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Abstract

A finite quantum system S is coupled to a thermal, bosonic reservoir R. Ini-
tial SR states are possibly correlated, obtained by applying a quantum operation
taken from a large class, to the uncoupled equilibrium state. We show that the full
system-reservoir dynamics is given by a markovian term plus a correlation term,
plus a remainder small in the coupling constant A uniformly for all times ¢ > 0. The
correlation term decays polynomially in time, at a speed independent of . After
this, the markovian term becomes dominant, where the system evolves according to
the completely positive, trace-preserving semigroup generated by the Davies gen-
erator, while the reservoir stays stationary in equilibrium. This shows that (a)
after initial SR correlations decay, the SR dynamics enters a regime where both the
Born and Markov approximations are valid, and (b) the reduced system dynamics
is markovian for all times, even for correlated SR initial states.

1 Introduction

Open quantum systems are most commonly described by a tensor product Hilbert space
Hs @ Hg (system and reservoir) and an interacting Hamiltonian

Hy=Hs® 1Ig + 1s ® Hg + \V



where Hg and Hg are the system and reservoir Hamiltonians, A is a coupling constant,
which we consider to be small in a suitable sense, and V' is an interaction operator. In
the literature, coupled SR systems are sometimes studied when the parts S and R are of
comparable size. In the current work, we focus on the situation dimHg = N < oo and
dim Hgr = oo, and a reservoir Hamiltonian Hr with continuous spectrum. In this sense,
the reservoir R is much larger than the system S in our considerations. The dynamics of an
initial state (density matrix) psr is given by the Liouville-von Neumann (or Schrodinger)

equation

—itHy itH

psp =€ "D psre
and the reduced system density matrix is obtained by taking the partial trace over the
reservoir,

¢ —itH itH
pS:trR{e *pSR € A}.

Uncorrelated initial states. In textbooks and research articles, most often the
assumption is made that the initial state is uncorrelated, that is, of the product form
psr = ps @wg. Then one can define the dynamical map acting on system density matrices,

Vit ps > ph.

V; is the flow or propagator of the system dynamics and of course, it depends on the
initial reservoir state wg. For example, if wg = wr g is the reservoir equilibrium state at
a given temperature 7' = 1/, then of course the system dynamics, and hence V;, will
depend on T'. Due to the interaction of S and R, mediated by the operator V', the state
phr is generically correlated (not of product form) for ¢ > 0. This results in the violation
of the group property,

Vi # ViVe.

If the reservoir is not much influenced by the coupling to the system and initially in a
stationary state under its own dynamics, then one might intuitively expect that pky ~ pL®
wg. This is called the Born approrimation. If on top, one assumes that the reservoir loses
its memory quickly, then one may expect the Markovian property to hold approximately,

Vt+t’ ~VVy or V= Gtﬁ,

where the generator £ = L£(\) depends implicitly on the initial reservoir state wg and
L(0) = —i[Hsg, - | generates the uncoupled system dynamics. It has been known since the
seventies (see the founding papers [10, 11, 42]) that in some generality, the Markovian
approximation is valid in the weak coupling, or van Hove limit. This means that

lim sup ||V —e“sN| =0  forany a >0, (1.1)
A0 0<A2<a

where the superoperator

ﬁs()\) =Lg+ )\QIC, Lg = —i[Hs, ] (12)
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is called the Dawies generator. It generates the CPTP semigroup e®“s™ [9] 17, B30] (com-
pletely positive trace preserving). The operator K, a sum of a Hamiltonian plus a dissi-
pative term, describes the influence of the bath to second order in perturbation [I, [7, [37].
From ([1.1]) we have an alternative expression for K,

}\iné Vi 0 e TESIN = ™K VT > 0. (1.3)
—>

The shortcoming of is that it guarantees the accuracy of the Markovian approxi-
mation only for bounded values of A\%t. Said differently, shows that the Markovian
approximation is guaranteed to hold for ¢ — oo only if at the same time, one takes A — 0
in a way such that \?t stays finite. This deficiency of was overcome in [25] 30, 3], 32],
where it is proven, under suitable assumptions, that

sup || V: — et(ES“Q’C)H < CINV4, (1.4)
>0

provided |A| < Ay for some Ay > 0. The Markovian approximation is guaranteed to be
accurate to O(|A|Y*) uniformly in time t > 0, for all small, fixed A\. The error bound
|A|'/4 is derived for the least amount of regularity of the interaction operator necessary
for the proof — under a more stringent (analyticity) assumption, it can be improved to
IAI? (see [25]). In the recent work [§] it is shown that the validity of the Markovian
approximation for arbitrarily large finite times does not imply the validity for all times.
There the authors consider the zero temperature, dissipative Janes-Cummings model in
the singular coupling limit. Given any time ¢y > 0, they explicitly design SR interactions
(form factors g(k)) in such a way that the system (qubit) dynamics is exactly Markovian
up to ty, but for ¢ > t; the dynamics becomes non-Markovian. Even though this example
uses the singular coupling limit (g(k) not square integrable), the result indicates that the
passage from to is not a mere technicality. In an approach different from the
above, a polymer expansion for initially factorized system-reservoir states was established
in [13].

Correlated initial states. The assumption of initially uncorrelated SR states may
not be physically realistic. It requires to bring together, at time ¢ = 0, a system and
a reservoir which at earlier times did not interact (or which by some measurement or
dynamical fluke would happen to be in a product state). One should then ask about
the dynamics of correlated initial states, that is, ones which are not of product form, see
[18, 34], 38, 39} 40] and the references in there. For a given correlated initial state pgg,
the reduced system dynamics pk is still well defined as above. However, one cannot define
the dynamical map V; any longer, as different psgr can have the same marginal ps (say,
due to different SR correlations). Those different initial SR states evolve to states at time
t > 0 which have different system marginals, which means that the initial marginal cannot
be mapped consistently to the marginal at a later time. In our investigation, we start
with a correlated initial state psg and describe its well defined reduced system dynamics
t — p&. The opposite approach is also studied in the literature, starting with an initial
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system state pg, then mapping it to a SR state by an assignment map ps — psg. The
initial correlation is then encoded in the assignment map, whose structure can be analyzed
[2, 15, [16, 36l 41].

Outline of main results. We consider a class of open systems for which the Markov
approximation for uncorrelated initial states, ps ® wr g, was proven in [32]. Here,
wr,g is the thermal equilibrium state of the reservoir at temperature 7' =1/ > O.E| Our
main result, Theorem gives an expansion of the full SR dynamics with correlated
initial states psr. It can be expressed as follows — see after Theorem for more in-depth
and precise statements. We show that

phr = (e Wtrr{psr}) ® wrs + x(t,A) + O(AIY), (1.5)

where Lg()) is the Davies generator and x(t, ) describes the dynamics of the SR
correlations. The relation(L.5]) is valid for all |A] < Ao, some A\ > 0, with a remainder
independent of time ¢ > 0. It is to be interpreted in a weak sense, that is, when applied
to operators from a SR observable algebra O, . The initial states are taken from a
class of states obtained by applying (very general) quantum operations on the uncoupled
SR equilibrium state ps s @ wr g (see (2.25)). We show the following results:

— For psp = ps @ wrp (with ps any system density matrix), we have x(t,\) = 0.
This shows that the Born approximation holds and recovers the Markovianity result

).

— x(t, \) also vanishes when applied to observables Ag ® Ir of S alone, for any initial
psr- This means that the initial correlations only influence the dynamics of ob-
servables which involve the reservoir. In particular, this shows that the Markovian
approzimation is also valid for correlated initial states, and for all times t > 0.

— In the presence of initial correlations, the Born approximation (pky ~ p§ ® wg g) is
obviously not correct for small times. However, we show that y(t, \) ~ 1/(1 + 3),
which implies that initial correlations decay, and after that, the SR state enters
a regime where the Born approximation is valid, even for correlated initial states.
This is a statement about the full SR state dynamics. In contrast, as explained
above, the reduced system state is approximated by the Markovian semigroup for
all, even small, times.

2 Model and main results

2.1 Model

We consider an N-level system interacting with a reservoir modeled by a continuous family
(field) of quantum harmonic oscillators, and we will largely follow the notation of [31].

IThis is not a necessary feature for our approach to work, one may also take non-equilibrium stationary
states, as we will explain elsewhere.



