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Sections 9.2 and 9.3 Series Solutions Near an Ordinary Point,
Parts | and Il

>

>

The real number x,, ts an ordinary point ot the linear equation
Vit pen’ + gy = 0

if p and g are analytic at xg.

If xy is an ordinary point of
Y+ )y + gty = 0,

then the general solution has a representation of the form

oo
y= Z(l,,(.l — )" = apy () + @) valx),

n=0
where ap and ¢y are arbitrary, and v, and y; are linearly independent senes solutions
that are analytic at xg,
The series solutions y»; and y, can be found by formally substituiing
y= X2 dc —xg)" into ¥+ p(x)y +¢(x)y =0, grouping coefficients of like
powers of x — xp, and setting each coefficient in the resulting series equal to zero. This
yiclds a recurrence formula thai, in general, gives a, ., in terms of ag. ay,....a,,,
for each n = 0. Starting with arbitrary ay and a,, we can compute, in order, a,, ay, a,,
and so on. Choosing ay = 1 and &, = 0 then gives v, while choosing a4 = 0 and
a) = | gives v,. In some cases, a general formula can be found for the a,,.

The radius of convergence for each of the series solutions y| and v, 15 greater than, or
equal to, the mintmum of the radii of convergence of the series for p and ¢

Section 9.4 Regular Singular Points

>

The real number x; 15 a singular point of

Vi plhy gy =0
if either p or ¢ fails to be analytic al x,.
If xy is a singular point of ¥ + p(x)y’ + q(x)y =0 for which (x ~ xy)p(x) and
(x = xp) g(x) are both analytic at x,. then x, is a regular singular point: otherwise.
xy is an irregular singular point.
The Cauchy-Euler equation

A ay + fy=0

has a regular singular point at x=0. 1If the roots of the indicial equation
r(r = 1}+ar+ # = 0 are r; and r,, then general solutions of the Cauchy—Euler equa-
tion on either the interval x < 0, or the interval x > 0, arc

v =cplx|" + cpfr]?] © il rpand ry are real and not equal,
y={c; + ¢ in[x)]a]™, if #; and rs are real and equal,

y = |x)[ejcos(vIn [x]) + ey sin(vinfx]}],  ifrp,rp=pxivand v £ 0,

Sections 9.5and 9.6 Series Solutions Near a Regular Singular Point,
Partsl and Il

>

If x = 0 ts a singular point of the differential equation and each of the power seriey
aplx) = 3770 px and xPg(x) = 327 g, converges for 11| < p. where p > 0, then
x = 01s a regular singular point of

2 4 xplaOly + (K g0y = 0.
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P The method of Frobenius. Substituting a series of the form

- o0 [=¢]
5 — T | — i
y=¢r ) =x Zn,,.\‘ = Za”.\
n=0 n=0

into the equation yields the indicial equation
Flry=r(r— 1D +pyr+qy =0

and a recurrence relation
n=1

Fir+ma, + Zak[(r +AWPop t G ] =0, nxz
k=0

If the roots ry and r, of F(r} = 0 are real. with | > ry. then the general solution on
cither —p <x <QorG <y <pis

¥ =apy(x) + asya(x),

(0 = (4" [' + Yann "‘ﬁ]

n=]

where

and

lxl2[1 + E:’;l a,(r)x']. if r; — ry is not Zero or a positive integer,

=9 v nl] + x| F2 b (", iy =1,

ay () In x| + ¥ E:';I c (k. if 1y —ry = N, a positive inleger.

All the coefficients can be determined by substituting the form of the series solution

into x2y" + x[xp(0))y’ + {¥2g(x0))y = 0. the a, will necessarily satisfy the recur-

n—|

rence relation F(r +ma, + 3.~ a l(r + k)p, . + ¢,_;) = 0. All the power series
appearing in the solutions converge at least for |x| < p.

Section 9.7 Bessel’s Equation
P Bessel’s equation of order v,

Ay 07 =iy =0,

has a regular singular point at v = 0.

P The generai solution of Bessel's equation of order zero is v = ¢, Jyi0) + ¢, ¥yix),
x > 0, where

G —1 ™ 2m
Sy =1+ Z( L

)
me 27ty

and

) (_] )m+l H

2 X w2
Yylo)y = = = g — ")
o0 = = l(r + ln2)10(¥)+ ZI o ]

m=

P The general solution of Bessel’s equation of order one-hall is y=ody o+
¢y j2fx), & > 0, where

L 1/2
Jipl) = (;—:) cos X and Syl = (JT_.J.) sinx.

P The general solution of Bessel’s equation of order one 15 v = o J () + oY), x > 0,

where
] ”
¥ (_1 )m_l...m 3
l 2»;:022’"011 + )hn! ane 1) zrl Y2(¥) + (= In 23/ {x)].
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Section 10.3 Elementary Two-Point Boundary Value Problems
P The two-point boundary value problem
V4 py + gy = g(v), @ <a < p, My =y v = vy

is nonhomogeneous il at feast one of the boundary values y; and y, is nonzero, or

if the function g is nol everywhere zero. If both of the boundary values v, and v, are

zero, and g is the zero function, then the resulting two-point boundary value problem
Y 4pxY +4v=0, a<r<p,  Ma)=0, wH=0

is homogeneous.

P If v = 0 is the unique solution of the homogeneous two-point boundary value prob-
lem, then the nonhomogeneous two-point boundary value problem has a unique
solution.

