of this group is essentially selfadjoint on Cg°, and it acts on Cg°
as

A, = i(38'(e) + £(e)d,), (70)

where &' (e) and & (e) are multiplication operators. Given a > 0, §,(e) = &(e/a) is
a vector field on R, and lim,_,o &, = 1, pointwise (except at zero). The generator
AY, of the unitary group induced by &, is given on its core, C >, by

A9 — 11_,[e e 3 71
=i (2) e ()) o

We define the selfadjoint operator

A'=AT®1,01;—1,8 A1+ Ay, (72)
and calculate the commutator C{ of i L with A¢ (in the sense given in (60), see also
Subsection 4.2):

® ®
Ci = £,(e)de®1,+1,® E,(e)de + N + AI{, (73)
Ry Ry

where I{ is N'/2-bounded. In Section 4.3, we show that C{ +i[L, Aol > M,,
where M, is a bounded operator. We will see that s-lim,_.o, M, = M (see Propo-
sition 4.6), where M is a bounded, strictly positive operator (see Proposition 4.8).
Since M,, M are bounded, we obtain from the virial theorem

0= lim (Yo, (CY +i[L, AdD¥a) = (¥, (Ma — M)Y) + (b, M), (74)

for any eigenfunction v of L. Taking a — 0, and using strict positivity of M (for
small, but nonzero A, see Proposition 4.8), gives a contradiction, and this will prove
Theorem 2.3.

4.2. CONCRETE SETTING FOR THE VIRIAL THEOREMS
The Hilbert space is the GNS representation space (40), and we set
D=CreCee® Dy, (75)
where
D =F(CFR x §)) N F,

and ¥y denotes the finite-particle subspace of Fock space. The operator A is given
by

A=A, ®1,+1,®A,+A, (76)
(&3]

A, = f ede+1, = H P (H)+1,, (77)
Ry

Ap=dl@® +1)+1;. (78)
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In (77), we have introduced P, (H,), the projection onto the spectral interval R
of H,. It is clear that A is essentially selfadjoint on £, and A > 1. The operator
L is the interacting Liouvillian (53), and

N =dI'(1) (79)

is the particle number operator in ¥ = F (L*(R x §?)). Clearly, X = L, N are
symmetric operators on D, and the symmetric operator D on D (see (59)) is given

by

_

V2
-1, ® C,GoCp ® (—a* (e "14(g0)) + ale™™P14(g2)))}.  (80)

D D 1Ga®1, ® (—a*(tp(8a)) + a(tp(ga))) —

The operator A is given by A“ defined in (72). Notice that A}, leaves C§® invariant,
Ay leaves Dy invariant, so A* maps D into D (L). Furthermore, it is easy to see
that L maps D into D (A?), hence the commutator of L with A“ is well defined in
the strong sense on . The same is true for the multiple commutators of L with
A®. Setting £/ (e) = &'(e/a), &)/ (e) = £"(e/a), we obtain

® ®

C{=| &(de®1,+1,® | &(e)de+ N +Alf, (81)
R: R:

1 [e 1 [®
5= £ (e)E,(e)de®1,—1,® £ (e)E,(e)de + A1y,  (82)

R4 a Jr,

1 53]
Ci =2 | @@ + %) de@1, +
1 re
T8 5 [ 05 +8,(0)°8u(e)) de £ 115, (83)

where

n

=Y () TG 91, 83, (e +

j=0
+ (=11, ®ad})(C,GuCy) ®ady " (0™ 5y (g0}, (84)
forn=1,2,3.

We define the bounded selfadjoint operator Ay on F# by
Ay = i0A(T1I R*TI — TIR?ITN), (85)
with

RZ=(Li+eH ™" (86)
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Here, 6 and € are positive parameters, and I1 is the projection onto the zero eigen-
space of L:

M= P ® Py, (87)
Py = po ® po, (88)
M=1-T1I, (89)

where py is the projection in 8B (#,) projecting onto the eigenspace corresponding
to the eigenvalue E of H,, i.e. poty = W (E) € C, and Pg is the projection in
B(F) projecting onto C2. We also introduce the notation

R. =TIR,.

Notice that the operator Ay satisfies the conditions given in Theorem 3.3 with
no = 1. Moreover, [L, Ag] = LAy — ApL extends to a bounded operator on the
entire Hilbert space, and

)  OA?
I[L, Aolll < k<? + 6—2) (90)

This choice for the operator Ay was initially introduced in [BFSS] for the
spectral analysis of Pauli—Fierz Hamiltonians (zero temperature systems), and was
adopted in [Mer] to show return to equilibrium (positive temperature systems). The

key feature of Ay is that iTI[L, Ag]IT = 20A>I1] ﬁf IT1 is a nonnegative operator.
Assuming the Fermi Golden Rule condition (39), it is a strictly positive operator,
as shows

PROPOSITION 4.2. Assume condition (A3). For 0 < € < €y, we have

/R Im > 2. 1)
€

The proof is given in Section 8.
We are now ready to verify that the virial theorems are applicable.

PROPOSITION 4.3. The unitary group ¢4 leaves D(A) invariant (a > O,
t € R), and, for y € D(N),

A || < ke Ve Ay, (92)

where k, k' < 0o are independent of a.

The proof is given in Section 8.
Next, we verify the GIN conditions, and the bounds (62), (64), (63). The fol-
lowing result is useful.
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PROPOSITION 4.4. Under conditions (35), (36), the multiple commutators of G,
with A‘;] are well defined in the strong sense on C3°, and, for any ¥ € Cg°, we have
that

ladfy (G ¥l < kIl I, (93)
forn =1, 2, 3, and uniformly ina > 0.
The proofs of this and the next proposition are given in Section 8.