The system and reservoir Hamiltonians are given by
N
Hs =Y Ejl¢;)(¢;| and Hy = / 3 w(k)a*(k)a(k)d®k (2.1)
=1 R

respectively, acting on the Hilbert space
Hsr = cN ® F. (2.2)

We often simply write Hg for Hg ® 1 and so on. The E; are the system energies and
w(k) > 0 is the frequency of the mode k (h = 1), which we take for definiteness to follow
the dispersion e.g. of photons,

w(k) = |k|. (2.3)

The energy eigenstates ¢; form an orthonormal basis of the system Hilbert space CV and
the (momentum representation) creation and annihilation operators satisfy the canonical
commutation relations [a(k),a(f)] = 0 = [a*(k),a*(¢)] and [a(k),a*(¢)] = 6(k — ¢) (Dirac
delta k, ¢ € R3). The reservoir Hilbert space is the (Bosonic) Fock space

F = LR d* k), (2.4)

sym
n>0

built over the single-particle space L?*(R?,d*k), the square integrable scalar valued func-
tions. The full, interacting Hamiltonian is given by

where A € R is the coupling constant, G* = G is any hermitian system matrix and

o) =@ a0, @@= [ (e ®ER o) =@ 20
V2 RS

are the field, creation and annihilation operators, respectively. The function g(k) €
L?(R3, d3k) in the interaction (2.5)) is called the form factor — generally, when we consider

a*(f), a(f) we also call f test functions.
The above is a paradigmatic model for open quantum systems. For N = 2 it is called
the spin-Boson model. As presented here, it is the continuous mode (or thermodynamic,
infinite-volume) limit of a system described by a discrete set of oscillators with Hamilto-

nian
Hy = ZwkaZak (2.7)
k

and field operator in the interaction given by ¢'(g) = >, graj + h.c. In the theoretical
physics literature, the limit of continuous values of k is often performed at the end of
calculations of various expressions, such as transition probabilities. In this limit of a
continuum of reservoir modes one can analyze irreversible dynamical effects (like time
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decay). In the present work, we start off directly with the reservoir having a continuum
of frequencies, (12.1)).

In contrast to the common assumption of initially uncorrelated system-reservoir states
of the factorized form ps ® pr, we are concerned here with initial states obtained by
correlating the system with the reservoir. The system Gibbs equilibrium density matrix
at temperature T = 1/,

pss = Zg e s, (2.8)

Zsp = trse s is a well defined density matrix. One can represent ps s as a vector
state |Qs)(Qs| in the enlarged Hilbert space C¥ @ CV as follows. For any Ag € B(CY)
(bounded operators),

tren (pS,BAS) = <QS,WS<AS)QS>CN®CN, (29)

where T(Ag) = As ® Iev and Qg € CY @ CV is a normalized vector (explicitly given
in (3.7)). This purification representation is sometimes very helpful. For the continuous
mode reservoir the situation is a bit more cumbersome. Its equilibrium state cannot be
expressed as a density matrix acting on F, because e ?!® is not trace class (Hy has
continuous spectrum). Rather, the reservoir equilibrium state is constructed as the limit
of equilibrium states o< e ##& where Hy, is trace class. The limit state is expressed
as a positive, linear functional wg g on reservoir operators as follows. Let

L = L*(R®, d°k) N L*(R?, |k| ' d*k). (2.10)
For f,g € L? we have [6, 33]

wrp(a(f)) = wrpla*(f) =0, wrp(a(falg) = (g, ("M =1)7'f), (2.11)

where (f,g) = [us f(k)g(k)d®k. Expectations of arbitrary polynomials in creation and
annihilation operators are calculated using Wick’s theorem [6] and the expectation of a
unitary Weyl operator .
W(f)=e?D, felf (2.12)
is .
WR 8 (W(f)) — ¢~ 1{fcoth(Blkl/2)f) (2.13)
It is very convenient to use a purification of wg g, that is, to represent this state as a

vector state in a new Hilbert space Hg (different from F, (2.4)), in which the operators
a*(f) (where a* = a or a* = a*) and W (f) are represented by operators

& (f) = m(d(f)), W)= m(W(f)). (2.14)

Here, mg is a linear map, sending operators on F to operators on Hyr and satisfying
mr(X*) = mr(X)* and 7r(XY) = mr(X)7mr(Y), i.e., mr is a * algebra representation.



Let Ag be an arbitrary finite sum of products of creation and annihilation operators and
Weyl operators acting on F. Then we have

wr,s(Ar) = (Qr, TrR(AR) R )25 (2.15)

for a normalized vector Qg € Hgr. In this sense, wg g is represented by the vector (g.
The explicit form of Hg, mr and Qg is well known (Araki-Woods representation [4]), we
give them in Section 3.1}

The purification of the uncoupled joint equilibrium state pg s ® wg g is obtained by
taking the tensor product: For operators A which are are arbitrary finite sums of products
of bounded operators on CV, creation and annihilation operators and Weyl operators (with
test functions in L3), we have

ps,p @ wr,g(A) = (Qsr,8,0, T(A)QSR,6,0)Hens (2.16)

where (GNS stands for Gelfand-Naimark-Segal)
Hons =CV@CV @ Hr, m7=ms®@mr and Qsrpo= Qs @ Q. (2.17)

Remarks about the use of unbounded operators. In the mathematical lit-
erature on C* and W* dynamical systems one considers observables to be elements of
the Weyl algebra, which are bounded operators. However, in the physics literature, it is
more common to work with creation and annihilation operators a*(f) and a(f), as they
carry direct physical meaning. In the mathematical W* algebraic setting, the equilib-
rium state of the infinitely extended reservoir state is given as the expectation functional
defined on the Weyl algebra. Alternately, it is expressed by for A = W(f).
The representation 7y is regular, which means that —i0,|a—omr (W (af)) is a well defined
self-adjoint operator on Hg, interpreted as the represented field operator (c.f. ) It
is then natural to extend the domain of g by defining g (¢ (f)) = —i0a|a=omr (W (af)).
Similarly one defines 7r(a*(f)) and generally the action of g on any polynomial of cre-
ation and annihilation operators. (Here, a* stands for a or a*.) It then makes perfect
sense to define wg g on such polynomials by

wr(a*(f1) - @ (fa)) = (U, mr(0F(f1)) - TR (0F(fn) )R ) s

Of course, one must verify that the vector (2 is in the domain of the unbounded operator
nr(a*(f1))---mr(a*(f,)). This is done using the explicit form of Qr and the operators
involved; see , and also Section . In the present work, we consider reservoir
observables which are Weyl operators (for reasons explained after Proposition , how-
ever, we allow for SR correlation operators to be made from polynomials in creation and
annihilation operators or even exponentials thereof, written as

exp |1 ZB Q af fr Z ' ZB ® a f,, (2.18)

n>0
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where R € N, B, € B(C") and f,. € L*(R?) are suitable test functions. The operator on
the left side of ([2.18]) is defined by the series on the right side, which converges strongly
on a dense set of vectors in Hgg, (2.2) (see Lemma[3.3). One then also defines

(exp ZB ® a*(f,)] _Z . Zws ) @ mr(a*(f,))]" (2.19)

n>0

where right hand side is strongly convergent on dense set of vectors in Hgng, see Lemma

B4

2.2 Observable algebra O and correlation algebra ¢

We introduce two spaces of single reservoir particle states (‘test functions’).

2. C L*(R3, dk), consisting of all func-

tions which are three times continuously differentiable in the radial variable |k| > 0

and such that |f(k)| < C|k|~? for some ¢ > 7/2 provided |k| is large enough. More-

over, the infra-red behaviour of f is as follows. There is a ko > 0 such that for

|k| < Ko, we have g(k) = |k[Ph(k) where either p > 2 and h is a three times con-
113

tinuously differentiable function, or p = —3, 3,5 and h(k) = hy € C is constant or

h(k) = h(|k|*) € R is real, radial and three times continuously differentiable.

(a) The space of observable test functions is L?

Zors consisting of all functions
f € L2, such that e®*lf € L2(R3 d°k), where 3 is the inverse temperature.

(b) The space of correlation operator test functions is L2

The observable algebra is defined as
O = B(CY) ® Wy (L2,,) (2.20)

where B(CY) is the algebra of linear operators on CV and where 20,(L?,.) is the algebra

consisting of all finite sums and products of Weyl operators W (f) with f € Lobsﬂ Next,
introduce the polynomial algebra
P =Span{B @ d*(f1)---a*(f,) : Be€B(CY), neN, f; e L2}, (2.21)

where Span is the linear span (finite complex linear combinations) and a* denotes either of
a or a*, individually in each factor in the product in . The set P consists of all poly-
nomials of creation and annihilation operators with coefficients in B(C"). Furthermore,
define the set of operators

X = Span{eiZilBT@au(m : ReEN, B, € B(CY), f.e L2} (2.22)

21t is not hard to extend our results to the case when O is the norm closure of (2.20)) (i.e., for 20¢(L2, )
replaced by the C*-algebra 20(L?2,)), see the discussion after Theorem



The correlation algebra is defined as
Q::Span{Kln-Kn :n €N, K}-EXUP}. (2.23)

While the observable algebra O consists of bounded operators on Hgg, the elements K
in (2.23) are generally unbounded operators. One must be careful about the definition of
the product of such operators, showing up in ({2.23]). See Proposition .

