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Abstract. This paper is devoted to the study of traveling waves for monotone evolution systems
of bistable type. In an abstract setting, we establish the existence of traveling waves for discrete
time and continuous-time monotone semiflows in homogeneous and periodic habitats. The results
are then extended to monotone semiflows with weak compactness. We also apply the theory to four
classes of evolution systems.
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1. Introduction

In this paper, we study traveling waves for monotone (i.e., order preserving) semiflows
{O:}:e7 with the bistability structure on some subsets of the space C := C(H, X') con-
sisting of all continuous functions from the habitat 2 (= R or Z) to the Banach lattice
X, where T = Z* or R is the set of evolution times. Here the bistability structure is
generalized from a number of studies for various evolution equations. It means that the re-
stricted semiflow on X admits two ordered stable equilibria, between which all others are
unstable. We focus on the existence of traveling waves connecting these two stable equi-
libria, which we call bistable (traveling) waves. This setting allows us to study not only
autonomous and time-periodic evolution systems in a homogeneous habitat (medium), but
also those in a periodic habitat. Moreover, the results obtained can be extended to semi-
flows with weak compactness on some subsets of the space M of all monotone functions
from R to X.

To explain the concept of bistability structure, we recall some related works on typical
evolution equations. Fife and McLeod [19, 20] proved the existence and global asymptotic
stability of monotone traveling waves for the reaction-diffusion equation

Uy =uyy +u(l —u)(u—a), xeR,t>0, (1.1)
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where a € (0, 1). Clearly, the restriction of system (1.1) to X = R is the ordinary differ-
ential equation u’ = u(1 —u)(u—a), which admits a unique unstable equilibrium between
two ordered and stable ones. The same property is shared by the nonlocal dispersal equa-
tion in [4, 16, 46] and the lattice equations in [3, 49, 50]. Chen [13] studied a general
nonlocal evolution equation u; = A(u(-, 1)), which also possesses the above bistabil-
ity structure. Some related investigations on discrete-time equations can be found in [27,
15]. For the time-periodic reaction-diffusion equation u; = u,x + f (¢, u), the spatially
homogeneous system is a time-periodic ordinary differential equation. In this case, the
equilibrium in the bistability structure should be understood as the time-periodic solution.
Under such bistability assumption, Alikakos, Bates and Chen [1] obtained the existence
of bistable time-periodic traveling waves. Recently, Yagisita [46] studied bistable travel-
ing waves for discrete-time and continuous-time semiflows on the space consisting of all
left-continuous and nondecreasing functions from R to X = R under the assumption that
there is exactly one intermediate unstable equilibrium. It should be mentioned that the
result in [46] for continuous-time semiflows requires an assumption on the existence of a
pair of upper and lower solutions.

Note that the restrictions to X = R of the aforementioned systems are all scalar
equations, and hence there is only one unstable equilibrium in between two stable ones.
But in the case where X = R”, there may be multiple unstable equilibria. This is one of
the main reasons why some ideas and techniques developed for scalar equations cannot be
easily extended to higher dimensional systems. Volpert [36] established the existence and
stability of traveling waves for the bistable reaction-diffusion system u; = DAu + f(u)
by using topological methods, where D is a positive definite diagonal matrix. Fang and
Zhao [18] further extended these results to the case where D is semi-positive definite via
the vanishing viscosity approach.

Consider the following parabolic equation in a cylindrical domain ¥ = R x Q:

(1.2)

ur=Au+a(uy+ fw), xeR,y=0O1,...,¥n-1) € 2, t >0,
ou/dv =0 onR x a2 x (0, 00),

where f is of the same type as the nonlinearity in (1.1) and €2 is a bounded domain with
smooth boundary in R"~!. Obviously, the restriction of the solution semiflow of (1.2) to
X = C(22, R) gives rise to the following x-independent system:

{u,:Aqurf(u), y€EQ, >0, (1.3)

ou/dv =0 on 92 x (0, 00).