PROPOSITION 4.5. The virial theorems, Theorems 3.2 and 3.3, apply in the con-
crete situation described above, with the following identifications: the domain D
of Section 3.1 is given in (75), the operators L, N, D, A, Ag appearing in
Theorems 3.2, 3.3 are chosen in (53), (79), (80), (76), (85), and the operator A
is given by A% in (72).

4.3. A LOWER BOUND ON C{ +i[L, Ag] UNIFORM IN a
In order to estimate C{ + i[L, Ay] from below, we start with the following obser-
vation: in the sense of forms on D,

1 —
ELL < 5N Po + kA2, (94)

for some k independent of a > 0. This estimate follows in a standard way from
the explicit expression for /{', Equation (84), and the bound in (93). We conclude
from (94), (81) that

C{ +i[L, Aol = M,, (95)
where
@ @
M, = Sa(e)de®llp+]lp® gu(e)de_{'
R, R,
9 _
+ EPQ — kA2 +i[L, Aol. (96)

The constant k on the r.h.s. is independent of a. Recalling that §, — 1 a.e., we are
led to define the bounded limiting operator

9 _
M= P+(Hp)®]lp—|—11p®P+(Hp)+EPQ—kA2+i[L,AO], 97)

where k is the same constant as in (96). Using dominated convergence, one readily
verifies that fﬂg §,(e)de — P, (H),), in the strong sense on F¢),.

PROPOSITION 4.6. lim,_,o, M, = M, strongly on Jt.
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Our next task is to show that M is strictly positive.

4.4, THE FESHBACH METHOD AND STRICT POSITIVITY OF M

Recall that IT = Py ® Pq is the rank-one projection onto the zero eigenspace
of Ly, see (87). We apply the Feshbach method to analyze the operator M, with the
decomposition

# = RanTI ® RanTI.
First, we note that
MIMTI > Py ® Po(Py(H,) ® 1, +1,® Pi(H,) —k\») +
+ (55 — kA Pq + iTI[L, A,]TL. (98)
Recalling the definitions of Py and Ay, (88) and (85), one easily sees that
Po(Pi(H,) @1, +1,® Pi(H,)) > Po,
iTI[L, ATl = —exz(ﬁmlﬁf + Efmlﬁ),

in particular, ||[iTI[L, Ao]TI|| < kOA2/€>. Together with (98), this shows that there
is a constant A; > 0 (independent of A, 6, € and of 8 > By, for any By > 0 fixed),
S.t.

M :=TIMTI | RanTI > %ﬁ, (99)
provided
OA2
€

It follows from Equation (99) that the resolvent set of M, p(M), contains the
interval (—oo, 1/2), and form < 1/2:

(M —mID)~"| < (3 —m)~". (101)
For m € p(M), we define the Feshbach map Fr ,, applied to M by
Frn(M) =T1I(M — MTI(M — mT])"'TIM)11. (102)

The operator Fyy,, (M) acts on the space Ran I1. In our specific case, Ran IT = C,
hence Fry,,(M) is a number. (If Ran [T had dimension n, then Fp ,, (M) would
be represented by an n x n matrix.) The following crucial property is called the
isospectrality of the Feshbach map (see, e.g., [BES, DJ]):

mepM)No(M) > m e p(M)No(Frn(M)), (103)

where o (-) denotes the spectrum. Hence by examining the spectrum of the operator
Fr1.,» (M), one obtains information about the spectrum of M. The idea is, of course,
that it is easier to examine the former operator, since it acts on a smaller space.
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PROPOSITION 4.7. Assume condition (A3) and let 0 < € < €. Then

0.2 A ¢
Frim(M) > 2—)/(1 ke( —) —k—e)l'l, (104)
y

uniformly inm < 1/4.

Proof. Recall the structure of Fr,, (M), given in (102). We show that
—TIMTI(M — mTI)"'TIMTI is small, as compared to ITMTII, and that the latter
is strictly positive. Estimate (101) gives

—TMIMTI(M — mTD) " 'TIMII > —4TIMTIMTI, (105)
for m < 1/4. An easy calculation shows that

TIMII = TTi[L, AolTl = OATILR ITI = OATI(LoR.I + AIR. DI,
and using that || LoR.|| < 1, | R.|| < 1/€, we obtain the bound

— 12\ _
IIMTITY || < <9|?»| +kT)IIReIH1ﬂII, (106)

for any ¢ € Jf, where we have used that Ranffll'l C RanP(N < 1), and
IIP(N < 1)|| < k. Combining (106) with (105) yields

—TIMTI(M — mTD)~'TIMTI > —k6%22(1 + |A|/€)* LI R_ITI.
Furthermore, we have that
[IMTI = ITi[L, Ag]TT — kAT = 29)?1‘[1?311‘1 — kAPTL.

These observations and the definition of the Feshbach map, (102), show that
Frim(M) > 29,\2<1 k@( 1A ') )HIR ITI — kAT,

which, by Proposition 4.2, yields (104). O

Estimate (104) tells us that there is a A, > 0 s.t.

o212
Fran(M) > —yII, (107)
€

provided conditions (100) hold, and
I?»I
o1+ — +—9<X2, 0 <€ < e (108)
14

Notice that all these estimates are independent of m < 1/4. Using the isospec-
trality property of the Feshbach map, (103), we conclude that if the bounds (100)
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and (108) are imposed on the parameters, and if m < 1/4 and m € o (M), then
m > 9%2)/. Consequently,

. { 1 A2 } 612
M > miny—, —y s = —V.
4 € €

Fix a6 < X,/4 and an € < min{¢y, yOAr,}. Then, defining
€M }

—’ 6 9

N
(100) and (108) are satisfied for |A| < A.