2.3 Initial states

We use the notation p(A) = tr(pA) for a density matrix p and an observable A. Let
K, € € be Kraus operators satisfying

ps.s ®wR,ﬁ(ZK2Ka> =1, (2.24)
a=1
where v € N. We take initial states of the form

psr(A) =Y pss @wrp(KLAK,),  A€O. (2.25)

a=1

The summand of is a short hand notation for (Qsgr g0, 7(K5)7(A)T(Ka)2SR.6,0) Hans -
One may extend the results to v = 0o, see the remarks after Theorem [2.2] The condition
(2.24]) guarantees that pgg is properly normalized, psg(1) = 1. The initial reduced system
state is defined by the relation

ps(As) = PSR (AS X ]1R>, VAS € B((CN) (2.26)

The full SR state at time ¢ is given by

psg (e A7) = Z ps,p @ wrg(K: e Ae K, AeO. (2.27)

a=1

Technically, it is defined in a standard way as follows (see Section [3.2)). Use the Dyson
series to define the dynamics el*» . e7*Hx starting from the uncoupled dynamics el*Ho .
e~Ho Then apply the representation map 7 to the Dyson series. One shows that
the resulting series converges, and moreover, that the limit equals e 7 (-)e™ | where

L, is a self-adjoint operator on Hgns, called the Liouwille operator. The summand of
(2.27) is defined as

ps,p@uwr,p (KL e e K L) = (Qsr o, m(KL) e (e (Ko ) Qsr,p.0)Hans - (228)

We prove the following result in Section |3.4]



Proposition 2.1 The functional psg (™ - e Hx) given by (2.27)) is a well defined state
(positive, linear, normalized functional) on O, for any choice of the K; € €.

One can show that pggr is also defined (finite) on observables O which are products
of polynomials B ® a?(f;) - - a?(f,) and operators e Xro1 B89 () with test functions f; €
L?.. This is a larger class than O. However, it will be more difficult to give a proof of
our main result, Theorem for unbounded observables. In the proof, we use the time
uniform estimate || Ae 7 || = || A]|, valid for bounded observables A. For unbounded
A (say a product of creation and annihilation operators) one has to find time uniform
bounds of e Ae7Hx in a weak sense (on suitable functionals). This requires a more

complicated analysis which we do not address it here.

The collection of initial states does not depend the state pg 5 in the definition (2.25]).
Indeed, suppose we had put an arbitrary system density matrix og in the place of pg 5 in
(2:25). Then, since o5 = KpssK* for K = /75 (pss) /%, we obtain the same class of
initial states because changing the system reference state simply amounts to a change in
the Kraus operators. The same is not true for the role of wg g in . If we replace
there wr g by wr g(K* - K) for some reservoir operator K € € (bounded or unbounded),
then we still obtain the same class of initial states. The set of such states wg g(K*- K) are
called normal states w.r.t. wg g, they form the folium of wg 3. However, not all states of
the reservoir are of this form; for instance, wg g is not normal w.r.t. wg g unless g = f'.
Normal states differ from each other only ‘quasilocally’. We refer to [6 20] for a more
precise discussion of this point.

FExample. An admissible initial state is for instance

]_ *
psr = Apss @ wrg) = (pss @ wryp) €,

£
—e
Z
where Z is a normalization factor and & = 3, B;®a*(f;) +>_;, Dy ®a(fy) is an arbitrary
expression linear in the creation and annihilation operators. This is a state in which S
and R are entangled, c.f. [40].

2.4 The main result

Assumptions.

(A1) Smoothness of the form factor. We assume that the form factor g(k) in the inter-
action is four times continuously differentiable in the raidal variable |k| > 0
and that |g(k)| < Clk|™9 for some ¢ > 3/2, for large enough |k|. Moreover, the
infra-red behaviour of g is characterized as follows: There is a ko > 0 such that for
|k| < ko, we have g(k) = |k[Ph(k) where either p > 3 and h is a four times contin-
uously differentiable function, or p = —%, %, %,g and h(k) = hy € C is constant or
h(k) = h(|k|*) € R is real, radial and four times continuously differentiable.
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(A2) (a) Fermi Golden Rule Condition: The reservoir spectral density is defined as
J(w) = %sz/ l9(w, 2)|?d2, w >0, (2.29)
S2

where g(k) is the form factor in the interaction (2.5)) and the integral is over
the (polar and azimuthal) angles. We assume that

(D, Gon) I (|Ery — Epn|) #0  for all system energies F,, # E,,  (2.30)

where (¢,,, Go,) are the matrix elements of the coupling operator G (12.5)) in
the system energy basis.

(b) Simplicity of resonance energies. We assume that the so-called level shift op-
erators A, e € & = {E,, — E, : m,n =1,..., N}, have simple eigenvalues.
The A, are explicit matrices describing the second order (\?) corrections to the
energy differences e € &, given in Section (3.6

The assumption (A1) on the form factor is more restrictive than g € L%, (c.f. point
(a) at the beginning of Section in that it requires a more stringent infrared behaviour
(values of p) and the existence of one more derivative, relative to functions in L? . The
condition (2.30)) ensures that the interaction does not suppress second order (A?) tran-
sition processes in S due to the coupling with R. The reservoir spectral density
governs these transitions since the coupling is linear in the field operator. This lin-
ear form of the interaction is not necessary for our method to work — other interactions
will lead to explicit conditions of effective coupling but are not expressed in terms of J(w).
The assumptions (A1) together with (A2a) guarantee that the coupled system-reservoir
complex has a unique stationary state, the coupled equilibrium state, for small nonzero A,
see [28]. (A2b) is a simplifying assumption that can be quite easily removed by a slightly
more cumbersome analysis.

Here is our main result.
Theorem 2.2 (SR dynamics for correlated initial states) There is a constant Ay >

0 such that if |\| < Xo, then the following holds. Let psg be an initial system-reservoir
state of the form ([2.25)) and let ps be its reduction to S (2.26)). Then for allt >0, A€ O,

psr (€ AeTHY) = (e5W pg @ wr 5) (A) + X (A, t, A) + R(\, 8, A), (2.31)
where Ls(\) is the Davies generator and the remainder R(\ t, A) satisfies
IR(\ t, A)| < C(A)| AV (2.32)
The dispersive term satisfies
XA\t A) = 0 if psr=ps@uwrg (2.33)
X\t As®@1g) = 0 (2.34)
X\t A)] < ffil (2.35)
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and moreover,

X\t A) = (psr — ps @ wrg) (" Ae™ )] < C(A) [A]. (2.36)

The constants C(A) depend on A as well as the initial state psg (but are independent of

tA).

2.5

For A = As ® 1g we have C(As ® 1r) < ¢||Ag|| with ¢ independent of As.

Implications

Theorem 2.2 has the following consequences.

(1)

(2)

(3)

Validity of the Born approximation for initially factorized states

For initial states psp = ps ® wr g, where pg is any system density matrix, and for
allt >0, A € O, we have

po (€1 AT — (50 pg @ o ) (A) + O(IA|Y4). (2.37)

This shows that if the system and reservoir are initially in a product state with the
reservoir in equilibrium, then the total state stays (up to O(|A|'/4)) of product form
for all times, and the reservoir stays in its equilibrium state.

Validity of the Markov approximation for initially correlated states

Taking in observables of the form A = Ag ® Ig shows the validity of the
Markovian approximation, (1.4)), even for initially correlated SR states. Namely,
denoting by pk the reduction of the full state psg = psr (e - e7H) at time ¢, and
ps = p&°, we have
sup || p — etES()‘)pSH < C|AM4, (2.38)
£>0

for a constant C' independent of A\, but generally depending on the initial state pgg.
(As pf is a finite-dimensional density matrix, it is not necessary to specify which

norm we take in (2.38)). We may take the trace norm.)

Decay of correlations and emergence of the Born approximation regime

The term y in (2.31]) describes the evolution of the correlation between the system

and reservoir. According to it decays as t3. At t =0, gives x (A, t =
0, A) = psr(A) — trr{psr} ® wr s + O(JA|*/4), so if the initial state psg differs from
trr{psr} ® wr g then for small times, the correlation term x(A,¢, A) can dominate
the Markovian term (e*s™ pg®@wr 5)(A) in (2.31)). Whether, and by how much, this
happens depends on the observable A — for example, as explained in the previous
point, for A = Ag ® 1gr we have x(\, ¢, A) = 0. To see which one, the Markovian or
the correlation contribution, is dominant, we use the spectral decomposition [30]

etls(N) — Z eit(ejJr)\Qaj)Pj’ (2_39)
J
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where the P; are spectral projections, the e; € R are the Bohr energies of the sys-
tem (differences of eigenvalues of Hg) and a; € C, Ima; > 0 are the complex energy
corrections (resonances) induced by the interaction with the reservoir. The Marko-
vian dynamics exhibits exponential time decay ~ e **7 in all directions P;
but one, which represents the projection onto the system equilibrium state at tem-
perature § (and for which e; = a; = 0). The decay (approach to equilibrium) is
exponential at a rate oc A2, which is very slow for small coupling A\. In contrast,
the polynomial decay of the correlation term, 3, happens at a rate which is inde-
pendent of A, meaning that the constant in does not depend on A. (Indeed,
that constant encodes the fact that the reservoir dynamics alone is dispersive away
from the projection onto the reservoir equilibrium state.) It follows that for small
coupling, the correlation term x can be dominant for small times, but as time in-
creases, the Markovian term becomes dominant. Then a long time later (A small),
the exponentially decaying functions lie below the power decay function, and the
correlation term is leading once again, even though by that time, both those terms
are smaller than the remainder O(|A[*).

