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We suggest that the pseudo-scalar vacuum field (PSV) in the dark matter (DM) sector of the
Universe may be as important as the electromagnetic vacuum field in the baryonic sector. In
particular, the spin-spin interaction between the DM fermions, mediated by PSV, may represent
the strongest interaction between the DM fermions due to the absence of the electric charge and
the magnetic dipole moment. Based on this assumption, we consider the influence of the spin-spin
interaction, mediated by PSV, on the spin precession of the DM fermions (e. g. neutralino). In the
secular approximation, we obtain the exact expression describing the frequency of the precession
and estimate the decoherence rate.
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INTRODUCTION

It is well-known that the pseudo-scalar vacuum (PSV)
field (e.g. axionic field) interacts with the spins of the
baryonic matter (see, for example, [1, 2]). As a result,
PSV mediates the spin-spin interactions in the baryonic
matter (see, for example, [3]). Certainly, interactions be-
tween the PSV and baryonic matter represent a tiny cor-
rection to the electromagnetic interactions. We suggest
that in the dark sector of the Universe the situation may
be opposite: due to the absence of the electric charge
and the magnetic moment, the interaction between the
dark matter (DM) fermionic spins (e.g. neutralino spins)
and PSV may manifest the leading interaction in DM.
(We note here that neutralino remains one of the main
candidates for DM [4–8]. However, there are many other
fermionic candidates as well - see, for example, [9, 10].) In
particular, the DM fermionic spins could produce perma-
nent fields similar to the magnetic fields in the baryonic
sector.

Based on this assumption we analyze precession of
the two DM fermionic spins, coupled through PSV, in
a non-uniform external field produced by the other DM
fermions. We assume that the two DM spins are located
at the points with the position vectors, r1 and r2. The
frequencies of the spin precession in the external axion
field are given by ε1 and ε2. In order to obtain the analyt-
ical expressions describing the spin precession, we assume
that ε1, ε2 and |ε1−ε2| are larger than the interaction be-
tween the axion field and spins. This allows us to use the

secular approximation well-known in magnetic resonance
(see, for example, [11]).

Note, that we limited ourselves by considering the con-
sequences of the interaction of the DM fermionic spins
through the PSV. So, we do not consider many other very
important and widely discussed problems such as chiral
anomaly of fermions [12], the issues related to ultra-light
axions [13, 14], many existing protocols for axion and
neutralino detection [15–17], etc.

In this paper, we analyze precession of the two DM
fermionic spins 1/2, coupled through PSV, in a non-
uniform external axion field (∼ ∇ϕ(r)) produced by the
other DM fermions or by axion-originated topological de-
fects. The frequencies of the spin precession in the ex-
ternal axion field are given by: ε1,2 = 2λ|∇ϕ(r1,2)|/~.
It is important to note that: (i) the frequencies, ε1,2 are
analogous to the well-known nuclear magnetic resonance
(NMR) or electron paramagnetic resonance (EPR) fre-
quencies of precession of single nuclear or electron spin
in the permanent magnetic field, (ii) these frequencies are
proportional to the first order of the coupling constant,
λ, and (iii) the search of axions, discussed in [1, 2], is
based, in particular, on detection of precession frequen-
cies of electron or nuclear spins in axion field.

In our paper, we are interested in a different effect,
namely, in the interaction of two DM spins through the
PSV. We demonstrate that in this case, one spin rotates
around the other non-rotating spin due to their interac-
tion through the PSV. So, this effect is (i) of the second
order in λ, (ii) analogous to the well-known Lamb shift
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of energy levels in the vacuum electromagnetic field, and
(iii) has no direct relation to the ε1,2 spin precession.

The interaction of the two spins with the permanent
field and PSV can be written as (see, for example, [1, 2]),

Hint = λ
∑

α=1,2

∇ϕ(rα) · σα. (1)

Here ϕ, as above, is the PSV, λ is the coupling constant,
and σ

α ≡ (σα
x , σ

α
y , σ

α
z ) is the vector built by Pauli matri-

ces of spin α, located at rα.

Through this paper, we will use the natural units con-
vention, ~ = c = 1.