)\.0 = min{kl,

PROPOSITION 4.8. There is a choice of the parameters 6 and €, and of Ay > 0
(depending on 0, €, B) s.t. if |A| < A then

M > —rv. (109)
€

We have Ay < ky for some k independent of B = Bo (for any By > 0 fixed), i.e.,
Xo ~ ePE is exponentially small in B, as B — oo (see Remark (1) after (39)).

Proposition 4.8 completes the proof of Theorem 2.3, according to the argument
given in (74).

5. Some Functional Analysis
The following two theorems are useful in our analysis. Their proofs can be found

in [Fro].

THEOREM 5.1 (Invariance of domain, [Fro]). Suppose (X, Y, D) satisfies the
GJN condition, (57), (58). Then the unitary group, €'X, generated by the
selfadjoint operator X leaves D (Y) invariant, and

[Ye ™y | < ey vy, (110)

for some k > 0, and all € D(Y).

THEOREM 5.2 (Commutator expansion, [Frd]). Suppose D is a core for the
selfadjoint operator Y > 1. Let X, Z, adgg)(Z) be symmetric operators on D,
where

ad((2) = 7,

(p, ady’ (2)¥) = i{(ad} ™ (Z2)¥, X)) — (X, ady ™ (2)y)),
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forally € D, n=1,..., M. We suppose that the triples (adg?)(Z), Y, D), n=
0,1,..., M, satisfy the GJN condition (57), (58), and that X is selfadjoint, with
D C D(X), e'X leaves D(Y) invariant, and (110) holds. Then

n

M-1
. . t
e Xze X =7 — E ;adﬁ?)(Z) -
n=1 :

4 mM-1 . .
- / dr - -- / dryre’™Xad (" (Z)e X (111)
0 0
as operators on D(Y).

Remark. This theorem is proved in [Fré], under the assumption that (X, Y, D)
satisfies (57), (58). However, [Fro]’s proof only requires the properties of the group
e’X indicated in our Theorem 5.2.

An easy, but useful result follows from (110).

PROPOSITION 5.3. Suppose that the unitary group "X leaves D(Y) invariant,
for some operator Y, and that estimate (110) holds. For a function x on R with
Fourier transform ¥ € L'(R), we define x(X) = fR R (s)eX ds. If § has compact
support, then x (X) leaves D(Y) invariant, and, for € DY),

1Y x X%l < RNl Y ¥l (112)
for any R s.t. suppx C [—R, R].

The proof is obvious. Proposition 5.4 states a similar result, but for a function
whose Fourier transform is not necessarily of compact support.

PROPOSITION 5.4. Suppose (X, Y, D) satisfies the GJN condition, and so do
the triples (adg?)(Y), Y, D), forn = 1,..., M, and for some M > 1. Moreover,
assume that, in the sense of Kato on D(Y), :i:adg(M)(Y ) < kX, for some k > 0. For
x € C3°(R), a smooth function with compact support, define x(X) = [ R (s)eX,
where j is the Fourier transform of x. Then x (X) leaves D(Y) invariant.

Proof. For R > 0, set xz(X) = f_RR % (s)e"X then xg(X) — x(X) in operator
norm, as R — oo. From the invariance of domain theorem, we see that xg(X)
leaves D(Y) invariant. Let v € D(Y), then using the commutator expansion
theorem above, we have

R

Yxr(XOy = xe(OYY + / R e X ye X — )y
—R
M-1

3 %adgg”()/) +

n=1

R
= xr(X)YY — / ) ;2(s>e”"<

§ SM—1 . .
+ (=DM / ds; - -- / dsMe_”MXadg(M)(Y)e”MX>1//. (113)
0 0
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The integrand of the s-integration in (113) is bounded in norm by
k(sI™ + DAY Il + 1Xy 1) < ksl + DYy,

where we have used that [[ad?” (Y)e™" Xy || < [|Xe/™Xy|| < || Xv|. Since % is of
rapid decrease, it can be integrated against any power of |s|, and we conclude that
the r.h.s. of (113) has a limit as R — oo. Since Y is a closed operator, it follows
that y (X)yr € D(Y). a

PROPOSITION 5.5. Let x € C;°(R), x = F? > 0. Suppose (X, Y, D) satis-
fies the GJN condition. Suppose F(X) leaves D(Y) invariant. Let Z be a sym-
metric operator on D s.t., for some M > 1, and n = 0,1,..., M, the triples
(adg?)(Z ), Y, D) satisfy the GJIN condition. Moreover, we assume that the multiple
commutators, forn = 1, ..., M, are relatively X 2r _bounded in the sense of Kato
on D, for some p = 0. In other words, there is some k < o0, s.t. Vi € D,

1ad (Z)w || < k(W] + I1X2Pyl), n=1,..., M.

Then the commutator [x(X), Z] = x(X)Z — Zx(X) is well defined on D and
extends to a bounded operator.

Proof. We write F, x instead of F(X), x(X). Since F leaves D(Y) invariant,
we have that

[x,Z]= FIF,Z]+[F, Z]F,

as operators on D (Y). We expand the commutator

[F,Z]= f f(s)e"‘vx (Z — e X 718X

=/F(s)eisx{

N SM—1 . .
+ / dsy - - / dsye " Xad(M" (Z)em¥ 1. (114)
0 0

M—1

"
> —ady(Z) +

n=1

Multiplying this equation from the right with F' (and noticing that F' commutes
with e/*¥X), we see immediately that [F, Z]F is bounded, and hence F[F, Z] =
—([F, Z]1F)* is bounded, too. O

PROPOSITION 5.6. Suppose (X,Y, D) is a GJIN triple. Then the resolvent
(X — 2) " leaves D(Y) invariant, for all z € {C | |Imz| > k}, for some k > 0.

