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Abstract Starting from a microscopic system—environment model, we construct a
quantum dynamical semigroup for the reduced evolution of the open system. The
difference between the true system dynamics and its approximation by the semigroup
has the following two properties: It is (linearly) small in the system—environment
coupling constant for all times, and it vanishes exponentially quickly in the large time
limit. Our approach is based on the quantum dynamical resonance theory.

Keywords Open quantum system - Quantum resonances - Dynamical semigroup -
Complete positivity
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1 The issue

Due to the entanglement of an open system with its surroundings, its dynamics
V(t) : po — p;, mapping an initial system density matrix pp to its value at time
t, is not a semigroup in time. For each fixed ¢, the mapping V (¢), called a dynamical

I We recall that a map on bounded operators on a Hilbert space, V : B(H) — B(H), is called
completely positive if V ® 1: B(H ® C") — B(H ® C") is positive (maps positive operators into
positive ones) for all n € N.
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map, is a linear, completely positive, trace preserving transformation.! Under certain
assumptions, one can approximate the dynamics of an open system by a continuous
one-parameter semigroup of dynamical maps, called a quantum dynamical semigroup
[5,12]. The dynamics given by such a semigroup has two important features: (i) It
is Markovian due to the semigroup property and (ii) it maps density matrices into
density matrices due to its trace and positivity preserving quality. Complete positivity
of the dynamical semigroup implies its positivity preservation, but not vice versa. It is
a crucial physical property which ensures that the dynamics of initially entangled sys-
tems interacting with an environment is well defined [1,3]. The semigroup property is
particularly convenient since the spectral analysis of the generator £ of the semigroup
yields dynamical properties of the system, such as the final state(s) and convergence
speeds. Controlling the remainder in the approximation V (¢) pg ~ €' £ po rigorously is
difficult. Microscopic derivations, passing from a full (Hamiltonian) model of system
plus environment and tracing out the environment degrees of freedom, involve approx-
imations (Born, Markov, rotating wave) that are hard to deal with mathematically. In
some situations where the system—environment interaction is weak, measured by a
small coupling constant A, one can implement a (time-dependent) perturbation theory,
A = 0 giving the unperturbed (uncoupled) case. For certain systems, it has been shown
[7,8] that for all a > 0,

. 2
lim sup ||V(r) — e/ C0tA K =,
)‘_)00<A2t<a

where L is the generator of the uncoupled (Hamiltonian) dynamics and K is a (lowest
order) correction responsible for dissipative effects. We discuss here finite-dimensional
open systems and so the nature of the norm is immaterial. This weak coupling result
allows a description of the dynamics by a semigroup up to times t = O (A ~2). How-
ever, the asymptotics ¢+ — oo is not resolved correctly by the dynamical semigroup
e (Lot?K)  For instance, the invariant state of the latter is typically the uncoupled
system Gibbs equilibrium state, while the true asymptotic state is the restriction of the
coupled system—environment equilibrium to the system alone. A more recent dynam-
ical resonance theory [13,20-22] improves the weak coupling result to

V() —e™MP | < a2, 1>0,

where M(A) = Lo+ A>K + - - is analytic in A and " > 0. This approach grew out
of works proving “return to equilibrium” of open systems using elements of algebraic
quantum field theory and spectral theory [4,14] and is useful in different physical
settings [16—19]. While it is known that the “Davies generator” Loy + 22K, describing
the weak coupling limit, generates a dynamical semigroup [7,10], this is not known
for the generator M (A) emerging from the dynamical resonance theory. In the present
paper, we construct a dynamical semigroup 7; satisfying

To=1, Ty=TT, Vs,t>0
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and
IV (@) = Tl < CIA (14 221) e ¥ A+001 5 ¢

where y > 0. Giving the Schrédinger dynamics 7; is equivalent to giving the
completely positive, identity preserving semigroup t’ acting on the algebra of observ-
ables of the system (Heisenberg dynamics), defined by the relation Tr({Z; 09} X) =
Tr(pop t' (X)) for all system density matrices pp and all system observables X. Our
main result, Theorem 2.1, shows the existence of the Heisenberg dynamics z’. We con-
struct it by modifying the dynamical resonance theory approach right at its starting
point. Namely, instead of taking the uncoupled system equilibrium state as a reference
state, we take for it the effective, coupled system equilibrium state, which contains all
orders of interactions with the reservoir. We show that this leads to a dynamics that is
a quantum dynamical semigroup and that has the correct final state.

Our paper is organized as follows. In Sect. 2, we give the setup of the problem,
state our assumptions and present the main result, Theorem 2.1. At the beginning of
Sect. 3, we explain the mathematical description of the reservoir, and in Sect. 3.2 we
construct the renormalized quantities (i.e., the system reference state). We provide the
proof of Theorem 2.1 in Sect. 3.3 (representation of the dynamics by t’) and Sect. 3.4
(complete positivity).