PRECESSION OF THE SPINS

Our total Hamiltonian, H , describes, in the secular
approximation, the two DM fermionic spins interacting
with the external field, oriented in the z-direction (direc-

tion of the ∇ϕ), and the PSV:

H =
1

2

∑

α=1,2

εασ
α
z +

∑

k

ωkâ
†
k
âk

+
iλ√
V

∑

α=1,2

σα
z

∑

k

kz√
2ωk

(

âke
ik·rα − â†

k
e−ik·rα).

(2)

Here εα is the transition frequency of spin α in the ex-
ternal permanent field, ωk =

√
k2 +m2 is the frequency

of the field mode with wave number k, where m is the
mass of a DM boson, and V is the quantization volume.
We will consider the initial state, |ψ〉, of the spin-PSV

system as the tensor product of the spin |ψs〉 and the
PSV |ψV 〉 states: |ψ〉 = |ψs〉 ⊗ |ψV 〉. Below, we use
the σz-representation for the single spin states: vectors
|0α〉 and |1α〉 (α = 1, 2) denote the spin pointing in the
negative and positive z-direction, respectively. For two
spins, we use the basis: |0〉 ≡ |0201〉, |1〉 ≡ |0211〉, |2〉 ≡
|1201〉, |3〉 ≡ |1211〉. Then, the initial spin wave function

is, |ψs〉 =
∑3

i=0 Ci|i〉, (
∑3

i=0 |Ci|2 = 1). The correspond-
ing initial spin density matrix is,

ρs(0) =

3
∑

i,j=0

ρij(0)|i〉〈j|, (ρij(0) = CiC
∗
j ). (3)

The concrete values of the amplitudes, Ci, are not impor-
tant for us. In the interaction representation, the evolu-
tion operator of the spin-PSV system can be written as
[18],

U(t) = T̂ exp
(

− i

~

∫ t

0

dt′Hint(t
′)
)

= exp
( i

2

∑

α,β=1,2

σα
z σ

β
z ναβ(t)

)

exp
(

∑

α=1,2

σα
z

∑

k

(

e−ik·rαξk(t)â
†
k
− eik·rαξ∗k(t)âk

)

)

,

(4)

where

ξk(t) =
λkz(e

iωkt − 1)
√
2V ω

3/2
k

, (5)

and

ναβ = i
∑

k

cos(k · rαβ)
∫ t

0

dt′
(

ξk(t
′)ξ̇∗k(t

′)− ξ∗k(t
′)ξ̇k(t

′)
)

.

(6)

Here rαβ = rβ − rα.
Using the evolution operator U(t) of Eq. (4), one can

write the total density matrix as,

ρtot(t) = U(t)ρtot(0)U
−1(t), (7)

where ρtot(0) = |ψ〉〈ψ|. Next, we have obtained the 4×4
reduced spin density matrix, ρs(t), by tracing out the

PSV degrees of freedom. (The details of computations
are given in Appendix A.)

Using Eqs. (3) and (7), we calculate the x-component
of the total spin:

S̄x(t) =
∑

α=1,2

Tr(ρs(t)σ
α
x ) =

∑

α=1,2

3
∑

i=0

〈i|ρs(t)σα
x )|i〉

=ρ01(t) + ρ02(t) + ρ13(t) + ρ23(t) + c.c., (8)

where ρij(t) are the time-dependent components of the
reduced spin density matrix. One can see that S̄x(t) is
associated with the precession of a single spin while the
other spin remains in a basis state.

For definiteness, consider the element ρ01(t) of the re-
duced spin density matrix. We have derived the following
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expression:

ρ01(t) = ρ01(0)e
iδ(t)−γ(t), (9)

where,

δ(t) =− 2
(

ν12(t)−
∑

k

sin(k · r12)|ξk(t)|2
)

, (10)

γ(t) =2
∑

k

|ξk(t)|2. (11)

The functions, δ(t) and γ(t), describe the frequency
shift and decoherence of the spin precession due to
the indirect interaction between the fermionic spins
through the PSV. Substituting the expression (5) for
ξk(t) and changing sums to integrals, (1/V )

∑

k
→

(1/(2π)3)
∫

d3k, we obtain:

δ(t) =− λ2

4π3

∫

d3k

(

k2z cos(k · r12)(ωkt− sin(ωkt))