Proof. Suppose Imz < 0 (the case Imz > 0 is dealt with similarly). We write
the resolvent as

&)
X -2 :if dr " X701,
0



272 JURG FROHLICH AND MARCO MERKLI

and it follows from Theorem 5.1 that for ¢ € D(Y),
o0
1Y(X —2)7 'yl < IIYlﬁII/ dr ™" < o0,
0

provided Imz < —k. O

6. Proof of the Virial Theorems and the Regularity Theorem

Proof of Theorem 3.2. We start by introducing some cutoff operators, and the
regularized (cutoff, approximate) eigenfunction.

Let gy € C;°((—1, 1)) be a real valued function, s.t. g;(0) = 1, and set g =
812 € C°((—1,1)), g(0) = 1. Pick a real valued function f on R with the

properties that f(0) = 1 and f € Cy°(R) (Fourier transform). We set
= [ Foa.
—00

so that f{(x) = f2(x). Since f] (s) = is fi(s) = (27)~1/2f % £(s), it follows that
fl has compact support, and is smooth except at s = 0, where it behaves like s .

—

We have fl(") = (is)" fl € Cy°, forn > 1. Let @, v > 0 be two parameters and
define the cutoff-operators

g1y =81 (WN) = / 21(s)e""N ds,
R

g\) = glz,v’
fu = fl@A) = / Fls)et* ds.
R

For n > 0, define

fln,a — l/ dsﬁ(s)eisaA — (fln,a)*-
& JR\(=n.m)
fln_a leaves & (A) invariant, and || fln_all < k/a, where k is a constant independent
of ; this can be seen by noticing that || fileo < 00.
Suppose that 1 is an eigenfunction of L with eigenvalue e: L1 = eyr. Since
¥ € D(L), then y = (L + i) 'g, for some ¢ € FH. Let {gp,} C D(A) be a
sequence of vectors converging to ¢. Then

Yp =L +i)'g, — ¥, n—> o0, (115)

and moreover, ¥, € D(A). The latter follows because the resolvent (L + i)~!
leaves D (A) invariant, see Proposition 5.6; without loss of generality, we assume
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that k = 1. Moreover, by Proposition 5.3, we know that f,, leaves D (A) invariant
(see also (61)), and g, leaves D(A) invariant (A commutes with N in the strong
sense on D). Hence, the regularized eigenfunction

wa,v,n = faguwn

SatiSﬁeS Wa,v,n € Q(A)9 Wa,v,n - w$ as «a, vV — O’ n — oQ.
Notice that in the definition of v, we introduced the resolvent of L, so that we
have (L — e)¥,, — 0, as n — 0o, which we write as

(L — )y, = o(n). (116)
We now prove the estimate
1
if) o (L = ) gyynl < ka(\/; + o(n)), 17

where k is some constant independent of 1, «, v, n. This estimate follows from
the bound

I(L = e)gu¥ull < k(V/v +o0(n)), (118)
which is proven as follows. We have that

(L —e)gv¥n= g (L —e)y, + (119)

+ givlL, gl + (120)

+ [L’ gl,v]gl,ul,”n’ (121)

and the r.h.s. of (119) is o(n), by (116). Let us show that both (120) and (121)
are bounded above by k./v, uniformly in n. The commutator expansion of Theo-
rem 5.2 (see also (114)) yields

Ay

givlL, g1v] = Vf ds§1(S)CiSVN/ dsie 1"V g, De"1N (122)
R 0

as operators on D (A), where D is given in (80). We use that g; , commutes with
e*"N . From (62), we see that for any ¢ € D(A),

(¢, g1, D"V )| IDg1 el
< su _—

lg1,vDe"""Ng|l= sup <
0eD.9£0 llell 0eD,9£0 llell
IN'2gi vl 1
<k sup —————|¢ll <k—=ll#ll,
S pengro ol W

and consequently,

lg1ulL. 1,1l < v / ds|@1(s)] f ds, g1, DN |
R 0

< kﬁ/RdSISé’l(S)I loll. (123)
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Thus, the desired bound for (120) is proven, and the same bound is established
for (121) by proceeding in a similar way. This proves (118).

Next, since f|', leaves D(A) invariant, the commutator [ £/, L] is defined in
the strong sense on D (A), and Theorem 5.2 yields '

[f]r{op L]

2
= / ds fi (S)eisaA (SCI + Ols—C2> +
R\(=n,m) 2

A , s S1 52 ) .
+°‘2/ del(S)elmA/ dslf dst ds3e 3% A e 34,
R\ (=n,1) 0 0 0 (124)

Forn > 1, we have

WwAﬁi/®OWTwRMA=/ ds(is)" f1()e" — Ry,
R R\ (=7.m)

where the remainder term

T] ~ .
Rym = — f ds(is)" f1(s)e™ 4

n

satisfies R, , = (R,,)*, and ||R, .|| < k,n, with a constant k, that does not
depend on «, n. We obtain from (124)
[fiys L]

1,a°

= —i(f{(@A) + R, 1)C1 — %(f{’(otA) + Ry2)Co+

~ . s S1 2 ) .
+ OlZ/ dsfl (s)elSQtA / dsl / dsz / dS3e_lS3aAC3ClS3aA.
R\(=n.m) 0 0 0 125