If the interacting SR complex is left to its own devices (no external influence) for
sufficiently long, then according to , and since e*®pg converges to ps,g X
e PHs the SR state is approximately equal to the time-independent (uncoupled
equilibrium) state ps 3 ® wr 3. One may see this as an a posteriori justification for
considering product initial states in certain circumstances.

Further remarks.

()

(c)

The power of the decay in depends on the smoothness of the form factor g,
(2.5)), which in turn determines the decay speed of the reservoir correlation function
[31, 832]. We get higher powers ~ t~™ assuming that g is (n+ 1) times differentiable
and that the test functions in L2 are n times differentiable. Under a certain
analyticity condition on ¢ (see [30]) and on the test functions in L? , one can show

that the time decay in (2.35)) is exponential, with a A-independent decay rate.

We cannot ascertain in general that the constants C'(A) in Theorem 2.2 are bounded
in the values of t > 0 for time-dependent observables of the form A = ef*fo A’e#Ho
This is so since the constants will depend on Sobolev norms of test functions ap-
pearing in the observables, that is, on their smoothness (the L?(R3, d®k) norm of
their derivatives w.r.t. |k[). But e™RW (f)e Hr = W (el*l f) has a test function
e!*lt (k) that is rough (large |k|-derivative) for large t. Nevertheless, if A = Ag® 1y,
then C(e"s Age st @ 1) < ¢||Ag|| is bounded uniformly in time.

In the weak coupling regime one takes simultaneously A — 0 and ¢ — oo, keeping
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7 = M\t € R fixed. By (2.32), (2.35) and the previous discussion point,

lim R(/\, o, (6730 @ Ig) A @ ﬂR)) =0

A—0 A2

}\if%(pSR —ps ® WR,L%) <€iAL2HO(6_iAL2HS ® ﬂR)A(ei*%HS ® HR)e_i;TH[)) = 0
—
Thus (2.31) gives for all 7 >0, A€ O
lim ps (€557 (TR @ 1) A @ Tr)e ) = (€7 ps @ wi p) (A).
—

This shows that in the weak coupling scaling limit, the total system-reservoir state
(in the interaction picture when the system dynamics is removed) is of the product
form (™ pg) @ wr g for all 7 > 0. This fact was already observed in [39].

(d) If A belongs to the norm closure of O, then take an arbitrary € > 0 and A, € O such
that ||A — A.|| < e. The quantity psg(e*#* Ae7H2) is still well defined and we have
psr (e Ae7HIN) — pop (eltHx A 7)) = O(e), uniformly in ¢. Theorem then
gives the expansion for psgr (e A.e ™) with constants C'(A.) depending
on e. In the main term, (etﬁS()‘)pS ® wag) (Ao) + x(A t, A), we can replace A, again
by A, making an error of O(e), uniformly in A and ¢ (see also (3.49)). This shows
that remains valid for any A in the norm closure of O, modulo adding an
arbitrarily small term O(e) and allowing the constants C'(A) to depend also on e.

One may use a similar argument to extend the result of Theorem to v =00 in
(2.25]).

Connections. The mathematical method we are using is based on [31], 32]. To our
knowledge, this is the only approach able to handle perturbation theory in small A valid
for all times ¢ > 0. On the physics side, our work is close to [39, [40], where the authors
show that the master equation is valid for correlated initial states in the weak coupling
limit (see the Remark (c) above). Their technique is based on the Nakajima-Zwanzig
projection method and does not extend beyond the weak coupling scaling regime. In
some aspects, the setup in [39, [40] is more general (allowing to treat NESS for example
— an extension of our methods to include this is planned) and in some aspects it is less
general (their Kraus operators have to be bounded for the main result in [39] — even
though unbounded ones are used in applications given in [40]).

One of our main conclusions is that initial correlations do not invalidate the Markovian
approximation. This means that the distinguishability (trace distance) of reduced system
states cannot increase during the evolution (by more than O(|A|'/*)). An important
feature responsible for this is that the reservoir dynamics is dispersive, meaning that the
evolution converges to the stationary (equilibrium) state. This is built into the model
by taking the infinite volume limit (continuous reservoir mode frequencies) and by the
continuity of the spectrum of Hg (see also [31], 32, [30]). In contrast, if R is finite, an M-
level system with discrete energy levels, then different effects appear. Those are studied
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in a variety of papers. It is shown in [26] 14] that for finite-dimensional S and R, the
backflow of information R — S can lead to an increase in the distinguishability if the
SR state is initially correlated, an effect which cannot happen for initial product states.
The increase is a measure for non-Markovianity of the dynamics. In this situation, initial
correlations lead to non-Markovianity of the system dynamics. A related question is
whether and how the system dynamics can be represented by completely positive, Kraus
representation maps. In [2I], the authors consider finite-dimensional S and R and show
that a Kraus representation is valid for all times and for general initial correlations if and
only if the joint dynamics is local unitary (no SR coupling). It is shown in [35] that the
dynamics of an open N-level system can be described by at most N2 completely positive
trace preserving maps. The result is built on a decomposition of the (correlated) initial
state using a so-called bath-positive decomposition.

In [3], a new correlation picture approach is used to show that the reduced system
dynamics satisfies a Lindblad-like master equation, in which the jump operators depend
on the initial SR correlation, yielding a nonlinear evolution equation. The philosophy
there is to build a weak correlation, rather than a weak coupling, perturbation theory.
The corresponding perturbation series does not converge uniformly in time, but allows to
analyze a strongly interacting SR dynamics for finite times.

3 Proof of Theorem 2.2

3.1 Purification of pgr

Our approach follows the works [31, [32] (see also [24]) and we adopt the notation of [32].
The first step is to work with a purification of the initial state psg. Consider ps ® wg g,
where pg is an arbitrary density matrix acting on CV and wg g is the reservoir equilibrium
state . The state ps ® wr g is represented by a vector

Uy = Vs ® Or € Hans (3.1)

in the new ‘purification’ Hilbert space

Hans = Hs ® Hr (3.2)
where
Hs=CN@CV and Hp=@EP L%, (R x S*)", (du x d2)") (3.3)
n>0

is the (symmetric) Fock space over the one-particle space
L*(R x S? du x d¥) = L*(R x S?). (3.4)

Here, dY is the uniform measure over the unit sphere S? C R3. The link between ps @wr s
and (3.1]) is given by a representation map

T=ns@mr: 0 — L(H), (3.5)
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mapping observables A acting on C¥ @ F (before purification (2.2))) to operators on Hang
(after purification ([3.2))), in such a way that

(s @ wrp) (A) = (Wo, T(A)W0)pans- (3.6)

The vector Qr in (3.1) is the vacuum vector in the Fock space Hgr (3.3). It is the
purification of the reservoir thermal equilibrium. The vector ¥g € CVN @ CV is the
purification of the system density matrix ps. For example, the purification of the system

Gibbs state ps g (2.8]) is given by

N
Osp=2Zs )"y e P2, 0 ¢, € CV o C, (3.7)

j=1

where Zs g = trg e PHs. The representation map 7, (3.5)) is explicitly given by

Ts(As) = As® I, (3.8)
(W (f) = Ws(rsf), (3.9)

where
750 L*(R? d*k) — L*(R x S?,du x dX)) (3.10)

takes a function f(k), k € R?, into the function (75f)(u, %), u € R, ¥ € S?, defined by

(75f) (1, 5) = %w'“'l/z{ Ji(}f(_zijg) e (3.11)

On the right side of , g is represented in spherical coordinates, u = |k| > 0, ¥ € S
The Weyl operator W (f) on the left side of is given by and is defined for
f € L*(R3,d®k). The Weyl operator on the right side is defined for functions f € L?(R x
S2 du x dX), as Ws(f) = e9s() where @g(f) = \/Li[ag(f) + ag(f)] is the field operator
in the Fock space Hg, (3.3]), smoothed out with f. The representation map 7y is also
defined on creation operators, by the explicit formula

(0’ () = a (Vi w2, )xs (0) = as (/5 Jul 2 F(—u D)x- (),
(3.12)
where x;(u) =1 if w > 0 and x4 (u) =0 for u < 0 (and x_(u) =1 — x4 (u)). This is a
convenient representation of the CCR, unitarily equivalent to the Araki-Woods thermal
representation, and was introduced in [22]. We refer to [6] 30} 32} B3] for additional detail.
The purification of the initial state psgr is given by

v

> pss @ wrs(KLAKL) = (Qsr 0, T(K5)m(A)m(Ka)Qsk s0), (3.13)

a=1 a=1
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where the inner product is that of Hans (3.2) and
Qsrpo0 = s ®Or (3.14)

is the uncoupled equilibrium (KMS) state. We note that 7 is well defined on polynomials
in creation and annihilation operators (and limits thereof), see (2.11), and 7(€) is a
well defined set of unbounded operators on Hgns. We prove in Lemma below that
m(K)Qsr g0 is well defined for any K € €. This guarantees that is well defined.
One can see the right hand side of as the definition of our state psg.