ω3
k

− 2k2z sin(k · r12) sin2(ωkt/2)

ω3
k

)

, (12)

γ(t) =
λ2

4π3

∫

d3kk2z sin
2(ωkt/2)

ω3
k

. (13)

The frequency shift. – We computed the 3D integral
in Eq. (12), assuming that mL ≪ 1, where L = |r12|,
(see Appendix B for details), and obtained the following
expression for the phase shift:

δ(t) = ωst, ωs =
λ2

π
· 3 cos

2 θ − 1

r312
. (14)

Here ωs is the frequency shift, θ is the polar angle of the
vector r12 connecting the two spins. Formula (14) is valid
for t > r12; for t < r12 we have δ(t) = 0.
One can see that the phase shift is proportional to

time. The coefficient at t is the frequency shift, ωs,
which is proportional to (3 cos2 θ − 1)/r312 . This factor
is similar to that obtained for the magnetic dipole-dipole
interaction in the baryonic matter [11], in spite of the
magnetic moment for DM fermion is zero. In both
cases the frequency shift changes its sign at the magic
angle, cos2 θ = 1/3. Thus, we come to the conclusion
that the spin-spin fermionic interaction, mediated by
PSV, is similar to the magnetic dipole-dipole interaction
mediated by the vacuum electromagnetic field.

Decoherence. – The integral in Eq. (13), describ-
ing the decoherence, is diverging. This divergence is
non-physical. It can be eliminated with proper renor-
malizations. In Appendix A we compute this integral
using the dimensional regularization.

Generation of entanglement entropy. – By tracing out
the pseudo-scalar degrees of freedom, we generate the en-
tanglement entropy (EE), E(t) = −Tr(ρs(t) ln ρs(t)), in
the spin sub-system. The EE is created independently of

the initial spin wave function (with E(0) = 0) disentan-
gled or entangled. Namely, in both cases, the trace over
the pseudo-scalar vacuum field creates entanglement for
spin sub-system, at t > 0 (E(t) > 0).

CONCLUSION

We suggested that in the dark sector of the Universe
the interaction between the PSV of the DM bosons and
DM fermions may be as important as the electromagnetic
interaction in the baryonic sector. In particular, the spin-
spin interaction between the DM fermions, mediated by
PSV, may represent the leading interaction in DM.

Based on this assumption, we consider the following
situation in the dark sector of the Universe (below, for
definiteness, we will write neutralinos and axions instead
of DM fermions and bosons). In the first scenario, a large
ensemble of neutralino spins (ENS) produces a strong
permanent axionic field. This is similar to the permanent
magnetic field produced by a large ensemble of electron
spins of a permanent magnet in the baryonic sector. In
the second scenario, the permanent axionic field is pro-
duced by axion topological defects of soliton or domain
wall types [1, 2].

Next, we consider the system of two neutralino spins
which experience (i) the permanent axionic field pro-
duced by the ENS or by axion-generated topological
defects and (ii) indirect interaction between themselves
through the axion vacuum field. Each neutralino spin
precesses in the permanent axionic field like nuclear or
electron spin precesses in the magnetic field of the per-
manent magnet. The frequency of this precession is pro-
portional to the first order in the perturbation constant,
λ, and is a subject of intensive experimental research for
axions by using electron or nuclear spins. (See, for ex-
ample, [1, 2], and references therein.) Note that the neu-
tralino spin precession would generate radiation of the
real axions which could be detected experimentally like
electron spin precession generates radiation of the real
photons detected by the NMR and EPR techniques. (In
this work we do not explore the process of radiation of
real axions).

Our main attention is concentrated on an indirect in-
teraction between the two neutralino spins mediated by
the vacuum axionic field like the magnetic dipole-dipole
interaction between the electron spins is mediated by the
electromagnetic vacuum. The indirect spin-spin inter-
action is the only non-gravitational interaction between
the neutralinos as these particles do not have an elec-
tric charge and the magnetic moment. In this work, we
have studied the influence of the indirect interaction be-
tween the neutralino spins on the spin precession. In the
secular approximation, we have derived exact analytical
expressions for the frequency shift and decoherence rate
of the neutralino spin precession caused by the interac-
tion mediated by the vacuum axionic field. We demon-



4

strate that this frequency shift is analogous to the Lamb
shift of energy levels in electromagnetic vacuum, and it
is proportional to the second order in the perturbation
constant, λ. The mechanism of this frequency shift is re-
lated to the precession of one spin around the other spin,
due to their interaction through the axion vacuum field.
This mechanism of spin precession has no direct relation
to the spin precession discussed in recent proposals (see
[1, 2], and references therein). Certainly, our results are
valid not only for neutralinos and axions but for any DM
fermions interacting with the PSV of the DM bosons.