Recalling that f{(¢A) = f2(¢A) = f2, we write

—if2Cy = —ifyC\ fu —

N . N S1 . .
—ify f ds f (s)e'*A (asCz +a2/ dslf dsze_”z"Acge’Szo‘A)
R 0 0
= _ifaclfa - O‘fafoic2 -

A . s Sl . .
—ia*f, / ds f (s)e'**4 / ds, / ds,e 294 Cse294 - (126)
R 0 0

where f, = f'(aA). Remarking that f, f, = 3(f?)' (@A) = 1 f/' (@A), we obtain
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from (125), (126):

[flrfa, L]
= —ifuCifu — af/(@A)YCs — iRy 1 C) — %’:Rn,zcz +

. N S1 52 . .
+ 062/ ds f1(s)e’**4 / dsy / dsz/ dsze53¢ACyeis3ad —
R\ (=7,m) 0 0 0
. s S1 . .
—ia’f, f ds f (s)e's*4 / ds; f ds,e 1204 Cyeis204, (127)
R 0 0
Consequently, taking into account estimate (64), we obtain that

(L o LD gy = (C1) gy, — Reia(f"(@A)Ca)g,y, +Re(Ry1C1)g,y, —

Rei (R, 2Ca)ey. + O @ (128)
l2 7),2 2 gu‘//n ﬁ ’

as we show next. We have taken the real part on the right side, since the left side is
a real number. To estimate the remainder term, we use condition (64) to obtain

y , 1
lem oA Cse™ A g, || < k—met 1,

NG

uniformly in 7, so the middle line in (127) is estimated from above by
< /d A < k2 “”/dlfon §
— [ ds|fi(s)||s]7e*™ ¥ < k—=¢ sl sl
Vv R Vv R

where K < oo is such that supp fl C [—K, K]. The exponential is bounded
uniformly in 0 < o < 1, hence the r.h.s. is < k(az/ﬁ). The last line in (127)
is analyzed in the same way and (128) follows.

Finally, we observe that

—Re(iaf" (@A)C2) gy,
_ _%‘(i[f”(aA), Calguv,

O{2 P ) K ) ) Ot2
— __< / ds f"(s)e!**4 / dsle_”“"AC3e”'°‘A> = o<—>,
2 R 0 gv¥n ﬁ

where we use (64) again, as above. A similar estimate yields

a .a 05277
RelE<Rn,2C2>gV1//n = _lZ<[ﬁn,2C2]>gV1//n =0 ﬁ s

and using the bound (63), we have that

<ﬁ77vlcl>gv1//n = O<_) *

vP
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Combining this with (128) and (117) shows that

v+ o(n o?
{C 1) Y| <k<u+—+i>. (129)
" o JvoovP
Notice that
Clbann = [ 45 FOC g, — Crt
as n — oo, where ¥, = f,g V. This follows from the boundedness condi-

tion (63) and from ¥, — ¥, n — o0, see (115). Consequently we obtain by
taking the limit n — oo in (129)

N
C <kl —+—+—).
HC1) v | <a +ﬁ+vﬁ

Choose, for instance, v = o, n = «>?*?, for any § > 0, then

lim(Cy)y, , = 0.

a—0

This concludes the proof of the theorem. a

Proof of Theorem 3.3. We adopt the definitions and notation introduced in the
proof of Theorem 3.2. It suffices to prove

1111})(WW’ l[L’ AO]WQ!) == 0’

where we set ¥, = ¥y ,],—q3; see in the proof of Theorem 3.2. The scalar product
can be estimated by

(Yo, i[L, Aol¥e)| < 2I((L — €)Ya, Ao¥a)]
<2|P(N < ng)(L — e)Yll Aoyl
‘We have
P(N < no)(L —e)Yy, = lim P(N < no)[L, folgv¥n + (130)

+ lim P(N < n0) flL, 801 (131

Using condition (63), we easily find (expanding the commutator [L, f,]) that
IP(N < no)lL, folgu¥ull < ky,a. Similarly, using (62), we find that |P(N <
no) folL, gl || < ky/v. It follows that || P(N < ng)(L — )Y |l < ky,a. O

Proof of Theorem 3.4. The inequality C > & — B, the continuity of B, and (67)
imply that for any € > 0, there is an a(¢€), s.t. if & < ap(€) then

(Yo, Pa) < (¥, BY) + €. (132)
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Let ug be the spectral measure of & corresponding to some ¢ € F€. Then

(W PY) = / pduy,(p) = lim / px(p < R)dity, (p),
R, R—o0 Ry

where x (p < R) is the indicator of [0, R]. We obtain from (132)
lim (Yo, X (P < RPYe) = lim [[x(P < R)P |
R—o00 R—o0
< (Y, BY) +e=k.

We have ||x (P < R)PY*y|| < RY}|¢ — ¢l + vk, and taking & — 0
gives [|x (P < R)P*y|| < vk, uniformly in R, 50 limg_o [ pdity (p) ex-
ists and is finite, by the monotone convergence theorem. Since D(P!/?) = (v |
fooo pduy (p) < oo}, we have that ¢ € D(PY?), and | P2y < (Y, BYy). O

7. Flows and Induced Unitary Groups

Let R € R” be a Borel set of R” (with nonempty interior), let X be a vector field
on R”, and consider the initial value problem for x € R:

gxt = X(x), Xli=0=x. (133)
dr

We assume that X has the property that, for any initial condition x € R, there

is a unique, global (for all # € R) solution x; € R to (133). Let ®, denote the

corresponding flow and assume @, is a diffeomorphism of R into R, for all ¢ € R.

The following properties of the flow will be needed: @, = &, 0 P,, <I>,‘1 =&_,,

@, = 1. The Jacobian determinant of ®,(x) is given by

Ji(x) = |det @) (x)], (134)

where ®;(x) is the matrix (i’(%)"(x)).