2 Main result

The Hilbert space of a finite-dimensional quantum system S in contact with a bosonic
quantum field (reservoir) R is

H ="Hs @ Hr, 2.1
where Hg = C? and Hg = @n>0L£ym (R3", d3k) is the Fock space over the single
particle space L2(R3, d3k). We consider Hamiltonians

H =Hs+ HrR + 1 Vs ® ¢(g), 2.2)

where Hg and Vs are self-adjoint matrices on Hg,
d
Hs =Y Ejl¢;)(¢;l, and Hg = f Ikl a*(Rak)d’k 2.3)
j=1

is the second quantization of multiplication with the function |k|, the energy of the
mode k. The creation operators a* (k) and annihilation operator a (k) satisfy the Bose
canonical commutation relations [a(k), a*(l)] = §(k — [) (Dirac delta). We assume
for convenience of exposition that all eigenvalues E; of Hs are simple and that
minj g j<q¢ E; = 0. Our arguments are readily generalized to degenerate (and shifted)
spectrum. The interaction strength is gauged by the coupling constant A € R and
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p(g) = %(a*(g) +a(g). a*(g) = /ﬂ;} gbya* (k)d’k,

is the field and the creation operator [whose adjoint is a( f), the annihilation operator],
respectively, smoothed out with a form factor g € L2(R3, d3k).

In this work, we are concerned with the time evolution of observables X € B(Hs)
under the coupled system-reservoir Heisenberg dynamics o} generated by the Hamil-
tonian H,

1 w(of (X ® 1r)). 2.4)

The initial state w is a “normal state,” characterized by the fact that asymptotically
in space, the reservoir is in its thermal equilibrium state. We do not demand that
the system and reservoir are initially disentangled. There is a slight mathematical
complication in the precise definition of (2.4) because thermal reservoirs are spatially
infinitely extended systems. We explain this point in Sect. 3.1.

The non-interacting dynamics is the product «f, = af ® af, where the individual
dynamics of each factor is generated by its own Hamiltonian Hg or Hg. For small cou-
pling constants X, one can use a perturbation theory for the reduced system dynamics.
Effectively, the energy levels of Hs acquire complex valued corrections [of O(1?)]
which describe irreversibility of the open system dynamics. It is convenient to express
this scheme in terms of the system Liouville operator

Ls=Hs®1s — 15 ® Hs (2.5)

acting on the doubled space Hs ® Hs. The Liouville representation is quite standard
[23]. The eigenvalues of Lg are the differences of those of Hs. They describe the
temporal oscillations of the system density matrix elements in the energy basis under
the uncoupled dynamics. Namely, the density matrix elements oscillate in time with
frequencies that are the eigenvalues of Lg. The coupling with the reservoir produces
corrections. To lowest order in A, the corrected eigenvalues are those of Lg + 22A,
where A is the so-called level shift operator, a non-self-adjoint matrix on Hg ® Hs,
which can be calculated explicitly [c.f. (3.17)]. The operators Lg and A commute and
satisfy

(Ls +2*N)Qs s =0 (2.6)

for all A € R, where [c.f. (2.3)]

Qsp=25 " Y ePEilp; 09, Zs=Tre Pl 2.7
j

is the system Gibbs (equilibrium) vector, defining the equilibrium state
wsp(X) = Zg ' Trs(e P X) = (Qs 5, (X ®15)Qs ), X € B(Hs). (2.8)

Relation (2.6) reflects the fact that the system Gibbs state is invariant under the coupled
dynamics, to lowest order in the perturbation. (In fact, generically, it is the final system
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state, as t — 00, to lowest order in A.) For simplicity of the exposition, we assume
that

(A1) (i) All eigenvalues of A are simple.
(i) All eigenvalues of A but zero have strictly positive imaginary part,

y =min {Ima : a € spec(A)\{0}} > 0. (2.9

Since Ls and A commute, the eigenvalues of Lg + A2 A are of the form e + A2a, with
e € spec(Ls), a € spec(A). In particular, for small enough, but non-vanishing A, the
operator Ls + A2 A has only simple eigenvalues and, apart from zero, all its spectrum
has imaginary part > y. Both assumptions are readily and generically verified in
concrete examples. Assumption (i) simplifies the analysis somewhat and guarantees
in particular that Lg + A?A is diagonalizable. Assumption (ii) is commonly referred
to as the Fermi Golden Rule Condition and ensures that irreversible effects are visible
already in the lowest order correction to the dynamics.

In the dynamical theory of quantum resonances, the resonances (complex energy
eigenvalues) associated with the Liouville operator are determined using spectral
deformation or Mourre theory [4,13,14,16-22]. In order not to muddle the core ideas
of the current work, we follow here the technically least complicated situation, where
the Hamiltonian is “translation deformation analytic” [4, 14]. This requires a regularity
assumption on the form factor g € L?(R3, d3k). To state it, define the complex valued
function gg on R x 5% by

_ |/ u 12 ) gu, ), u>0

where g(u, ¥) is g(k) in spherical coordinates (1, ¥) € R4 X S2. The regularity
condition is the following.

(A2) For 6 € R, define (Tpgp)(u, X) = gg(u — 6, X). There is a 6y > 0 such that,
viewed as a map from R to LZ(R x S2. du x dX), the function 6 +— Typgp has
an analytic extension to 0 < Im6# < 26y which is continuous as Imé — 0.

This condition is satisfied for instance for the following family of form factors, given
in spherical coordinates (r, ¥) € Ry x §? = R3,

gk) =g(r,2) =rPe"" g1 (D),

where p = —1/2+n,n =0,1,2,....,m = 1,2 and g|(0) = €?g;(o) for an
arbitrary phase ¢ (see also [11]).