The work by G.P.B. was done at Los Alamos Na-
tional Laboratory managed by Triad National Security,
LLC, for the National Nuclear Security Administration
of the U.S. Department of Energy under Contract No.
89233218CNA000001. A.I.N. acknowledges the support
by CONACyT (Network Project No. 294625, “Agujeros
Negros y Ondas Gravitatorias”). M.M. was supported by
an National Sciences and Engineering Research Council
of Canada (NSERC) Discovery Grant.
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Appendix A

Evolution operator

In this section, we derive the elements of the reduced
spin density matrix. First, consider the evolution opera-
tor written as,

U(t) = exp
( i

2

∑

α,β

σα
z σ

β
z ναβ(t)

)

D(ξk(t)), α, β = 1, 2,

(15)

where D(ξk) is the displacement operator:

D(ξk(t)) = exp
(

∑

α,k

σα
z

(

e−ik·rαξk(t)â
†
k
− eik·rαξ∗k(t)âk

)

)

.

(16)

Here,

ξk(t) =
λkz(e

iωkt − 1)
√
2V ω

3/2
k

, (17)

ναβ =i
∑

k

cos(k · rαβ)
∫ t

0

dt′
(

ξk(t
′)ξ̇∗k(t

′)− ξ∗k(t
′)ξ̇k(t

′)
)

,

(18)

and we set, rαβ = rβ − rα.

The displacement operator can be recast as,

D(ξk) = e−κ(t)/2e
∑

α
σα
z e−ik·rαξk â

†

ke−
∑

α
σα
z eik·rα ξ∗k âk ,

(19)

where κ(t) =
∑

α,β µαβ(t)σ
α
z σ

β
z and µαβ(t) =

eik·rαβ |ξk(t)|2. Taking into account that âk|ΨV 〉 = 0,
we obtain,

D(ξk)|ΨV 〉 = e−κ(t)/2
∑

m

(
∑

α σ
α
z e

−ik·rαξk)m

m!
(â†

k
)m|ΨV 〉.

(20)

Next, using the relation, (â†
k
)m|ΨV 〉 =

√
m! |mk〉, we

find,

D(ξk)|ΨV 〉 = e−κ(t)/2
∑

m

(
∑

α σ
α
z e

−ik·rαξk)m√
m!

|mk〉.

(21)

Before proceeding further, it is convenient to introduce
a new auxiliary displacement operator:

D(ξak) = eξ
a
k â

†

k
−ξa∗

k âk = e−|ξak |2/2eξ
a
k â

†

ke−ξa∗
k âk , (22)

where ξak = κaξk (a = 1, 2), with κ1 =
∑

α e
−ik·rα and

κ2 =
∑

α(−1)αe−ik·rα .
Now, applying the evolution operator to the basis

states, we obtain,

U |0〉 ⊗ |ΨV 〉 =ei(ν+ν12)|0〉 ⊗
∏

k

D
(

− ξ1k
)

|ΨV 〉, (23)

U |1〉 ⊗ |ΨV 〉 =ei(ν−ν12)|1〉 ⊗
∏

k

D
(

− ξ2k
)

|ΨV 〉, (24)

U |2〉 ⊗ |ΨV 〉 =ei(ν−ν12)|2〉 ⊗
∏

k

D
(

ξ2k
)

|ΨV 〉, (25)