Let u: R — R, be a continuous function which is C' on the interior of R
and which is strictly positive except possibly on a set of measure zero. We write
du for the absolutely continuous measure w(x)dx, where dx denotes Lebesgue
measure on R”. Given a Hilbert space ), consider L*(R,du; $), the space of
square integrable functions ¥: R — $), equipped with the scalar product

(V. §) = /R W), p))s ).

On the Hilbert space L*(R,du; $), the flow @, induces a strongly continuous
unitary group, U,, defined by

®,
U@ = 502y @ o, (135)
m(x)
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for Y € L*(R, du; $). To check that U, preserves the norm, we make the change
of variables y = ®,(x) to arrive at

/R |(U ) ()] dpa(x) = /R T ()Y (D, () [P (P, (x)) dx
= /R T (@, () det(D; 1 (0] 1Y ()1 (y) dy.

We observe that Jt(¢;1(y))|det(<1>t_l)’(y)| = |detl| = 1, hence ||U;¥|| = [|[¥].
Next, using that &, = ¥, o Py, one easily shows that J,,(x) = J, (P, (x)) Js(x),
and that
w( P (x)) (P (Py(x))) u(Py(x))
p(x) u(Ps(x)) p(x)
hence ¢ > U, is a unitary group.

In order to see that the unitary group is strongly continuous and to calculate its
generator, we impose some additional assumptions on p and X.

(1) X is C* and bounded,
(2) for any compact set M C R, there is a k < 00 s.t. d;|;—0J; (x) < k, uniformly

inx €M,
(3) for any compact set M C R, thereisa k < oo s.t. || % || < k, uniformly
inx €M,

@t = (L)@, (x)}7?is C' in a neighbourhood (—#y, #y) of zero, and
for any compact set M C R, there is a k < 0o s.t. we have the estimate
{0 (@ (x))}/?] < f(x), for |r] < 1o, where f € L, (R, dx).

loc

If X is C*° then so is ®,(x) (jointly in (¢, x)), and using that
t
O;(x) =x+ / X (D,(x))ds,
0
t
di(x) =1 +/ X' (®,(x) D) (x) ds, (136)
0
it follows immediately that
POl < llxll + 2] 1 X Moo (137)
where the subscript , denotes the supremum norm over x € R. In order to obtain
an estimate on ||®;(x)| (the operator norm on B(R"), i.e. the matrix norm, for x

fixed), we recall Gronwall’s lemma. If u: R — R, is continuous, and v: R — R
is locally integrable, then the inequality

() < c+/ b(s)(s) ds,

0]
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where ¢ > 0, and ¢ > f, implies that

w(t) < celo O, (138)

Equation (136) implies

t
;) < 1+ IIX’IIoo/ @5 ()l ds,
0

so Gronwall’s lemma yields the estimate

1®; ()l < exp(IX/lloct), YVt > 0.
A similar bound holds for ¢ < 0, and hence

I2; () < exp(IX'llclt]), t€R, (139)
from which it follows that

Ji(x) < exp(ll X' lloolt])- (140)

For ¢ € Cg°,

1
—lfazlz=o(Uﬂﬂ)(X)

1/1 1V .
_ —T(—ath_oft(x) LIV X)Ly V)wm
i\2 2 w(x)

= (Ay)(x), (141)

which defines an operator A on Cg°. Notice that due to conditions (1-3), A maps
Cy into L*(R, du; 9).

PROPOSITION 7.1. Assume conditions (1-4) hold. Then for any ¥ € Cg°, in the
strong sense on L>(R, du; ),

1U, -1

1

v — Ay, t—> 0. (142)

Consequently, C° is in the domain of definition of the selfadjoint generator of the
unitary group U,, and on Cg°, this generator can be identified with the operator A
of Equation (141).

Proof. Invoking the dominated convergence theorem, it is enough to verify that

2

11
H—;;(Uz — D (x) = (AY)(x) (143)

)
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is bounded above by a du-integrable function which is independent of ¢, for small 7.
We write

1|1 ? )
(143) < G ;(\/JI(X)M(Q%(X)) — V)| 1 (N5 + (144)
1
+ §||W(¢t(x)) — Y5+ (145)
+ 1 (AP @) 15 (146)

Clearly, (146) is integrable, and, using the continuity properties of ¢ and ® and
the bound (139), one sees that (145) is bounded above by a ¢-independent function
that is du-integrable (use the mean value theorem). Next, if ¢ has support in a ball
of radius p in R C R", then ¥ o ®, has support in the ball of radius p + |#|| X ] cc <
0 + | X ||, for || < 1. This follows from (137). Let x (x) denote the indicator
function on the ball of radius p + || X||«, then we have for |¢| < fy with #y as in
condition (4),

2

1|1
(144) < kx (x) — | = (/T () (@ (%)) — /i (x))
u(x) |t

1
<k (x)——|f )2,
m(x)

where we have used the mean value theorem and condition (4). The latter function
is du-integrable. a

Proof of Proposition 4.1. Since & is globally Lipshitz (with Lipshitz constant
I€']l0), We have existence and uniqueness of global solutions to the initial value
problem (133). Due to uniqueness and the fact that R 5 # > ¢, = 0 is a solution
(since £(0) = 0), we see that ®;(e) € (0,00), forallt € R, e € (0, 00), so D; is
a diffeomorphism in R, . It is not difficult to verify that conditions (1-4) above are
satisfied. Consequently, it follows from Proposition 7.1 that Cg° C D(A), and that
A is given by (70) on C°. Since £ is infinitely many times differentiable, A leaves
Cy° invariant. Hence C{° is a core for A. O