Let o} be the coupled system—reservoir dynamics. The resonance approach, devel-
oped in [20-22], gives the expansion (2.11) below. We give an outline of the derivation
atthe end of this section. If 0 < |X| < X¢ for a sufficiently small A, then we have for all
system-reservoir initial states wp belonging to a dense set Sp, all system observables
X € B(Hs) and all times ¢ > 0,

wo(a) (X ® 1r)) = wsr g1 (X @ IR) + wo (85 (X) ® 1r) + Ry (X), (2.11)
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where wsRr g3 is the coupled system-reservoir equilibrium state, where 8; : B(Hs) —
B(Hs) and the remainder R, ;(X) satisfy

Ce 7| X|| (2.12)
CIM (e + 22t 771 |IX]. (2.13)

183, (X))
| R;.1 (X))

NN

Here, y is the gap (2.9) and 6 is given in Assumption (A2).? The resonance approach
requires that A%y << . The map 8} is defined by the relation

(8,0 ® 15) Qs 5 = e ESH N P (X © 15) Qs 4. (2.14)
where Qg g € Hs ® Hs is the system Gibbs vector (2.7), Ps g = |Q2s,8)(2s,4| and
Ps%ﬁ =1s—Psp 3 The operators Lg and A are the system Liouville and the level shift
operators, respectively, acting on Hs ® Hgs and commuting with each other. Under
typical well-coupledness conditions (e.g., “the Fermi Golden Rule condition”), one

has
Ker(Ls + A*A) = CQs g, (2.15)

which sharpens (2.6). The property of return to equilibrium follows from (2.11),
namely,
tlglolo wo(a} (X @ 1r)) = wsr, g1 (X ® 1R). (2.16)

By modifying &}, (2.14), on the “stationary subspace” Ran Ps g, we define the map
ol 1 B(Hs) — B(Hs) by

(0](X) ® 15)Qs 5 = &/ IS TM) (X @ 15) Qs . 2.17)
It follows from (2.14) and (2.6) that
ol (X) =81(X) +wsg(X)s, X € B(Hs). (2.18)
Expanding the joint equilibrium state for small A,
wsr, g1 (X @ 1r) = ws g(X) + R (X), (2.19)
where

IR, (X)| < CA2IX], (2.20)

2 If the initial state is of product form ws ® wg, g, then the term C|A|e*60f in (2.13) can be replaced by
Cx2e=%!  see Theorem 3.1 of [20], Resonance theory of decoherence and thermalization.

3 Qg is cyclic, meaning that (B(Hs) ® 15)Qs g = Hs ® Hs and Qg g is separating, meaning that
if (X ® 15)Qs, g = 0 then X = 0. Due to the cyclic and separating property, (2.14) defines the map Sﬁh

uniquely, and it shows that ¢ 55\ is a group.
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and combining (2.11) and (2.18) we obtain
wo(a} (X ® 1p)) = w0 (0} (X) ® 1r) + R, (X) + Rii(X), (221

where R;, ;(X) and R} (X) satisfy (2.13) and (2.20), respectively.
The expansion (2.21) has an advantage and a disadvantage over the expansion
(2.11).

e The advantage: The main term in (2.21) is given by 0){, which is a quantum dynam-
ical semigroup (in the Heisenberg picture). This means that o is a semigroup of
completely positive maps and satisfies o} (1s) = 1s. The latter property (which is
equivalent to the dual map acting on density matrices being trace preserving) fol-
lows directly from definition (2.17) and (2.15). We give a derivation of its complete
positivity in Sect. 3.4.

e The disadvantage: The main term of expansion (2.21) describes the time asymp-
totics only up to an accuracy of O (A?). Indeed, the final state of o1 is the uncoupled
equilibrium ws, g while the true final state is the reduction to S of the coupled state
WSR2, as correctly described by (2.11). In other words, the remainder in expan-
sion (2.21) does not vanish as t — oo, but stays of 0(12).

The main result of this paper is Theorem 2.1 below, which gives an effective system
dynamics t){ that combines the advantages of the above expansions (2.11) and (2.21),
namely

(i) 7{ is a quantum dynamical semigroup of the system, and
(ii) 7; describes the correct long time asymptotics (vanishing remainder as t — 00).

Theorem 2.1 There is a constant Ly > 0 such that the following holds for |A| < Xo.
There is a completely positive, identity preserving semigroup t; acting on B(Hs), the
observables of the system, such that Voo € So, Vt > 0, VX € B(Hs),

wo (] (X ® 1r)) = wo(75(X) @ 1) + Ry (X)), (2.22)
where R ;(X) satisfies

52

|Ry ()] < CIAL (1 4 2%) e IFOOPx). (2.23)

The dynamical semigroup T, can be constructed perturbatively in A, by using the

resonance data (energies and vectors) of a renormalized, A-dependent system Hamil-
tonian.