P I the solution v = 0 of the homogeneous two-point boundary value problem is not

uniquc, then the nonhomogeneous two-point boundary value problem has either no
solution or infimitely many solutions

P The problem
Yi+edly=0, a<x<f, ya)=0, v =0

containing the parameter A is an example of a special type of two-point boundary value
problem, called an eigenvalue problem. Values of A for which nonzero solutions exist
are called eigenvalues, and the corresponding nonzero solutions are called eigenfunc-
tions.

Section 10.4 General Sturm-Liouville Boundary Value Problems

P The solution of many partial differential equations involves the solution of an eigen-
value problem that lies in the class of regular Sturm-Liouville boundary value prob-
lems:

[P ] — gy + Ar()y = 0, O<xy<l,
0,%(0) + 0,5/ (0) = 0, (1Y + 153 (1) =0,

where the functions p. p’. g. and r are continuous on the interval O < x < | and where
plx)>0and rix) > Oatall points in0 < x < 1.



P Properties of the eigenvalues and cigenvectors of a regular Sturm-Liouvifle problem
are:
P The eigenvalues and eigenfunctions are real.
P Eigenfunciions belonging to distinet eigenvalues are orthogonal with respect W the
weighted mner product defined by

|
{u. v}, = / i oex)y de =0,
§]

P The eigenvalues form an infinite sequence and can be ordered according 1o increas-
ing magnitude so that

M <hy<dy<- <A

H

72 oo -~
Moreover A, — oo asn — oo,

P The cigenvalues are simple, that is, there is only one independent cigentunction
associated with each eigenvalue.

Section 10.5 Generalized Fourier Series and Eigenfunction
Expansions

P If fandf belong to PCla. f]. and ¢, ¢4, ... arc the eigenfunctions of a regular Sturm—
Liouville problem, then the generalized Fourier series expansion is given by

o | \p ¢,

f(‘) o5 Z ('n(lbn(x)* Lf‘f\ = e

Iy <o, 1,5/

where the coefficients ¢, are defined as

#
, . o i) (), (x)dx R ]
(‘”= (fd)'l).&:j:ﬁ, T L fOl'ﬂ=1.2.---- (n_-_<+ Lfln>
(qbn' an >r K’ I‘(X)¢" (X)¢" (X) d)) g ‘
P If 2, and ¢, are the eigenvalues and eigenvectors, respectively, of the Sturm-Liouville
problem

LIv) = —[peep’) + gy = hr(x)y.
a0+ (0) =0, Ay +By'(1) =0,
then the associated nonhomogencous boundary value problem
LIy} = =Ip()y’) + gy = ur()y + £(x),
a0 + oy ©) =0, f()+fa'(1)=0,

may be solved by assuming a solution of the form v = ¢(x) = :°=| b, d,(x). Sub-
stituting this expansion into the nonhomogencous equation, using the relation

Lig,] = A,r¢,,. and using the orthogonality conditions (¢, ¢,,), = 0 for n £ nt yield

the following result:
Hﬂ«e Yn ) > The n%a_ﬂlge‘,

| = (), TR W

,r=l AHF;'
y=gx) = _ € e, ]C
Z"#m}\—’:{;tf),r(x) +od,().  ifu=h,and [ FOB, () dx =0, } VTN,
where ¢, = (f.¢,) &:lnd ¢ is an arbitrary constant. Co,
B0 ye=h,and {f.d,) g/(qé (), then the nonhomogeneous problem has no solution.
Con

o0 A ._),0 ~-(, =0
,_ﬁi..:_z (n\kﬂ"*) (’n/vl A ]
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Section 10.6 Singular Sturm-Liouville Boundary Value Problems
The differential operator L] ¥} = ~{p(x)y’']’ + g{x)y is said to be formally self-adjoint. The
corresponding differential equation

LI¥T = =[pCen') + g0y = Ar(x)y, D<x<l,
is said to be in self-adjoint form. If

() p.p’. q. and r are continuous on the interval 0 <xv<land

(i) p(x) > 0 and +{x) > O at all pointsin0 <x < |,

except at one or both endpoints of the interval [0, 1], then a boundary value problem for the
equation L{¥] = hr(x)y is said to be a singular Sturm-Liouville problem on (0. 1).

P Conditions for singular Sturm~Liouville problems that commonly occur in applications
are:

P Left endpoint singular, regular boundary condition at the right endpoint:
PO =0, ¥ + hyy(1) =0,
P Right endpoint singular, regular boundary condition at the left endpoint:
V(0) — i W0y = 0, (=0,
P Both endpoints singuiar: p{0) = p(1) = 0 and no boundary condition specified at
rx=0o0rx=1,

P Ifthereisa sufficiently large class of twice continuously differentiable functions on the
interval {0, 1), such that

!
/ {Lllo — ul]o]}dy =0
0

is true, in the sense of an improper integral. tor all u and & in the class, then the singular
Sturm-Liouville problem is self-adjoint. The set £ of X for which there are nonzero
solutions of L{@] = —[p(x)¢') + g{x) = Ar(x)¢ in this class is called the spectrum
of L. The set £ consists of only real numbers: it may be a discrete set of points (eigen-
values); it may be a subinterval of the real line (a continuous spectrum); or it may be
a mixture of discrete eigenvalues and a continuous spectrum.
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