8. Proofs of Some Propositions
Proof of Proposition 4.2. Since TTITI = 0 and I/ R?(py ® po)IT1 = 0, we have
MR 1Tl = MR
=TI/ R* (o ® po + po ® po)I T + T R*(po ® po)ITL.  (147)

It is not difficult to see that €I1/ Rf(po ® po)IIl — 0, as € — 0, so the last
term in (147) does not contribute effectively to a lower bound in the limit € — 0.
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Let J be the modular conjugation operator introduced in (47). Using the relations
J2=1J,Jpo® po = po® poJ, JR> = R?J, JI = —1J, and the invariance of
©o ® @o ® 2 under J, one verifies easily that

11 R*(po ® po)IT1
= HIR?(ﬁo ® po)I1l

Po ® po
= (G, 1 o

x (Gy ® 1), ®a*(tp(ga))TI,

where Ly = dI'(u) and where 75 has been defined in (44). We pull the anni-
hilation operator through the resolvent, using the pull through-formula (for f €
L*(R x §%))
a(f)Ly = f fu, D)Ly +wau, 2),
RxS2

and then contract it with the creation operator. This gives the bound

MR ITI
E 2
2[ du/ d¥X—— x
—00 2 e P 1
Po .
X F(—u,X F(—u, X ® po @ Pq,
(Po (—u )(Hp—E+u)2+62 (—u )Po) Po® Po

where we restricted the domain of integration over u to (—oo, E) C R_ (ase — 0,
m tends to the Dirac distribution § (H,, — E+u),henceu = —H,+E €
(—o00, E)), and where we used (44). The desired result (91) now follows by making
the change of variable u — —u in the integral, and by remembering the definition
of y, (39). |

Proof of Proposition 4.3. First, we prove a bound on A pei’ Atil’w, for v € Cy°.
Let ®{ denote the flow generated by the vector field &,. Then, for each e € [0, 00),

(A, — 1,)e"*r ) (e) = ey (d%(e)), and

(A, —1,)e" Yy = / el (P4 (e))l|* de

Ry

=/ (@, NI MI*(@*,) (v) dy, (148)

where we make the change of variables y = ®¢(e). Recall that ®¢(y) = y +
Ju £(@4(y)/a)ds, s0

1YW < 1yl + 12111 lloo- (149)
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Next (¢)'(y) = 1 + [y LE/(@%(y)/a)(@%)' () ds yields

"1
[(@F) (] < 1+f0 ;IIS’IIooI(‘D?)’(y)Ids, (150)

and Gronwall’s estimate, (138), implies that
(@) ()] < el Ielve, (151)

Using (151) and (149) in (148) yields

I(A, — 1,)e by < el =l [ (y 4|16 s l2)? 1Y ()1 dy
Ry

< 26l (1 4 [l D2 (1A — L)W I+ 1),

from which it follows that

1A e 42|l < 4V2(1 + 1€ oot e IV ALy |
< 4ﬁe(llé’llw+lléllw)\t\/a||pr||‘ (152)
Estimate (152) holds for all v € C{°, which is a core for A ,. Next, let y € D(A ),

and let {y,} C C3° be a sequence, s.t. ¥, — ¥, Ap¥, — Ap¥,asn — oo If xp
denotes the cutoff function x (A, < R), for R > 0, we have

xR A& 220l + Rl — ¥l

lxrApe" Pl <
< 4y/2eUE It a) Ay || + R — .

Taking n — oo yields
”XRApeitA‘,’,w” < 4ﬁe(llé/llm+lléllm)\t\/a||Ap1/,”’

uniformly in the cutoff parameter R. This shows that '’ by e DA ), and (152)
is valid for all ¥» € D(A)).

We complete the proof of the proposition by examining A se"A7/yr. Let
Y € Dy. Then one finds the following bound for the n-particle component:

2

A = LS YLl = | > ] + Dy — 1, 1y — 1)
j=1

2

— >y + 02+ Dy ar, )

j=1

2

D Wi+ D, u)

j=1

N

Q2(1 +1%))?
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It follows that [[(A ; — Lp)e" Ay || < 2(1 + 12)||A sy ]|, for all ¥ € Dy, so that
IA pe 7yl <200 + )IA Pl + Yl < 3e' Ay,

for all v € Dy. A similar argument as above shows that this estimate extends to
all y € D(Ay). a

Proof of Proposition 4.4. We denote the fiber of Af, by A7 (e), i.e.

Aoy =i L1e( @ “o 153
p(e) = 1(555 (;) +-§<;) e)a (153)
see also (71). For ¥ € Cg°, we have

(A, Ga)(e) = A% (e)(Ga¥)(e)

= A% (e)Gqle, EYY(E) + A‘;,(e)/R Gy(e, ey (e)de'.