One can see from Matano [30] (or Casten and Holland [12]) that any nonconstant steady
state of (1.3) is linearly unstable when the domain €2 is convex. It follows that if
is convex, then (1.2) admits the bistability structure: its x-independent system has two
(constant) linearly stable steady states, between which all others are linearly unstable.
In such a case, Berestycki and Nirenberg [11] obtained the existence and uniqueness
of bistable traveling waves. In the case where 2 is an appropriate dumbbell-shaped do-
main, Matano [30] constructed a counterexample to show that (1.3) has stable nonconstant
steady states, and Berestycki and Hamel [6] also proved the nonexistence of traveling
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waves connecting two stable constant steady states. For bistable traveling waves in time-
delayed reaction-diffusion equations, we refer to [31, 35, 29, 37]. For such an equation
with time delay t > 0, one can choose X = C([—t, 0], R) so that its solution semiflow
has the bistability structure.

Recently, there is an increasing interest in reaction-diffusion equations in periodic
habitats. A typical example is

ur = (duy)y + f(w), xeR,t>0, (1.4)

where d € C!(R,R) is a positive periodic function with period » > 0. Define ) :=
C([0,r],R) and Cpe;(R, R) :={g € C(R,R) : g(x +r) = g(x), ¥Vx € R}. It is easy to
see that

CR,R)={geC@FZ,Y):gtri)r) =g+ 1)), Vi € Z} =: K,

and that any element in Cper(R, R) is a constant function in IC. Thus, the solution semi-
flow of (1.4) on C(R, R) can be regarded as a conjugate semiflow on /C, and hence the
bistability structure should be understood as: the restriction of the solution semiflow of
(1.4) on Cper(R, R) has two ordered r-periodic steady states, between which all others
are unstable. Assuming that the function f is of bistable type, Xin [43] obtained the ex-
istence of a spatially periodic (pulsating) traveling wave as long as d is sufficiently close
to a positive constant in a certain sense (see also [44, 42]). However, whether the solu-
tion semiflow of (1.4) admits the bistability structure has remained an open problem. We
will give an affirmative answer in Section 6.3 and further improve Xin’s existence re-
sult. Meanwhile, a counterexample will be constructed to show that the solution semiflow
of (1.4) has no bistability structure in the general case of varying d(x). More recently,
Chen, Guo and Wu [14] proved the existence, uniqueness and stability of spatially peri-
odic traveling waves for one-dimensional lattice equations in a periodic habitat under the
bistability assumption. There are also other types of bistable waves (see, e.g., [7, 33]). For
monostable systems in periodic habitats, we refer to [5, 8, 9, 22, 23, 26] and references
therein.

In general, there are multiple intermediate unstable equilibria in between two stable
ones in the case where the space X is higher dimensional. Meanwhile, it is possible for
the given autonomous system to have intermediate unstable time-periodic orbits in X.
These make the study of bistable semiflows more difficult than that of monostable ones,
whose restrictions to X have only one unstable and one stable equilibrium. To overcome
these difficulties, we will show that all these unstable equilibria and all points in these pe-
riodic orbits are unordered in X under some appropriate assumptions. With this in mind,
a bistable system can be regarded as the union of two monostable systems, although such
a union is not unique. From this point of view, we establish a link between monostable
subsystems and the bistable system itself, which plays a vital role in the propagation of
bistable traveling waves. This link is stated in terms of spreading speeds of monostable
subsystems (see assumption (A6)). For spreading speeds of various monostable evolution
systems, we refer to [2, 8, 22, 25, 26, 28, 38, 39, 48] and references therein.

Next we use a diagram to outline the proofs. For case (I), we combine the above ob-
servations for general bistable semiflows and Yagisita’s [46] perturbation idea to prove
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(VII) time periodic

/ \

) T=2+,H=R (i) T=%Z%, H =17 |—>|(VI) weak compactness
v v

(D) 7=R*, # =R|—=|(IV) T=R*, H =Z[——=| (V) periodic habitat

Fig. 1. Scheme of the proof.

the existence of traveling waves. For case (III), we use the candidates ¢+ (x + c+ ¢n)
for bistable waves of the discrete-time semiflows {(Qs)"},>0 to approximate that of the
continuous-time semiflow {Q,};>¢. This new approach heavily relies on an estimation of
the boundedness of (1/s)c+ s as s — 0, which is proved surprisingly by using the bista-
bility structure of the semiflow (see inequalities (3.9) and (3.10)). It turns out that our
result does not require the assumption on the existence of a pair of upper and lower solu-
tions as in [46]. In case (II), both the evolution time 7 and the habitat # are discrete, a
traveling wave v (i +cn) of { Q" },>0 cannot be well defined in the usual way because the
wave speed ¢, and hence the domain of ¥, is unknown. So we define it to be a traveling
wave on R of an associated map 0. However, O has much weaker compactness than Q.
To overcome this difficulty, we establish a variant of Helly’s theorem for monotone func-
tions from R to X" in the Appendix, which is of independent interest. This discovery also
enables us to study monotone semiflows in a periodic habitat and with weak compact-
ness. Further, we can deal with case (IV) by a similar idea to that in case (III) because
now traveling waves in case (II) are defined on R. Traveling waves for a time-periodic
system can be obtained with the help of the discrete-time semiflow generated by the as-
sociated Poincaré map. Motivated by the discussions in [26, Section 5], we can regard a
semiflow in a periodic habitat as a conjugate semiflow in a homogeneous discrete habitat,
and hence we can employ the arguments for cases (II) and (IV) to establish the existence
of spatially periodic bistable traveling waves.