In analogy with (2.14) and (2.17), we will construct 7] by the definition
~ T 2% ~
(G(X) ® 15)Qs,p. = STV (X @ 15) Q.1 (2.24)

where ZS = Zs (A) and A= K(X) are suitably renormalized Liguville and level shift
operators, respectively, which commute with each other. Here, €25 g, is a cyclic and
separating vector spanning the kernel of Lg + AZA.
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2.1 Outline of the derivation of (2.11)-(2.13)

The detailed derivation is found in [20-22]. We sum it up as follows. A purification
(GNS representation) of the state wq gives the expression

wo(@l (X @ 1r)) = (Wo, B (X @ 1r)e ™" Wy ), (2.25)

where W is a normalized vector in a suitable representation Hilbert space with inner
product (-, -), Ly is the self-adjoint Liouville operator and 7 is a x-representation,
mapping system-reservoir observables to bounded operators on the representation
Hilbert space. The algebraic structure (Tomita—Takesaki theory) implies that it suffices
to consider vectors of the form Wy = BQgR g,1, where B is a bounded operator in the
commutant of Ranr, and where QsR g5 is the purification of the coupled system—
reservoir equilibrium state wsr g, [the (ai, B)-KMS state], satisfying L; Qsg g1 =0
(stationary state). Then, (2.25) takes the form

o0 (@ (X @ 1)) = (Wo, B 7 (X @ 1R) Qs .1). (2.26)

The right side is now most easily analyzed using spectral deformation (complex scal-
ing) techniques as in [20-22], similarly to what we do in the present paper in Sect. 3,
see in particular (3.38).* The complex deformation effectively replaces the propagator
e/l by ei’lr0 where L, g is the deformed, non-self-adjoint Liouville operator. For
a fixed deformation parameter 6, the spectrum of Ly 9 = Lo ¢ + Alp [in accordance
with (3.6)] can be analyzed using standard analytic perturbation theory in A, since the
eigenvalues of L g, which are real, are isolated, separated from the continuous spec-
trum, which is shifted by Im@ > 0 into the upper complex plane (this is the action of
the deformation). The eigenvalues of L, ¢ (0 fixed, such that Im6 > 22) close to an
unperturbed eigenvalue e of Lo are e + 1?1, i+ 03, j=1,..., m, (multiplicity
of e, mo = d) and the corresponding eigenprojections are I, ; = Q. ; + O(X). Here
Ae,j and Q. ; are the eigenvalues and eigenprojections of the level shift operator A,
[see (3.17), (3.18)]. The deformed propagator is then “diagonalized” as

. I

et = |Qsr .2 ) (Qsr gl + Z?le el (o +0M) 17 (2.27)
e [ 2(\p :

+ Zeespec(Ls)\{O} Z;'-lzl el (@A (e jFOM) IT,,; (2.28)

+0(re” %), (2.29)

This last equality sign has to be taken cum grano salis, in the weak sense on suitable
vectors, and it is proven rigorously by means of a resolvent representation of the
propagator (complex path integral over the resolvent). The term |[Qgg g.x) (2R, |
is the projection onto the invariant state (associated with the simple eigenvalue zero
of L, g). The sums on lines (2.27) and (2.28) describe the bifurcation of complex

4 One may also follow an extended Mourre theory approach, recently developed in [15]. This method is
more powerful in that it requires less restrictive assumptions, but it is technically somewhat more demanding.
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resonance energies of Lj ¢ out of the zero and nonzero real (Bohr) system energies
[the eigenvalues of Lg, (2.5), which are the same as the eigenvalues of L g]. The
remainder term (2.29) is brought about by the (continuous) spectrum of L, g, all of
whose spectral points have imaginary part exceeding 8p = Imf. We now use the
expansion (2.27)—=(2.29) in (2.26). The projection onto Q2sR g, contributes with

(Wo, BQsr ,2.) (2,0, T (X @ 1R) QR ,1) = wsr, g0 (X @ 1R) . (2.30)
A general term in the sums of (2.27), (2.28) contributes in (2.26) with

<q,0’ Beif(e+lz()~e.,i+0()»)))ne.j (X ® IR)QSR’M>

= (W, B0 0, 5 w(X @ 10)(@s.8 ® 2R)) + O(IMIX N1+ 220e 7).
(2.31)

We have replaced e/ (€+2*CejtOM) by eit(e+2*2e)) Jeading to an error term
oO(rPIXI te’sz’), where y is given in (2.9) (see also footnote 5). Then, we have
replaced I1, ; by Q. ;, making an error of O(|A][|X]| e ") and the same error is
incurred by replacing the coupled KMS vector £2sR g, by the uncoupled KMS vector
Qs p ® QR, since [|Q2sr, g0 — 2s,p ® Qr|| = O(A). Next, summing (2.31) over all

e and j, as dictated by the sums in (2.27) and (2.28), turns e’.’(eﬂz()‘e,j))Qe,j into
e/ (EsHA8) Pt [the eigenvalue zero of A is excluded as it is taken care of in the term
coming from |2sg,g,.) (2R, g,4| in (2.27)]. Consequently,

wo (o} (X ® 1R)) = wsr,p.x (X @ Ir) + <‘~I/0, Be”(LSHA)PsL,ﬁ T(XQIR) (,p® QR))

+O(IIXI(1 +220e77). (2.32)
Next, we use definition (2.14) of 8/’\ to see that

<\IJO, Be"’(LS“A)PSL,ﬁ T(XQ1R) (2, ® QR)>

= (Vo, B (8,(X) ® 1s ® 1r) (s, ® 2r))
= (W0, (6,.(X) ® 1s ® 1r) B (s, ® Qi)

= (Wo, 7 (8,(X) ® 1r) Wo) + O (1Al X[ e=7"). (2.33)

In the last step, we have exploited that B(Q2s s ® Q2r) = BQsgr g, + O(X) and
BQsr g, = Wo. Finally, combining (2.32) and (2.33), voila, we obtain the expansion
2.11).
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3 The renormalized dynamics and complete positivity
3.1 States and dynamics

The description (2.1)—(2.3) given above is common in the theoretical physics literature
and serves, in particular, to introduce the system—reservoir interaction operators [taken
here to be linear in the field, (2.2)]. It is, however, well known that the Fock space Hr
above is not the correct Hilbert space on which one can represent the state of a spatially
infinitely extended Bose gas in thermal equilibrium. To find that Hilbert space, one
has to first perform the thermodynamic limit of the reservoir equilibrium state and
then reconstruct its Hilbert space representation using the Gelfand—Naimark—Segal
construction. This is the Araki—-Woods representation for thermal reservoirs [2].