U |3〉 ⊗ |ΨV 〉 =ei(ν+ν12)|3〉 ⊗
∏

k

D
(

ξ1k
)

|ΨV 〉, (26)

where ν = (1/2)(ν11 + ν22).
The matrix elements of the reduced density matrix are

given by,

ρij(t) = 〈i|TrRU(t)̺(0)U−1(t)|j〉, i, j = 0, 1, 2, 3,
(27)

where ̺(0) = ρs(0) ⊗ |ΨV 〉〈ΨV |. We start with calcula-
tion of the matrix element ρ01(t). Using (23) – (26) in
(27), we obtain,

ρ01(t) = e−2iν12(τ)e−µ(t)ρ01(0), (28)

where

µ =
1

2

∑

α,β

(

1 + (−1)α−β
)

µαβ − ξ1∗k ξ2k. (29)

Substituting ξak = κaξk, into expression for µ, after some
algebra we obtain,

µ =2
∑

k

|ξk(t)|2 + 2i
∑

k

|ξk(t)|2 sin(k · r12). (30)



5

Now, taking into account all these relations, we get,

ρ01(t) = eiδ(t)e−γ(t)ρ01(0), (31)

where,

δ(t) =− 2
(

ν12(t) +
∑

k

sin(k · r12)|ξk(t)|2
)

, (32)

γ(t) =2
∑

k

|ξk(t)|2. (33)

Similar computation of the other elements of the reduced
density matrix yields our final result:

ρii(t) =ρii(0), i = 0, 1, 2, 3, (34)

ρ01(t) =e
iδ(t)e−γ(t)ρ02(0), (35)

ρ02(t) =e
iδ(t)e−γ(t)ρ02(0), (36)

ρ03(t) =e
−γ1(t)ρ03(0), (37)

ρ12(t) =e
−γ2(t)ρ12(0), (38)

ρ13(t) =e
−iδ(t)e−γ(t)ρ13(0), (39)

ρ23(t) =e
−iδ(t)e−γ(t)ρ23(0). (40)

Here,

δ(t) =− 2ν12(t) + 2
∑

k

sin(k · r12)|ξk(t)|2, (41)

γ(t) =2
∑

k

|ξk(t)|2, (42)

γ1(t) =8
∑

k

cos2
(

k · r12
2

)

|ξk(t)|2, (43)

γ2(t) =8
∑

k

sin2
(

k · r12
2

)

|ξk(t)|2. (44)

The frequency shift

Using Eqs. (17) and (18), one can recast (32) as,

δ(t) =− 2λ2

V

∑

k

(

k2z cos(k · r12)(ωkt− sin(ωkt))

ω3
k

+
2k2z sin(k · r12) sin2(ωkt/2)

ω3
k

)

. (45)

To proceed further, we replace a sum by an integral:
(1/V )

∑

k
→ (1/(2π)3)

∫

d3k, and write the total phase
as δ = δ1 + δ2, where,

δ1 =− λ2

4π3

∫

d3kk2z cos(k · r12)(ωkt− sin(ωkt))

ω3
k

, (46)

δ2 =− λ2

2π3

∫

d3kk2z sin(k · r12) sin2(ωkt/2)

ω3
k

. (47)

We assume that spins are located at the points with the
position vectors, r1 and r2. Without loss of generality,

one can choose the orientation of the coordinate system
in such a way that r12 = L(sin θ, 0, cos θ), where L =
|r12| ≡ r12. Using the spherical coordinates (k, ϑ, ϕ), one
can recast Eqs. (46), (47) as,

δ1 =− λ2

2π2

∫ ∞

0

dkk4I1(kL)(ωkt− sin(ωkt))

ω3
k

, (48)

δ2 =− λ2

π2

∫ ∞

0

dkk4I2(kL) sin
2(ωkt/2)

ω3
k

. (49)

where,

I1(kL) =
1

2π

∫ 2π

0

dϕ

∫ π

0

dϑ cos2 ϑ sinϑ cos(k · r12),

I2(kL) =
1

2π

∫ 2π

0

dϕ

∫ π

0

dϑ cos2 ϑ sinϑ sin(k · r12).
(50)

The computation of the integrals I1,2 yields (see Ap-
pendix B),

I1(x) =
2

x3
(

x2 sinx+ 3x cosx− 3 sinx
)

cos2 θ0

+
2

x3
(

sinx− x cosx
)

, (51)