Due to the regularity property (36), we can take the operator Af(e) inside the
integral (dominated convergence theorem), and obtain the estimate

1ASGayII” < 1Y (E))? A 1A% ()Gyle, E)|I§ de + (154)

2
+/R |:/]R 1A% (e) G (e, NY(e)e de/] de. (155)

Using (153) and the bound |a~'&'(e/a)| < e™'sup,se€'(e) < ke, it is easily
seen that the integrand of (154) is bounded above by

k(le ' Gale, E)IG + 110:1Gule, E)IIG),
which is integrable, due to (35). We estimate the integrand in (155) by

1A% (e)Gale, €Y (e g
<k(le™ Gale, €)llss) + 181Gale, )l zs)IY ()]s,

and using Holder’s inequality, we arrive at
(155) < k/ 19 (@)1 de
Ry
x f {lle™ Gale, )5 + 101Gale, €)llps)} dede’.
Ry JR,

By condition (36), the double integral is finite. We conclude that

IASGaV Il < kIl (156)
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One also finds that ||GO,A‘;]1p|| < k||v ||, e.g., by noticing that

IGaASY |l = sup gl (@, GuASY) = sup ol [(A9G a9, V)l
0#£¢peCP 0#£¢peCP

and using (156). Consequently, we have shown (93) for n = 1.
The proof for n = 2, 3 follows the above lines. For instance, in order to
show boundedness of the third multi-commutator, a typical term to estimate is

||A;A;Ga A’;,w |, for v € C;°. We shall sketch the proof that this term is bounded,

all other ones being treated similarly. We have
|5 ASGo Ayl = sup 917" (e, AGAGGaAGY)I, (157)
0#£peCS®

and the scalar product equals
/ / (p(e), A%(€)*Gyle, €)ALY (), de de’. (158)
R, JRy

Recalling (153), one can calculate the operator Af, (€)*>G, (e, ). It can be written as
a sum of terms, involving multiplications by functions with argument e, and deriv-
atives 0;G, (e, €'), 812Ga (e, €'). Using the formulas for the adjoints of derivatives

of 3Gy (e, €, see (32), we obtain [A%(¢)*G, (e, €)]*, and (158) becomes

/ / (A‘;(e/)[A‘,’)(e)2Ga(e, N*p(e), w(e))g dede, (159)
Ry JR,
due to selfadjointness of A; (¢/) on 9, and the fact that for all e € R,

[A5(e)*Gale, eN*p(e) € D(A%(E)),

which follows from condition (36). Moreover, the same condition allows us to
estimate

|(159)]
g/l;i /1;< 1A% (€)[|A%(€)*Gale, €Nl zesy B (e) 5l (€)1 de de’

1/2
<ol [ /R /R 144 (€)[AS(e)*Gale, €)]* 1) de de’]

S klol v,
where we have used Holder’s inequality. This shows that (157) < k||¢/||. O

Proof of Proposition 4.5. We have mentioned before (90) that A, satisfies the
conditions of Theorem 3.3, so it suffices to verify the conditions of Theorem 3.2.
We need to check that (X, A, D) is a GIN triple, for X = L, N, D,C% n=1,

n’

2, 3, and that (61), (62), (64), (63) are satisfied. Proposition 4.3 shows that (61)
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holds. The operator D, given in (80), is clearly N'/>-bounded in the sense of Kato
on D, since G, are bounded operators, and g,, e #*/2g, are square-integrable.
Hence (62) holds. Recalling Remark (1) after Theorem 3.2, and noticing that N
commutes with e/4*, in the strong sense on D, and that C§ < kN 172 in the sense
of Kato on O (see (83)), we see that (64) is verified. Similarly, C{ < kN in the
sense of Kato on D, see (81), so (63) holds.

It remains to show that the above mentioned triples satisfy the GJN properties.
We first look at (L, A, D). Clearly, ||[LY¥| < k|Ay ||, for v € D. Moreover,
Ly commutes with A in the strong sense on D, so we need only consider the
interaction term in the verification of (58). Due to condition (37), we have for all
V€ C% 1A, GaYr |l S kI I 1GoAp Il < kllYr||. Consequently, for i € D:

{Ga ® 1), ® 0(8)V, AV) — (AY, Gy @1, ® p(8a)¥)]
SklY il le@vl+
+{Ge ® 1L, @ ()Y, Ap¥) — (Ar, Ga @1, ® 9(8a)¥)]
S kYl @)V + kvl le(@® + D)l
AN
kAP + 1Ay )%
S kY, (A+Dvy)
< 2k(y, AY). (160)
We used in the third step that ¢(g,) and ¢ ((u*+1)g,) are relatively A}/ > bounded,
in the sense of Kato on . This follows since (1> + 1)g, € L*(R x §?, du x dX),
due to conditions (33) and (34). The same estimates hold for 1, ® C,G,C, ®
@(e~P*/2g,), hence we have shown that (L, A, D) is a GIN triple.
Itis clear that N < A in the sense of Kato on &, and since N commutes with A
in the strong sense on D, we see immediately that (N, A, D) is a GIN triple.
Next, consider (D, A, D). Since D has the same structure as I, c.f. (54)
and (80), the proof that (D, A, D) is a GIN triple goes as the one for (L, A, D).
We examine (C, A, D), n = 1, 2, 3, a > 0. Recall that the C; are given in
(81)—(83). Each C¢ has a term that acts purely on the particle space. This term is a
bounded multiplication operator that commutes with A, in the strong sense on D.
Therefore, we need only show that (N + AI{, A, D), (I35, A, D) are GIN triples.
Since we have shown it for (N, A, D), it suffices to treat (/¢, A, D), n =1, 2, 3,
a > 0. We take the general term in the sum of (84):

X = d)(G) ® 1, ® ad’ ().

Since adf{a) (Gy) is bounded, j = 1, 2, 3 (see Proposition 4.4), and
P

adyy " (9(Z)) = (9" &)

is relatively A}/ *_bounded, in the sense of Kato on O (this follows from kg, €
L*(R x §%), k = 1, 2, 3, due to (33), (34)), then it is clear that | Xy | < k||Av]],
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Y € D. Next, we verify condition (58) as above in (160):

(XY, A) — (AY, X) | < KNP IHlp (@ + D)™ )l
< KIYIIAY 2y,

since (u? + 1)(8,)* 2, € L*(R x §?), for k = 1, 2, 3, due to (33) and (34). O
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