3.2 Coupled dynamics and Liouville operator

The uncoupled Heisenberg dynamics af(A) = etHo Ae~#10 Jeaves O invariant (see (2.20)))
but the interacting dynamics e*#* Ae > does not. It is thus not a priori clear how to
represent e"» Ae71 a5 an operator in Haons. However, we can extend the domain of 7
and define a self-adjoint Liouwville operator on Hgns, such that for A € O,

(et ATt = ¢t (A)eTiHon, (3.15)

To do this we proceed in a standard way using the Dyson expansion

e AeT M = af(A) + ) "(1A)" / dty - dty Ty, s (A), (3.16)
n>1 0<t1 <<t <t
where
tn—1 1
Thyot,(A) = [abr (V), [ (V), ..., [ (V), a4 (A)] .. ] (3.17)

is the multiple commutator and V' = G ® ¢(g) is the interaction operator ([2.5)). The series
(3.16)) converges in the strong sense on suitable states. It is easy to check that

m(etHo AemiHH0) = elthog(A)eitho (3.18)
where the uncoupled Liouville operator is (not writing obvious factors 1)
Lo=Ls+ Lg, Ls=Hs®1ls —1ls® Hg, Lg=dl'(u). (3.19)

Here, dI'(u) is the second quantization of multiplication by the radial variable u € R,
acting on the Fock space Hg (3.3). In particular, e rag(f)e "'* = ag(e™f) is a Bo-
goliubov transformation. We now apply 7 to the right side of . More precisely, one
shows that 7 applied to the truncated series 25:1 ... has a strong limit as N — oco. Due
to the structure of the sum, the limit operator has again the form of a Dyson series and
equals eI 7 (A)e A (see for instance Section 2.1.3 of [19] for details). The self-adjoint
operator L, is called the Liouville operator and has the form

Ly = Lo+ A, (3.20)
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where the interaction operator I in ([3.20) is given by I = 7(G ® ¢(g)) — J7(G ® ¢(g))J
(compare with ([2.5))), where J is the modular conjugation. The explicit form of J is well
known, see e.g. (1.21) of [23]. One then gets the expression [23 [30]

I=G®1ls® (,05(7’/39) —1ls®CGC® gpﬂ(e_ﬁu/Zng), (3.21)

where C is the operator taking complex conjugation of components of vectors in C¥
written in the eigenbasis of Hs. The construction of Ly associated to H) is well understood
[22, B, 12, B0]. The upshot is that the right side of defines the dynamics of the
infinitely extended system.

From perturbation theory of equilibrium (KMS) states [12} [6] we know that the inter-
acting system-reservoir complex has a unique equilibrium state, represented by a normal-
ized vector {dgr g € H, satisfying

LQsr s = 0. (3.22)
The vector Qg g is analytic in A at the origin, with (c.f. (3.14]))

[9sr,80 — Qsr0ll < CJA. (3.23)

3.3 Resonance expansion and proof of Theorem

The expectation of a system-reservoir observable A € O in the state psr at time t is
psg (Y AeHN) = Z ps,3 @ WR,8 (ngitH*Ae_itHkKa). (3.24)
a=1
We now analyze one of the terms in the sum, for a fixed «, writing simply K for K,, and
we will restore the sum over the « at the end. According to (3.13]), (3.15) we have
ps,s @ wr (K e"™Ae M K) = (Qgg g, m(K*)e" m(A)e " m(K)Qsrpo),  (3.25)

where Qgg g0 is the uncoupled KMS state (3.14). The representation 7'(-) = Ju(-)J
has the property that 7/(X) and 7(Y) commute for all operators X, Y (Tomita-Takesaki,
[6, [30]); for unbounded X, Y the commutation is understood in the strong (or weak) sense
on suitable vectors. We now use the identity

W(X)QSR’Q,O = 71'/ (675H0/2X*66H0/2)QSR’@(), (326)

which holds provided the operator e #H0/2X*efHo/2 ig well defined (note that e®#o/? is
unbounded). The relation (3.26) is derived as follows. We have

W(X)QSR757O = JAl/z’/T(X*)JAlﬂQSR,@O
JAY (X)) ATY2 T Qs 4.0- (3.27)
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The first equality in (3.27)) is the defining property of J and A and the modular operator

is A = e~PLo, The second equality in (3.27) follows from JLq = —LoJ [6, 12, 5, [30]. Next,
AI/QTF(X*)A_I/Q _ GitLOﬂ'(X*)e_itLo ‘t:iﬁm

— 7T<€1tH0X*efltHo ‘t:iﬂ/2

= (e PH/2 X *PHO/2) (3.28)

Using that Jn(-)J = 7(-) and combining (3.28) with (3.27) yields (3.26). Due to (3.26)
we may replace, in (3.25), 7(K) by 7'(e PHo2 K *ePH0/2) and use that the latter operator

commutes with e r(A)e= A,

pS”3 ® WRWB (K* eitH,\A e—itH,\ K)

= (Qsr,6,0, W(K*)7r’(6_5H°/2K*65H0/2)ei“:*W(A)e_itLAQSR@@. (3.29)
By (B.22)) we have e "*Qgg 5\ = Qsr s and so
e m(A)e Qg po = € (A)Qsrop o + €7 T(A) (Um0 — Dsropn) s (3.30)

where the uncoupled equilibrium state {2sg s, is given in (3.14]). We combine (3.29)), (3.30))

and ((3.23) into

Ps.3 & WR,3 (K* eitH*A e_itH*K) = <QZ5, eitLA'(ﬁ) + R1 (t, )\), (331)
where
o = 7r(K)W'(65H0/2K6_5H0/2)QSR7570
v = m(A)Qsrp0 (3.32)
and
|Ri(A\ 8)] < CIA A |7 (K )7 (ePHo/2 K e FHo/2) (3.33)

uniformly in ¢ € R. Now we apply the results of [31] to the main term on the right side
of (3.31)). That work gives an expansion of (¢, el2¢)) for vectors ¢, ¢ satisfying

¢7¢ S D7 I//\¢7 E)ﬁ/) € D7 (334)

where L, = P L ,\P |Ran Pt and where D C Hgns is a suitable dense set which we present
in - ) below. The orthogonal projection Py is defined as

Pr =15 ® |Qr) (g, Py =1- Pg. (3.35)

We show that (3.34) holds in Section and continue here the analysis using the result
of Theorem 2.1 of [31],

(6, €)= (6, (™MD @ Pr)y) + (¢, Py % Pry) + R(A, 1), (3.36)
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with a remainder satisfying
[ROA )| < CIA A, ), (3.37)

for constants C' and A independent of A and ¢ > 0. We now explain the operator M(\)
in (3.36). Denote by & the set of all differences of eigenvalues of Hg (i.e., the spectrum
of Lg, (3.19))). Denote the eigenprojection of Ly associated to e € & by P. = Ps. ® Pg,
where Pg, is the eigenprojection of Lg and define the level shift operator

Ae = —PIPH(Ly—e+i0,) 'PHIP, (3.38)

where 104 is the limit of ie as ¢ — 0, (the limit in (3.38]) exists in operator norm, see
[31,132]). The operator A, acts on ranP,. It is explained in detail in [3T] how A, determines
the eigenvalues of L) close to e. Under the Fermi Golden Rule and simplicity conditions

(A2a), (A2b), the operator M(\) in (3.36) is given by
M(\) =Lg+ XA, A=EPA. (3.39)

e€&y

The operators Lg and A commute. Now that we have explained the objects defining the
dynamics ‘along Pgr’ in (3.36) we can analyze it further. Writing

m(A) =) (Al @ A}) Zws ) ® mr(AZ) (3.40)

and taking into account (3.32)) and (3.35)), it follows that

(&, (e itM(A )®PR)¢> = ZwRB Aj <¢7( itM(A)qS(Aé)Qs,g) ®QR>
= Zwm (6, (ms(eF A)0s 5) @ ), (341)

where the operator £, is uniquely defined by (see also [30, 31l [32])
MM g (X)0g 5 = s (e X) s 5, for all system operators X € B(CV).  (3.42)
The second factor of the summand of (3.41)) is (c.f. (3.32))