I2(x) =0, (52)

where a new dimensionless variable, x = kL, is intro-
duced. Since I2 = 0, we conclude that δ2 = 0.
Then, Eq. (45), determining the total phase, can be

rewritten as,

δ = − λ2

2π2L3

∫ ∞

0

dxx4I1(x)(ωt− L sin(ωt/L)

ω3
, (53)

where ω =
√

x2 + (mL)2.
In what follows, we assume that mL ≪ 1. Then, one

can recast (53) as,

δ =
λ2S0(t)

2π2L3
+O

(

(mL)2
)

. (54)

where

S0(t) =

∫ ∞

0

dxxI1(x)
(

L sin(xt/L)− xt
)

. (55)

Performing the integration, we obtain (for detail see Ap-
pendix B),

δ(t) =







0, if t < L,
λ2t

π
· (3 cos

2 θ − 1)

L3
, if t > L.

(56)

Decoherence

Here we limit ourselves by considering only the spin
decoherence produced by the vacuum field. By replacing
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a sum by an integral, we have,

γ(t) =
λ2

4π3

∫

d3kk2z sin
2(ωkt/2)

ω3
k

, (57)

γ1(t) =
λ2

π3

∫ d3kk2z cos
2
(

k·r12
2

)

sin2(ωkt/2)

ω3
k

, (58)

γ2(t) =
λ2

π3

∫ d3kk2z sin
2
(

k·r12
2

)

sin2(ωkt/2)

ω3
k

. (59)

In what follows, we restrict ourselves by consideration
only γ(t). Performing integration over angle variables we
obtain,

γ(t) =
λ2

3π2

∫ ∞

0

dkk4 sin2(ωkt/2)

ω3
k

. (60)

The asymptotic value of γ(t), while t → ∞, is given
by,

γ(t) → γ0 =
λ2

6π2

∫ ∞

0

dkk4

ω3
k

. (61)

This integral is diverging as k → ∞. There are different
approaches to deal with this ultra-violet (UV) catastro-
phe, which occurs in many domains of the field theory.
One of them is to introduce in (61) a cutoff, kc. In this
approach, the question on the value of kc usually arises.
To regularize the divergent integral (61) we use the

dimensional regularization, following the procedure de-
scribed in [19]. For this purpose, consider the auxiliary
integral,

Σǫ =
2π

3
2
−ǫ

Γ
(

3
2 − ǫ

)

∫ ∞

0

x4−2ǫdx

(x2 + 1)3/2
. (62)

In order to calculate this integral we will use the formula:

∫ ∞

0

rαdr

(a+ brβ)γ
=

(a

b

)

α+1

β
Γ
(

α+1
β

)

Γ
(

γ − α+1
β

)

aγβΓ(γ)
. (63)

The computation yields,

Σǫ =
π

3
2
−ǫΓ

(

5
2 − ǫ

)

Γ(ǫ− 1)

Γ
(

3
2 − ǫ

)

Γ
(

3
2

) . (64)

Using the identities Γ(z + 1) = zΓ(z) and π−ǫ = e−ǫ lnπ,
we get

Σǫ = 2πe−ǫ lnπ
(3

2
− ǫ

)

Γ(ǫ− 1). (65)

For ǫ ≪ 1, we have e−ǫ lnπ = 1 − ǫ lnπ + O(ǫ2). To
proceed further, we use the Laurent series expansion in
a neighborhood of the pole z = −1:

Γ(z) = Γ(ǫ − 1) = −1

ǫ
+ γ − 1 +O (ǫ) , (66)

where γ = 0.57722 is the Euler constant. After some
algebra we obtain,

Σǫ = 3π
(

− 1

ǫ
+ γ − 1

3
+

2

3
lnπ +O (ǫ)

)

. (67)

We truncate the singular term 1/ǫ of the function Σǫ at
the point ǫ = 0 and obtain the regularized expression,

[Σ]reg = lim
ǫ→0

[Σǫ]reg = π(3γ − 1 + 2 lnπ). (68)

Returning to Eq.(46), we rewrite it as,

γ0 =
λ2m2

6π2

∫ ∞

0

x4dx

(x2 + 1)3/2
, (69)

where x = k/m. This can be recast as follows:

γ0 =
λ2m2

24π3
lim
ǫ→0

Σǫ. (70)

Employing (68), we obtain,

γ0 → γreg0 =
λ2m2

24π2
(3γ − 1 + 2 lnπ). (71)

Since for DM the product λm ≪ 1, we obtain γreg0 ≪ 1.
As a result, we have e−γreg

0 ≈ 1. Thus, the partial phase
decoherence takes place for ρ01(t). Similar conclusion can
be made for other off-diagonal elements of the reduced
spin density matrix. Note that the “dimensional reg-
ularization procedure”, used here for decoherence rate,
requires additional justification, which is not a subject of
this paper.