It consists of a triple (HR,g, g, 2r), where HR g is the representation Hilbert
space, g : 20 — B(HR p) is a representation of the Weyl algebra and Qr € Hg g is
a normalized vector representing the equilibrium state. Explicitly,

Hrp = f(L2 (]R x 82, du x dE)) =P, ((R x 52)n ,(du x dE)")
n=0
3.1
is the bosonic Fock space over the single particle space L2(R x S2, du x d¥), where
d¥ is the uniform measure on the sphere S2. The vector Qg is the vacuum vector of
F, and the representation map is given by

g (W) =W (fp), (3.2)

where f +— fg was defined by (2.10). The operator W( f) on the left side of (3.2)
is an (abstract) Weyl operator in 20, while the represented W ( fg) on the right side

is given by W(fg) = 'V, with o(f) = 2712[a(fp) + a*(fp)]. Here, a*(fp) is
the creation operator smoothed out with fg, acting on F and a( fg) its adjoint. The
reservoir equilibrium state at temperature 7 = 1/8 is represented as

wr,p (W(f)) = (Q2r |75 (W(f)) $2R ).

The free reservoir dynamics is implemented as nﬁ(W(ei“” ) = ei’LRnlg(W( )
e 1'LR where
Lr = dI'(u) (3.3)

is the reservoir Liouville operator, the second quantization of multiplication with the
radial variable u.

Together with (2.5), the joint system-reservoir Hilbert space and non-interacting
Liouville operator are given by

H=C'®@C?®Hrp and Lo=Ls+ Lg. (3.4)
The interaction associated with (2.2) is represented by the operator

I=Vs®1s®o(gp) — J(Vs ® 1s ® p(gp))J, (3.5)
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where J = Js® JR is the modular conjugation. It is given explicitly as follows. Let C be
the antilinear operator acting on C? by taking complex conjugates of vector coordinates
in the energy basis {¢, }, then Jg acts on CiQC%as Jsx QY = CYy®Cx. Similarly, Jr

acts on F sector-wise and on the n-sector, its action is JR Y, (41, X1, ..., Uy, 2p) =
Yp(—uy, 1, ..., —uy, &,). The full Liouville operator is then
L, = Lo+ M\l (3.6)

The non-interacting and interacting systems, whose dynamics is generated by Lq and
L;, have unique B-KMS states wsr, g,0 and wsg,g,;., which are represented by the
KMS vectors Q2sRr, g,0 and QsR g,» respectively, where [recall (2.7)]

e—ﬁ(LO-HVs®ls®(ﬂ(gﬁ))/2QSR,ﬂ’O

||e—ﬁ(L0+AVs®1s®fﬂ(gﬂ))/ZQSR’ﬁ’0 I ’
3.7
We refer to [4,6,9] for more detail on the construction of the interacting KMS state.

Qs p0=0Nsp® QR and Qsr i =

3.2 Construction of the renormalized quantities

The reduction in the joint equilibrium state to the system is given by the density matrix
0s. 8,2, defined by

Trs (pS,ﬂ,AX) = wsRr, 8,1 (X ® 1r) for all X € B(Hs). (3.8)

Since wsR, g, is faithful, it is readily seen that ps g, is strictly positive. Set

Z:=|lpspal~" (3.9)

(operator norm) and define the renormalized system Hamiltonian by

Hs = —41n(Zps p.1), (3.10)

so that ~ _
ps.ps =2 ‘e PHs, (3.11)

Note that Z="TrseP Hs The operator Hs depends on X, and we have Hs [r=0 = Hs
and Z|;—o = Trse PHs = Zg [c.f. (2.7)].

Remark Given ps g, the relation ps 5 = (2(,\))—1 —BHs) [c.f. (3.11)] implies
that Z(A) = Trs e PG byt defines the operator Hs(2) only up to an additive term
o 1. Let Eg(A) = min spec(Hs (1)), then taking the operator norm gives ||ps gl =

e_ﬁEO()‘)/ 4 (1). The ground-state energy normalization Eo (A) = 0, in accordance
with min spec(Hs) = 0 [see after (2.3)], gives the choice (3.9).
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Lemma 3.1 Let {¢n}n=1,...a be an orthgnormcil basis of eigenvectgrs of Hs, such
that Hs¢pn = En¢y. The eigenvalues of Hs are Ey, satisfying E, — E, = O(X). The
normalized eigenvectors, Hs¢,, = E,¢,, satisfy ¢, — ¢ = O(X).