<¢, (7TS w*Aj)Qs ﬁ) ® QR>
= (m(K)Qsrp0, 7 (e AL © Tg) ' (e 2K H02) O )
= pS,B (059 wR,[g (K*(e“:* A‘é & ﬂR)K), (343)

where we used ([3.24)), (3.26)) in the last step. Now we remember that we wrote K for K,
and summing over «, as per (3.24)), we obtain from (3.31)), (3.36]),

pSR(eitH/\AeiitHx = Z Z ng ps B 0% wRﬁ(K*( tL AJ & ﬂR)K )
+<(I), Pé‘eltPR L)‘PI% PJ{‘W(O)QSR,570> + RQ(/\, t), (344)
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where
14

O =) w(Ka)w (" Koe ") Ogr 50 (3.45)

a=1

and the remainder is the sum of (3.33)) and ((3.37)),

[Ra(M 1) < CINMD A(W(Ka)yr’(eﬁffo/?Kae—ﬁHo/z)QSR,B,O : W(A)QSR,M)
a=1
HC A |r(Ka)a (P72 K e P10/2) Qs g o (3.46)
a=1

In terms of the reduced initial state pg, defined in (2.26]), the first term on the right side
of (3.44)) is simply

D wrs(AL) pss @ wr s (K (e AL @ 1p) K,
a J
= Y ps(e AL)wr s(AL)
i

= > ((¢"ps) @wrp) (AL @ AL) = ((€ps) @ wr ) (A), (3.47)

J

where L is the adjoint of £, with respect to the inner product (X,Y) = trg X*Y of the
space of system operators. It is shown in the Appendix of [30] that £ is the Davies
generator. Combine (3.47) and ((3.44)),

pSR(eitHAAeiitHA> = ((etapS) ® wR,ﬁ) (A) + X()‘a t> A) =+ RQ()‘? t)a (348>
where (recall @ is given in (3.45)))
X1, A) = (@, PR INR Plr(A)Qsp p0)- (3.49)

This is the expansion of Theorem [2.2] The decay follows from the regularity
of the resolvent, as explained in (1.10) of [31] (see also the related Lemma below).
Note that Pym(As ® 1r)Qsr g0 = 0. Using this in shows . Furthermore, for
initial states prs = ps ® wr g the Kraus operators are of the form K, = K ® 1y and

thus Py ® = 0, see (3.45)). Using this information in (3.49) shows (2.33). We now prove
[.36). From (3.49),

X\, t, A) = (@, PRelor(A)Qsrpo) + T (A t, A) (3.50)

where, writing X for Py X P3 |gan P>
t T _ .
T(\t,A) =i\ / (@, PietrTe =080 Paorr(A) Qg 50 )ds. (3.51)
0
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Using that Py = 1 — Py one readily sees that
(@, Pre"™m(A)Qsr,0) = psr (€770 Ae70) — (ps @ wr g) (70 Ae™T0). (3.52)
In order to show the bound ([2.36)) it suffices to prove that for all ¢ > 0,
T\, t, A)] < CIA. (3.53)

The clue in this bound is that the integrand of (3.51]) decays in s sufficiently quickly to
be integrable.
As in [32] we define the norms || - ||;, for j =0,1,2,..., on Hens (3-2)):

Igll; =111+ D*V?¢ll,  D=dr(i,), D= PxDPglrumprs- (3.54)
We denote the j-fold commutator of X with D by ad,(X) = [---[[X, D], D]---].

Lemma 3.1 Suppose the form factor g satisfies ||0739||12rxs2) < 00 for j = 0,...,4
and suppose X is an operator such that || N 7/2ad’ (X) N 712 < oo for j =1,2,3, where
N = dT'(13;,) is the number operator in the Fock space Hgr (see (3.3)) and also (3.81])).
Then we have

max
1<r<3

(@, (Lr = )7 X(Lo = " 0)| < Cx @5 |95 (3.55)

uniformly in z, ¢ with Imz, Im¢ < 0. Here, || - ||; s the norm (3.54)) and Cx is a constant
depending on X.

We give a proof of Lemma below. For now we apply it to estimate the term
(3.51)). We write the propagator e (*=90 in its resolvent representation (Fourier-Laplace
transform, see also equation (1.30) in [31]), for w > 0,

(®, Pretsir[em 1=k Pl A)Qgg 5.0)

-1 6i(t—s)( e B
= omi o CrE B PR (Lo — O R D)C (3.56)

where W = (Lo + 1)27(A)Qsr s0. Next we proceed analogously for e to obtain (set
T=1-—235)

eiTC
T()\’tjA> - l)\ 277'1 / dT/]R iw Z+1 /]Riw dC <C+1)2
X (@, (Ly — 2) "' (Lo — ¢)7'0), (3:57)

with ® = (Ly — i)?®. One shows that ¥ and @' are well defined and ||®'[|3, ||¥||5 < oo
by the arguments of Section [3.5] We divide the 7 integral into 7 € [0,1] and 7 € [1,¢], so

T(\t, A) = Ty(Mt, A) + To(\ £, A), (3.58)
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where T} is given by (3.57) with [} replaced by [; and |[Tx(\, ¢, A)| < C[A|. To analyze
Ty, we use (twice) that e'7¢ = .iage”( and integrate by parts in (, to arrive at

1(t T)z )
Ti(\tA) = 1)\ /dT—/ / d¢ €™
27” R—iw R—iw

xOZ{(¢+1) (P, (Ln — 2)~ i( — )W)} (3.59)
We now use Lemma to bound the term 9Z{(¢ +1i)7*(®’ ALy — 2)7' (Lo — O)710) ],

and we arrive at

t
d
T\ 2, A)| < cm/ Toop, izl (3.60)
1 7T

Note that in the application of Lemma , we took X = I, and ]\N‘l/Qad%(f)N_1/2]\ <
oo is guaranteed by the condition (A1) on the form factor g. This shows the relation
@ and hence . The proof of Theorem is complete, modulo a proof of Lemma
@, which we now present.

Proof of Lemma As in the proof of Theorem 3.1 in [32], one considers the
regularization Ly(«) = Lo+ ia N + M («), o > 0, where

— 1 —~ . - — . ™
I(a) = — s)elsP e iasD g D = dI'(io, 3.61
@) == [ 7 (0.) (3:61)
and f is the Fourier transform of a Schwartz function f satisfying f®) 0) =1, k =

0,1,2,... (so f(s) = e® near s = 0). The bound (3.55)) follows if the same (a 1ndependent)
bound can be shown with Ly, L, replaced by LA( ), Lo(a), see Section 3.1.1 of [32]. Let
us write for short R, = (Lx(a) —2) "t and S¢ = (Lo(a) —¢)~!. We also write X instead of
X in the remainder of the proof, and D for D, I for I. Note that Sy = e*?(Lo— ()~ te P,
Using that 9,(S¢)F = DSéC — SkD and O,R, = DR, — R.D + AR,Y R, where

Y = 0,1(c) — [D, I« \/_/ (is — 1) f(s)eP[D, I]e **Pds, (3.62)

we get

Oa(®, R.XS{W) = (®,DR.XS}V) — (P, R.XSIDV)
+(®, R.[X, D]S}¥) + M@, R.YR.XS}V). (3.63)

By expanding € [D, Ile7 P in in a power series in o and using that f*(0) = 1,
one derives the bound ||N_1/2YN 1/2|| < Cof, for any ¢ = 1,2,..., provided that
109 75g|l2 < 00 (j = 0,...,0+ 1, see also Proposition 3.4(1) of [32]). Combining this
bound on N~V2Y N~12 with || NV2R,D®|| < Ca~'/?||®|, (see Proposition 3.4(2) of
[32]) and ||R.||, [|S¢|| < C/a (see Proposition 3.3(1) of [32]), we estimate [(®, DR, X SFW¥)| <
Ca 3| NV2X N12||||®||2|[¥||> and the same upper bound for the second term on the
right side of . The third one is estimated by

(@, R.[X, DISEU)| < Ca” | NH21X, DINTY2( @l W2
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For the fourth term on the right side, we take £ = 1 to get |(®, R.YR.XS}¥)| <
Ca 3| N7V2X N12||®||1||¥||; (we also use the bound || NY2R, N/2|| < C, c.f. Propo-
sition 3.3(2) of [32]). All together, we obtain

10,(®, RXS20)| < Ca® ]| W] (3.64)
We integrate in a, using that [(®, R. X S{¥)[,—1 < C||®]| | ¥]], to obtain
(@, R.XSIW)| < C(1+a™?) |||l W] (3.65)

Now we use the bound to estimate the three first terms on the right side of
from above by C(1 + a~2)||®||3]|¥|3, provided that || N~Y2[[X, D], D] N~/2|| < co. The
norm is now | - ||3 due to the presence of the operator D in the first two terms of the
right side of . We use ¢ = 2 to estimate the last term on the right side of
and hence we get with a2 replaced by 2. Thus holds with a2 replaced
by a!. We now repeat the process one more time, using the latest bounds in ([3.63)
and integrating to obtain [(®, R.XSPW¥)| < C[|®||3||¥|l5. It is assumed that ¢ = 3 and
IN=V2[[[X, D], D], DIN 2| < c0.