Appendix B: Calculation of some useful integrals

Here we calculate the typical integrals emergent in the
main text of the paper. We start with the integrals:

I1 =
1

2π

∫ 2π

0

dϕ

∫ π

0

dϑ cos2 ϑ sinϑ cos(k · r12), (72)

I2 =
1

2π

∫ 2π

0

dϕ

∫ π

0

dϑ cos2 ϑ sinϑ sin(k · r12). (73)

Here k = k(sinϑ cosϕ, sinϑ sinϕ, cosϑ). Without loss of
generality, we can choose the orientation of the coordi-
nate system in such a way that r12 = L(sin θ, 0, cos θ),
where, as before, L = |r12| ≡ r12. Before proceed-
ing further, it is convenient to introduce new variables:
p = kL sin θ and q = kL cos θ. We obtain,

k · r12 = p sinϑ cosϕ+ q cosϑ. (74)

First, consider the integral I1 written as,

I1 =

∫ π

0

f1(ϑ) cos
2 ϑ sinϑdϑ, (75)
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where

f1(ϑ) =
1

2π

∫ 2π

0

cos(p sinϑ cosϕ+ pq cosϑ)dϕ

= cos(q cosϑ)J0(p sinϑ). (76)

Here Jν(x) denotes the Bessel function. Introducing a
new variable, z = sinϕ, one can recast (75) as,

I1 = 2ℜ
∫ 1

0

z
√

1− z2eiq
√
1−z2

J0(pz)dz. (77)

Performing the integration, we obtain [20]

I1(kL) = −2
∂2

∂q2

(

sin
√

p2 + q2
√

p2 + q2

)

. (78)

This yields

I1(x) =
2

x3
(

x2 sinx+ 3x cosx− 3 sinx
)

cos2 θ

+
2

x3
(

sinx− x cos x
)

. (79)

Next, consider the integral I2. Using (74), one can
recast (73) as,

I2 = 2

∫ π/2

0

f2(ϑ) cos
2 ϑ sinϑ cos(q cosϑ))dϑ, (80)

where

f2(ϑ) =
1

2π

∫ 2π

0

sin(p sinϑ cosϕ)dϕ. (81)

As one can easily see, f2(ϑ) = 0, and thus the integral
I2 = 0.
Now, consider the integral,

S0(t) =

∫ ∞

0

I1(x)(L sin(xt/L)− xt)xdx, (82)

where L > 0. To evaluate this integral, we use the iden-
tities (n ≥ 0):

∫ ∞

0

τn cos (κτ)dτ =











(−1)n/2πδ(n)(κ), n even

(−1)(n+1)/2 n!

κn+1
, n odd

(83)

∫ ∞

0

τn sin (κτ)dτ =











(−1)n/2
n!

κn+1
, n even

(−1)(n+1)/2πδ(n)(κ), n odd

(84)

where δ(n) denotes the nth derivative of the Dirac delta
function.

Taking into account that,
∫ ∞

0

sinx

x
dx =

π

2
, (85)

after some algebra we obtain,

S0(t) = πt(3 cos2 θ − 1) + I0, (86)

where

I0 = L

∫ ∞

0

I1(x) sin(xt/L)xdx. (87)

The computation yields,

I0 = L

∫ ∞

0

I1(x) sin(xt/L)xdx = πLδ(t/L− 1)

− πLδ(t/L+ 1) +
πt

2
(3 cos2 θ − 1)

(

H(t/L− 1)− 1
)

,

(88)

where H(x) denotes the Heaviside function. Finally, we
obtain

S0(t) =

{

0, t < L
2πt(3 cos2 θ − 1), t > L

(89)
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