Proof of Lemma 3.1 Araki’s perturbation theory of KMS states [4,6,9] yields || ps g, —
ps,g,0ll = O(A). It follows from (3.9) that |Z Zs| = O(A) where Zg is the unper-
turbed system partition function, (2.7). Then, (3.10) gives ||Hs — Hsl|| = O(A). The

lemma then follows from usual analytic perturbation theory for matrices. O
We define
Ls = Hs® 15 — 15 ® CHsC 3.12)
Qspr=2""" Xd:e"’g"/% ® Cn, (3.13)
n=1
where C is the antilinear map satisfying Cé, = ¢, (i.e, C implements complex

conjugation of coordinates in the basis {¢,}). The vector Qs g ; represents the state
0s, 8,5, Meaning

(Qs.p2. (X ®1)Qs.p5) = Trs (ps.paX). X € B(Hs).  (3.14)

ﬁs, ,» and is a B-KMS vector with respect to the dynamics eitLs .e=i'Ls of the system
observable algebra B(Hs) ® 1s. We let

Lo=1Ls+Lg (3.15)
Qo = Q5,55 ® (3.16)

and denote by Ps the eigenprojection onto the eigenvalue ¢ of Z().
The level shift operators of the original (not renormalized) system are given as
follows. For each e € spec(Ls),

Ae=—PJIPHLo—e+i0y) ' 1P, and A= > A, (317

eespec(Ls)

where P, is the spectral projection of Lg onto the eigenvalue e (having multiplicity
me). A, is diagonalizable and has the spectral representation

me
Ae = Z)\e,er‘j, (3.18)

j=1

where Q. j = P. Q. j = Q.,jP.and A, ; are the spectral projections and eigenvalues,
which are all simple [Assumption (A1)(i)]. According to Assumption (A1)(ii), we have
kerA = CQg gandImA, ; > Oforalle # Oand j,ImAg ; > Oforj=1,...,d—1
and Ag ¢ = 0 (one-dimensional kernel of A).
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We now define the level shift operator A of the renormalized system. For each
¢ € spec(Lsg), set

Ag=—PiAPH(Ly—2+i0) '[P, and A= Y AP (3.19)

Eespec(zs)

Proposition 3.2 The operator Az exists foreache e spec(zs) and satisfies Ae—Az =
O(X). Its spectrum consists of simple eigenvalues Az j, j = 1,...,m,, satisfying
he,j — Az j = O(A). The associated Riesz spectral projections Qg j satisfy Q. j —

~

0z.; = O(L). Moreover, ker A = CSy.

The proposition implies that A has the spectral representation

d—1 ne
A=Y "J0;00,+Y.> %z 0zj. (3.20)
j=1

A0 j=1

Proof of Proposition 3.2 Let Uy = eiedr(_ia“), so that Uy L()Uoik = Lo + 6N, where
N = dI'(1r) is the number operator. Setting Iy = Uyl U, and using that Uy P, =
P,Ug = P,, we have forall e Rande > 0

Pl (Lo—e+i€) " IP, = P,ly(Lo+6N —e+ie) ' IyP..

By Assumption (A2), the right side has an analytic extension into values of 6 in a strip
with Im 6 < 26y, for some 6y > 0 and so

Pl (Lo —e+ie) " 1P, = P.Ijgy (Lo + i6gN — e +i€) ™" Iig, Pe
e =4 . ~ .1 ~
= Pslig, (L0+190N—€+16) Ligy Pe + O (M),

where the error term bounded uniformly in € > 0. As Ugi;'g = ﬁgU(; = EN‘E, we can
undo the spectral deformation in the main term on the right side and take ¢ — 04 to
obtain _

Ao =Az+00). (3.21)

The statements about the eigenvalues and Riesz eigenprojections follow from basic
perturbation theory. [Recall that A, has simple, A-independent eigenvalues by
Assumption (A1).] To show that kerA = CS~20 it suffices to show that 1~\0 50 = 0,asall
the eigenvalues ’)\:;,j associated withe # OQand fore =0and j = 1,...,d — 1, have
strictly positive imaginary part, a property which is inherited from the eigenvalues of
A (for A small).

To show A2 = 0, we introduce the auxiliary Liouville operator

L, =Lo+Aul, (3.22)

where [ is given in (3.5). By Araki’s perturbation theory of KMS states, we know that

(o)

L2, =0, (3.23)
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where

n

e—ﬁ{Zo—i—AuVs®ls®§0(8ﬂ)}/2§0

= = —. 3.24
e~ PlLotrnVs@ls®e(sp)l/2Qy | (3:24)

Lemma 3.3 Let go > 0 be the spectral gap of Zs at zero. The operator Zt =
ﬁ&iuﬁﬁm;& has purely absolutely continuous spectrum in the open interval

(—g0/2, g0/2). In particular, zero is not an eigenvalue of Itﬁ

Proof of Lemma 3.3 Let ¢ be a Up-analytic vector. For Imz < 0
(90, (Zj - 2)71¢> = ((/)g, (Zé +ON*t + )»Mlgl - z)fl</)9>
- <<Pg', @ +oN*t = Y [ 1@ +oNt =71 ¢9>,
n>0

(3.25)

where X+ = P?OLX ﬁoHRan Bl Using the decomposition ﬁOL = ﬁSL ® Pr+1s® Pg,
where ﬁs is the orthogonal projection onto the kernel of Zs and PR = |Qr)(QR|, we
easily obtain the bounds

~ -1
H (Lé + N+ — z) H < max | max ¢ - 2l 160 — Imz| ") (3.26)
e

~ —1
I, (Lé + 6Nt — z) H < Cg, max | max € —zI7" 160 — Imz| ™'}, (3.27)
e

Thus, for Imz < 0 and |Rez| < go/2, where go > 0 is the spectral gap of Zs at zero,
the combination of (3.25), (3.26) and (3.27) gives the limiting absorption principle

sip o (@ - 27| < Co).
2:|Rez|<g0/2,Imz<0

This implies that Zf; has purely absolutely continuous spectrum in the interval
(—g0/2, g0/2). Lemma 3.3 is proven.