This concludes the proof of Lemma [3.1 and hence that of Theorem [2.2] O]

3.4 Proof of Proposition [2.1

We first show Lemma [3.2] and [3.3] detailing some representation independent bounds on
polynomials of creation, annihilation and Weyl operators. Then we give the proof of

Proposition [2.1] starting at (3.80) below.
The number operator on the Fock space F (12.4) is given by

N =dl(1y) = / a*(k)a(k)dk. (3.66)
R3

We often write N for Iery ® N. In order to_alleviate the notation, in this section we will

use the symbol N for the number operator N, even though N also denotes the dimension

of the system Hilbert space.

Lemma 3.2 For any K € X UP and any € > 0, we have || Ke™V|| < co.

Proof of Lemma . Let K = a“)(f))---a"“9(f,) € P, where o; € {&1} and
aFV(f) = a*(f), a""V(f) = a(f). Let ¢ be a function defined on the integers and define
E(N) = > ,50&(n)Pyn=y,, where Py, is the spectral projection of N. The domain of
£(N) consists of vectors ¢ for which the series Y ., &(n)Py_,t converges strongly. Since
Py_na*(f) = a*(f)Pn=n—1 we have £(N)a*(f) = a*(f)&(N +1) and similarly £(N)a(f) =
a(f)E(N — 1), so in short, £(N)a (f) = a'(f)E(N + o). Taking £(N) = (N + £)Y/2,

K = a™ ()N + 07 (N 402l ()™ (£,
= a“(f)(N + 0OV (fy) - a(w)(fZ)(N 404+ Zﬁ:z o)

1/2

(3.67)
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We used (and will use below) the symbols - - - and - for the operation of multiplication of
operators. Using (N + £)~Y2(N + £)1/2 = 1 next to every a'°(f;) and pulling (N + ¢)1/2
to the right as in (3.67)) gives

K =a“"(fi)(N+ 072 ad(f)(N + 07" B, (3.68)
where
B = (N+OY(N+L+0 1) P(N+ Lt oy +000)" % (N L+ Y, 05)17?
< (N +20)%2. (3.69)

We know that [|a'@ (f)(N + 1)72|| < || f|lz2, see e.g. [6, 33]. It follows from ([3.68) and
[3.69).
1 e < [l fullge - [l fell 2 SUIN>(”+2€)£/2676”- (3.70)
ne

Now for 0 < € < 1/4 (which we can take without loss of generality), we have
NG
sup(n + 20)%e " < <—) (3.71)
neN 2€

and so it follows from (3.70) and (3.71)) that the statement of Lemma holds for K a
product of creation and annihilation operators and hence for all K € P. Next let

K = Zim Brea(f) ¢ x (3.72)
We expand the exponential,
00 if R ;
Ke™=3 S[> Brod(f)]e™ (3.73)
=0 " r=1

We then multiply out the product [S>% | B, ® af(f,))* into a sum of R’ terms, each term
being an element of the form H ® Q € P, where H € B(CY) and Q is a product of ¢

creation and annihilation operators. By (3.70), (3.71), ||Qe~N|| < C* (£/(2¢))*/? for some
constant C'. The norm of the general term in the series (3.73)) is bounded above by

@) om

it &
g[XBred)e

for another constant C' (depending on R) and the series converges for any € > 0 (and any
R), as is easily established using e.g. the ratio test. This shows that (3.73) is a bounded
operator. This concludes the proof of Lemma [3.2] 0

The domain of definition of the operator e, denoted Dom(e?"), is a dense set in F.

Lemma 3.3 Given any € > 0, all operators in € are well defined on Dom(e ).
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Proof of Lemma|3.5. To control products of operators, we note that Vs € R,

eNai(fle N = eFd(f) (375)
oSN i oIy Brgah(fy) j=sN eizileisBr@a”(ﬂ)? (3.76)

where the +s exponent is present for af = a* and the —s exponent for af = a. Equations

(3-75)., (3.76) show that
GSNQ:G_SN — Q:, VS c R. (377)

Let now K, e Y UP, a=1,...v. Then Ve > 0,

K, K,

— Kle—EN (€€NK2€_2€N) (GQENng—SeN) . <€(V_1)ENKV€_V€N)€V€N. (378)

For ¢ > 1 integer, e VN [,eteN = (=DeN [ o=(t=DeNe=eN = ¢, (e)e~N  where K (€) €
X UP is the K with all single-particle functions f, g replaced by e“V¢f and e~ ¢~Deg for
creation and annihilation operators, respectively, according to , . As shown
in Lemma [3.2] we have || K(e)e V|| < oo for any € > 0. It follows that

K- K,=Ke NEKye)e  NKs(e)e™ - K, (e)e N evN (3.79)

is a well defined operator on Dom(e**Y), for any € > 0. This completes the proof of
Lemma 3.3 M

Proof of Proposition 2.1, To prove Proposition [2.1] we consider

ps.p @ wrp(K*e™ Ae NK) = (Qgg g0, T(K*)e 2 1w (A)e 2 n (K)Qsr p0)  (3.80)
for some K € € and A € O. We only need to show the following result.
Lemma 3.4 We have ||7(K)Qsr g0l < oo for any K € €.

Proof of Lemmal[3.4. According to (3.12)) the operator 7(a*(f)) is the sum of a creation
plus an annihilation operator on the Fock space Hg, (3.3), and so we have ||mz(a*(f)) (N +
1)"12|| < co. Here, N is the number operator on the Fock space Hg, (3.3),

N = dD(1yy,). (3.81)

We can then proceed entirely analogously to the proof of Lemma to show that for all
K € P, we have ||1(K)e V|| < oo, for any € > 0. Next, let K be given by (3.72). From

(3-5), (3-8, (3.12) we get
(B, @ d'(f,)) = B, ® Is ® (aj(frs) + as(fr)), (3.82)
for functions f,., f._ € L*(R x S?). Tt follows that

7 (e T Broat(fn)) — o1 T Brlsla (frot)as(fr )] (3.83)
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Expanding the exponential as in (3.73|) and proceeding exactly as in the proof of Lemma
we see that ||7(el Zrs Breai (7)) e=<N|| < o0 for all € > 0.
So far in this proof, we have shown that

|m(K)e M| <00, Ve>0, VKeXUP. (3.84)

To see that ||7(K;--- K,)Qsrpoll < oo we proceed as in (3.78), inserting factors 1 =
—Lle N e N
e et N,

(K- K,) = 7(K)e N (eNr(Ky)e 2 N) o (e D Nr(K, e N e N (3.85)
All that is left to do is showing that for any ¢ > 1 integer,
e VN (K)e V|| < 00,  Ve>0, VK € XUP. (3.86)
We do this as above in Lemma [3.3] Indeed, we have for all s € R,

eSNa%(v)e_SN = eTag(v), ve LA(R x S?)
e N (e T Brodt (i) g=s N — (i Brdlsdleta (fros)eas(fro)], (3.87)

where again, +s and —s are for the creation and the annihilation operator, respectively,
as in (3.75)), (3.76). The bound (3.86) now follows from (3.84]) just as in the proof of
Lemma 3.3 This shows that

|m(K)e V|| < 00, [e“ VNr(K)e V|| <00, WeNe>0Ke€  (3.88)

This concludes the proof of Lemma and hence the proof of Proposition (2.1)) is com-
plete. 0

3.5 Set of regular vectors D and proof of (3.34)
As in [32] we define the norms || - ||;, for j = 0,1,2,..., on Hens (3-2):

loll; = 1+ D*¢ll,  D=dr(id,), D= PyDPylranp,- (3.89)

We have ||¢||x < ||¢||¢ for 0 < k < £. The dense set D C Hgns is given by
D={¢pecHaens : ||¢|lz < oo} (3.90)

We now verify that holds, where the two vectors ¢, ¢ are given by

¢ = 7?(K)7r’(eﬁHO/ZK@*ﬁHO/Q)QSR,ﬁ,o7
¢ = W(A)QSRﬁ,(). (391)
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We first show that ||¢||3 < co. We have

PHI2(B @ al (f))e PHo/2 = PHs/2Be=BHs/2 g qb(¢HOIF/2 f) (3.92)
oBHO/2 i I Br@ab(f;) ;—BH0/2  _  ,i0F, ePHS/2B e PHS2gat(e*PIN /2 ,) (3.93)

where the plus sign in the exponentials in , is present if a* = a* and the minus
sign if a* = a. Note that e™#s/2 is bounded and e™*/2f, € L2 so that the operators
and have the same structure as the operators in € (except that here, the
single-particle functions f appear with the weights e*#*l/2)_ Tt follows that analyzing ¢ in
(3.91) reduces to analyzing vectors of the form ¢’ = m(K)n'(K'){dsr 5,0, where K, K" € &,
and where € is the algebra defined by (c.f. (2.23))