Combining (3.23) with Lemma 3.3, and invoking the isospectrality of the Feshbach
map (see for instance Proposition B.2 in [15]), we obtain

5 (Lu; Po) Po2y, = 0, (3.28)

where B
§ (L By) = —22u2 Pyl - (Zj + i0+> 5. (3.29)

We now use the translation analyticity to obtain
5 (7L 0N 1F 7 TL g Al 1\ >
Pol (LM + 10+) 1Py = Pylig, (L0 + 6Nt + /\Mligo) LiosPo.  (3.30)
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Combining (3.28), (3.29) and (3.30), and taking u© — 0, gives
~ ~1 n —1 ~ o~
Polig, <L0 + 6N ) Ligy PoS2o = 0. (3.31)

Reversing the spectral deformation (i.e., taking 6p — 04) on the left hand side of
(3.31) gives precisely Ag2p = 0. This completes the proof of Proposition 3.2. O

3.3 Representation of the dynamics: proof of (2.22)

We first introduce the dense set of initial states for which the dynamical resonance
theory based on spectral deformation can be applied. The three vectors Q0. QR 8,0
and QsR g, play a role in what follows. We recall their definitions, (3.16) and (3.7).

Let 9%g C 901 be the set of all finite linear combinations of operators of the form
w(As ® W(f)), where As € B(Hs) and W (f) is a Weyl operator smoothed out with
a test function f that satisfies Assumption (A2). The following properties of the set
of vectors JMN §~20 = JMyJ §~20 are not difficult to verify:

J9MoSy is dense inH and  JMoy © Ag, N Dom (e"‘N ) foralla € R. (3.32)

Here, Ay, is the set of vectors y» € H suchthatf — ¢! QAW, A =dI'(—idy),is analytic
in 0 in a strip Im@ < 6y and N = dI"(1R) is the number operator. We consider the set
of states

So = {w() = (JCQ, 7()ICQ) : C € My}. (3.33)

Lemma 3.4 We have Qo = JDQsR g for an operator D dffiliated with 9. More-
over, given any a > 0, we have for small enough %, Dom(D*) > Dom(e*")
and D¥e=*N Ay C Ag,. Here, D* stands for D or its adjoint D*. Moreover,
Qsr g1 € Agp.

Remark The vectors Q2sR g0, S2SR, 8,1 and~§20 are all invariant under the action of the
modular conjugation J. This implies that ¢ = DQsR g1 = JDJQsR 6,1

Proof of Lemma 3.4 We first construct an operator G satisfying Qy = JGSQsR g,
having the desired regularity properties. The perturbation theory of KMS states gives

1o ~B(Lot+2.K)/2oBLo/2 —BL0/2B(Lo+1K) /2

Qsr,p,0 and Qgr,p,0 = ce QSR 8,15

(3.34)
where ¢ is a normalization constant and, for short, K = Vs ® 1s ® ¢(gg). A Dyson
series expansion yields

Qsr g =C"

e PLo/2eP(LotrK)/2 Z A" / dsi---dsy K(sp) -+ K(s1) =1 ¢7'G,
= Jossi<<a<s
(3.35)
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where K (s) = e *L0Ke*Lo, Using that

sup  ||e*V K (s)e N (N + -2 H < 00,

0<s<B/2

one readily sees that, for any @ > 0 fixed and A small enough, the series in (3.35)
converges strongly on Dom(e*") and defines an element affiliated with 90, and that
furthermore, Ran(Ge™*") ¢ Dom(e*"). The analogous expansion and result can be
obtained starting with e PLotrK)/26BL0/2  which shows that QR 8,0 € Dom(e*").
Combining this with (3.34) gives

QSR,;‘},O = GQSRJg,)L = JGQSR’/g’)». (3.36)

The last equality follows from J€2sr g,0 = 2sr g,0- The cyclicity of Q25 g implies that
there is a Ds € B(Hs) satisfying Qo = J(Ds ® 1s @ 1r)Q2sr, g,0. Thus, from (3.36),

Qo =J (Ds ®1s ® 1Ir) G g5 = J DR g1 (3.37)

It remains to prove the analyticity statement, which is the same as Ge™*V Agy C
Ag,. This follows again from the series expansion of G, (3.35), and the fact that
e?AK (s,) - K(s))e 94 = Ky(s,)--- Kg(s1), where Ky(s) = e?4esLogeslo
e 194 is analytic.