¢y = LinSpan{K;--- K, : K; € XyUP, : n €N}, (3.94)

where Xy and Py are as X and P given in (2.22) and (2.21)), but with L2 . replaced by

cor

L2, (we do not assume e’¥lf € L2(R?, d3k)). Using that JN = N'J and NQgg g0 = 0,

we get

W(K)W/(K/)QSRB’() = T(K)JW(K/>JQSR75,0
= 7(K)e N JeNr(KNe >N JQsr p0. (3.95)

The relation together with (which holds for K € &) then shows immediately
that ||m(K)n'(K")Qsr ol < oo, for all K, K" € €. In other words, ||¢|lo < oo, where
this is the norm (3.89)) with j = 0 of the vector ¢, (3.91). We now show that [|¢]|s < occ.
Writing simply D for D (see ([3.89)) in the following argument, we have

o} = (¢, (1 + D*'¢) < Clg, (1 + D¥)p) = C([|4]* + | D¢l*), (3.96)
for a constant C' independent of ¢. It follows that ||¢||; < C(||¢]l + ||A7¢||). We thus only

need to show that || D3¢|| < oo, that is, we need to show that
| D37 (K7’ (K')Qsr poll < 0o, forall K, K' € &. (3.97)
We have for all & € R (see also (3.83))),

eiaDﬂ(eizle Br®aﬁ(f,))e—iaD _ 6i2§:1 Br®1s®a} (e~ fr, 4 )+ag (e~ fro)l (3.98)

Applying the operation —id,|,—¢ to the left side of (3.98) gives the commutator of D
with W(@iZfll BT®“u(fT)). To calculate the corresponding right hand side, we recall that

well-known formula for an operator family Y («) depeding on a € R,

1
8a€y(a):/ esY(oz)(aay(a))e(lfs)y(a)ds' (399)
0

Thus —i0,|a=0 applied to both sides of (3.98) results in the expression

Dw(eizil BT@“u(f’“)) — W(eizf:l BT@“ﬁ(fT))D =C, (3.100)
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where the commutator is

1
C = —/ W(@iSZ§:1 Br®aﬁ(fr))
0
§ ; R
X (Z B, @ 1s ® [a5(0ufr+) + aﬂ(aufr,—)Dﬂ'(@l(l_s) Zrmr Broaiin)) ds. (3.101)
r=1

Of course, C is not a bounded operator, as usual, but by (3.88)), we have
[Ce™ V|| < 00, [leNCe 2N < 0, Ve > 0. (3.102)

Next, using that Daj(v) — a(v)D = aj(id,v) for any v € L*(R x S?), we see that for
any polynomial P € Py, we have Dn(P) — n(P)D = C for an operator C satisfying
again . Let now L4,...,L, each be an operator belonging to Xy U Py. Then
Dn(Ly---Ly,) = w(Ly)Dn(Ly- - Ly) + Cym(Lg - - - Ly,), and keeping up commuting D to
the right through the operators L gives

Dr(Ly -+ Ly)=m(Ly - Ly,)D +C, (3.103)

where C satisfies (3.102)). Now since 7n’(-) = Jn(-)J and JD = D.J, we get with the same
argument that
Dr*(Ly)---7*(L,) = n*(Ly) - - -7*(L,)D + C, (3.104)

with C satisfying . Here, each 7% individually is either 7 or #/. Then by linearity,
the formula is also correct if each L; € &, (as opposed to being just an element
of XQ U P())

We now combine ((3.104) with the fact that D lsg g0 = 0 to conclude that holds
true for D3 replaced by D. In other words, we have ||¢||; < co. But applying D to both

sides of (3.104)) gives

D*r*(Ly)---7*(L,) = Dn*(Ly)---7%(L,)D + DC,
= 7%(Ly)---7*(L,)D? +CyD + DC;. (3.105)

We can commute D through C;, DC; = C;D + C’. The operator C' once again will satisfy
|C'e=<V|| < 00, any € > 0. This is easily seen since C; is a sum of products of elements in
Py and operators of the form . One may then proceed as above to show the bound
|C'e=N|| < oo, any € > 0. This shows that ||¢|ls < co. We repeat the procedure and
apply A to to conclude that ||¢||3 < oco. The only limitation on the number of
times we can repeat the procedure is that successive derivatives 0, of all functions f, .,
fr— involved should stay in L*(R x S?).

Each additional application of A requires one more such derivative to be L?. For
|¢]l; < oo we need the derivatives up to and including order j to be square integrable.
This condition for j = 0,...,3 is guaranteed by taking functions f(k) from the set L2
see the point (a) at the beginning of Section [2.2]
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This shows that ||¢||3 < co. Next we need to show that ||Ly¢||s < oo (see (3.34)). We
have
D*Ly = LyD® + 3IN'D* + A(ID? + 3, D* + 31,D + I3), (3.106)

where I, is the k fold commutator of I with D. We have [[I(N 4 1)""?|| < oo and
|7 (N +1)"Y2|| < co. It follows that ||Ly¢||3 < oo provided that

INDi¢|| <00, j=0,...,3 and [ LgD’¢| < . (3.107)

By the above arguments, we know that |[e*V¢| < oo and [e“N D3¢|| < oo for all € > 0,
so the bounds involving N in hold. To show that D3¢ € Dom(Lg) we repeat
the argument after above. Instead of commuting D through elements of €y, now
we have commute Ly through them. We have LRCLﬂB(U) - a%(v)LR = :I:aﬁﬂ(uv), where the

plus sign is for auﬁ = aj and uv is the function u - v(u, X). The multiplication by u of the
functions v(u, ¥) preserves the square integrability as guaranteed by the the definition of
L%, L2, (point (a) at the beginning of Section [2.2). The same argument as above then

obsy cor

shows that ||Lr D3¢|| < . )
We have shown so far that ¢, Lx¢ € D. To finish the proof of (3.34) we also need to
show that v, Ly € D, where ¢ = m(A)S2sr 5,0, see (3.32). According to (3.9) we have

(W (f)) = eies(af) — Gllag(maf)+ap(af)/V2 o . (3.108)

It follows that O C €, and hence showing 1, Ly € D is a special case of the proof that
¢, Ly¢ € D. This completes the proof of (3.34)). O

3.6 Level shift operators

The level shift operators A, are defined in (3.38]). As I contains two terms, see (3.21]), A,
is the sum of four terms,

A, = (3.109)

—PAG @ 1s ® 0a(759) }(Lo — € +104) " {G @ s ® ps(759) } Fe

+PAG ® 1s @ pa(139)} (Lo — e +104) " {1s ® CGC @ (e " *739)} P.

+P.{1s ® CGC ® wg(e’ﬁ“/27'5g)}(L0 —e+i0) G ® 15 ® ws(759)} P.

—P.{1s ® CGC ® @5(6_6”/27'59)}(L0 —e+i0) H{ls ® CGC ® goB(e_ﬁu/Qng)}Pe.

The partial trace over the reservoir part is calculated using the formula
Pryps(F)(Lo — e +104) " ps(G) Pr = 3 Prag(F)(Lo — e +104) " 'aj(G) Pr
-2

= 1PR/ F(u,2)G(u,X)(Ls — e +u+1i04) 'dudy, (3.110)
RxS2
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valid for any two functions F,G € L?*(R x S?). One obtains from (3.109)

A= (3.111)

—1Ps (G® ]ls)/ lo(lul, )|

— (Ls — e +u+i0y) "u’dudS (G ® 1s)Ps .
RxS2 ‘1 —€ u‘

—Bu/2 3 2
+1P, (G @ 1) / ¢ }g(’ﬂ’ ) (Ls — e +u +i0,) "u2duds (15 © CGC)Ps,
RxS2 |1 —€ u|
—Bu/2 ) 2
+%PS,e(ﬂS (%9 CGC) / ¢ ‘1 |g(e|uﬁ|;‘ >| (LS —e+u-+ i0+)_1u2dud2 (G ® HS)PS,e
RxS2 -

)2
—3Ps.(1s ® CGC) / M(Ls —e+u+i0,) "uPdudS (I ® CGC)Ps..

RxS2 |€Bu - 1|

The condition that A, should have simple spectrum can then be verified for concrete cases,
where g, G are given explicitly. Note that if e is a simple eigenvalue of Lg, then Ps. has
rank one and so A, has automatically simple spectrum. Note also that e = 0 is always
a degenerate eigenvalue of Lg. The explicit form of the level shift operators for several
models can be found in [27], 32]. Additional information on their structure is provided in
[29].
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