Finally, to show that Qsg g € Ag,, we note that the adjoint of the Dyson series
expansion (3.35) gives that G*e~*N Ag, C Ag, and the desired result follows from
(3.34). O

For wy € Sy and X € B(Hs), we have

o0 (@, (X @ 1r)) = (/8o ' (X @ 15 ® 1r) e™"7 CTo)

- <JC*CS~20, ¢l (X @15 @ 1g) e—ifL's“z())

= <Jc*c§éo, ¢l (X @15 @ 1g) e’i’LJDJQSR,ﬁ,,\>
- <Jc*c§o, JDJe'™ (X ©15 ® 1y) QSR,,M>
=/

ID*C*CSp, ' (X @ 15 ® 1g) QSR,M>. (3.38)

Lemma 3.4 gives Qsr g1 € Ag, and since C*C §~20 € Dom(e*M) N Apg,. it also gives
JD*C*CSQq € Ag,. Thus, one can apply the spectral deformation method to (3.38)
to obtain

o (o, (X ® 1p)) = ({[J D*C*CQ0 5. (|[Dsr.p]o) ([2r.p.2]5]) (X © 15 © 1) [ 1]}
d—1
+ e {[1C*C8ho] 5 T,y 0) (X @ 1 © 1) [@sk s, )
j=1
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me

+ 3 Y eirlerad) (104 o)y e, (0) (X © 1s ® 1r) [2sr.5.1],)
e#0 j=1

+ R(X, 1), (3.39)
where []g = ¢?4y and [recall (3.18)]

e, j(0) = Qe,j + O) (3.40)
e,j = he,j+ OR). (3.41)

The remainder R(X, ¢) in (3.39) satisfies

IR(X, )| < const.|A|(e™™" + e**z(”OWW’)nxn < const.[A[e F HOMYVE x|
(3.42)
The contribution x e is the usual contour integral term (c.f. [20-22]), the other
term is due to the fact that in the summands decaying in time 7, we can replace D* by
1 plus a remainder of O(X) and we have |e”’\2“f’vf'| = e ¥ U+0M)V! The first term
on the right side of (3.39) equals

—6ot

(JD*C*CQ, Qsr p.0) (2R, .00 (X ® 1s @ 1R) QR p.2)
= (Qsr .0, (X ® 15 ® 1r) Qsr 6.2
= (R0, (X ® 15 ® 1)) )
= (JC*CQo, (|$20)(S20]) (X ® 1s ® 1r) ). (3.43)

In the first step, we have made use of
(JD*C*CGo. Qsr p,1) = (JC*CQo. JDQsr 1) = (JC*CL, Qo) = [CQ|I* = 1

and in the last step, again, (JC*C S~2(), SNZO) = 1. The second equality in (3.43) follows
from (3.8), (3.14) and (3.16).

Since all “directions” but the stationary one in (3.39) are decaying, i.e.,Ima, ; > 0
foralle, j, we can replace in these terms in the exponents e and a, ; by ¢ and F)\Cg,j, I,
by Oz ; and Qg g, by 50 (see Proposition 3.2). This changes the remainder into a
new one which, instead of (3.42), has the bound (2.23). Making this replacement and
using the spectral representation (3.20),

d—1 me
Lo~ e ~ o~ 2T~ it A )
ell(Ls-‘r)\. A) :|QO) (QO| + E elt)\. )"0,_] QO,A/' + E E ell(f-‘r}» Ae'/)QE,js
j=1 e#0 j=1
we obtain

wo(ef (X ® 1p)) = (Jc*cs“éo, "IN (X @15 ® 1R>§o) + R (X), (3.44)

2 ) 2 2 _ 2 T
S Use the estimate |e— /Maej _ o=A7fmie | _  o=A%fmap | _ Primiae j—32 )| <

2
const.|APre=* (1+0@)yt
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where R;, ;(X) satisfies (2.23). According to definition (2.24) of t){, the main term on
the right side of (3.44) is

(JC*CSo. (7 (X) ® 15 ® 1r) o) = wo (T (X))

This shows the representation (2.22).

3.4 Proof of complete positivity of r{

We first show complete positivity of the weak coupling dynamics o7, (2.17). Then,
we modify that argument just slightly to show complete positivity of ;.

3.4.1 Complete positivity of the weak coupling dynamics O')l:
Using (2.21) and a density argument, one sees that for any system-reservoir state w,

2 _
lim a)(a;/)“ t/'\

Jim (X ®1p)) = (6" (X) ® Ir), (345)

where 67 (X) is defined by (6/(X) ® 15)Qs,p = ¢'* (X ® 15)Qs,4 and satisfies
[see 2.17)] o} =0 A af =afoo %t Since a§ is completely positive, complete
positivity of o follows from that of 5. Let wr g be the reservoir equilibrium state
and let PR be the partial trace over the reservoir, relative to wg g, defined by (linear
extension of) PR(X ® B)Pr = X wr g(B). Taking = ws ® wg g in (3.45), where
ws is any system state, gives

2
lim w5 (P o o (X ® 1R) Pr) = ws (&' (X).

As the system is finite-dimensional, this is equivalent to

lim PRO/“ oq ’/* (X ® 1) Pr = &' (X).

The left side is the limit of a family of completely positive maps. Hence, 6 is com-
pletely positive as well.

3.4.2 Complete positivity of T}

We denote by y)f, M(~) — eiLu . e=itLu the dynamics of 901 generated by the Liouville

operator L « definedin (3.22). The level shift operator of L w18 22 ;ﬂK [see also (3.19)].
Repeating the argument of the weak coupling limit, we have [c.f. (3.45)]

~— 2 —
l}iglow(y;/,’j 07" (X ®1p) = w(F(X) ® 1g), (3.46)
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where 7; is defined by (7 (X) ®15)S~Zs,lg,,\ = e"’AZK(X®ls)S~Zs,,3,;L. Thus, by the same
argument as in Sect. 3.4.1, 7] is completely positive, and hence so is 7, = 7, o s 3,

where &g . (-) = e

itHs  ,—itHs

(&
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