The rest of this paper is organized as follows. In Section 2, we present our main
assumptions as well as their explanations. In Section 3, we deal with discrete-time, contin-
uous-time, and time-periodic compact semiflows on some subsets of C. In Section 4, we
extend our results to compact semiflows in a periodic habitat. In Section 5, we further
investigate semiflows with weak compactness. In Section 6, we apply the abstract results
to four classes of evolution systems: a time-periodic reaction-diffusion system, a parabolic
system in a cylinder, a parabolic equation with periodic diffusion, and a time-delayed
reaction-diffusion equation. Finally, a short appendix section completes the paper.

2. Notation and assumptions

Throughout this paper, we assume that X is an ordered Banach space with the norm || - || x
and the cone X'T. Further, we assume that X is also a vector lattice with the following
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monotonicity condition:

Ixlx < lylx = llxlx <yl

where |z|x := sup{z, —z} denotes the least upper bound of z and —z. Such a Banach

space is often called a Banach lattice. We use C (M, R9) to denote the set of all continuous

functions from the compact metric space M to the d-dimensional Euclidean space R¢. We

equip C (M, R?) with the maximum norm and the standard positive cone consisting of all

nonnegative functions. Then C (M, Rd) is a special Banach lattice, which will be used in

this paper. For more general information about Banach lattices, we refer to the book [32].
Let the spatial habitat / be the real line R or the lattice

rZ.={...,=2r,—r,0,r,2r,...}

for some positive number r. For simplicity, we let » = 1. We say a function ¢ : H — X
is bounded if the set {||¢ (x)||x : x € H} is bounded. Throughout this paper, we always
use B to denote the set of all bounded functions from R to X', and C to denote the set of
all bounded and continuous functions from H to X. Moreover, any element in X’ can be
regarded as a constant function in B and C.

In this paper, we equip C with the compact-open topology, that is, a sequence ¢,
converges to ¢ in C if and only if ¢, (x) converges to ¢ (x) in X uniformly for x in any
compact subset of H. The following norm on C induces this topology:

o0

Iglle = 3 MRk IO =gy o @1

k
k=1 2

Clearly, if H = Z, then ¢, — ¢ with respect to the compact-open topology if and only if
¢n(x) = ¢(x) pointwise in x € Z.

We assume that Int(X' 1) is not empty. For any u, v € X', we write u > v provided that
u—v € X, u> vprovidedu > vbutu # v, and u > v provided that u — v € Int(X'™).
A subset in X is said to be totally unordered if no two elements are ordered. For any
¢, ¥ €C, ¢ >y provided that ¢ (x) > ¥ (x) forall x € H, ¢ > ¢ provided that ¢ > ¢
but ¢ # ¥, and ¢ > ¢ provided that ¢(x) > Y (x) forall x € H. Forany y € X
withy > 0, wedefine X, :={ue X :y>u>0,C ={pecC:y>¢ >0}
and B, := {¢p € B:y > ¢ > 0}. For any ¢, ¥ € C, the interval [¢, ¥]c is the set
fwel:¢<w=<y},[[od,¥]lcistheset {w € C : ¢ K w K v}, and similarly for
[¢, ¥]lc and [[¢, ¥]c. For any u < v in X, we define [u, v]y, [[u, v]lx, [[#, v]x and
[#, v]]x in a similar way.

Let 8 € Int(X ™) and Q be a map from Cgp to Cg. Let E be the set of all fixed points
of Q restricted to Xjg.

Definition 2.1. For the map Q : Xg — A}, a fixed point « € E is said to be strongly
stable from below if there exist a number § > 0 and a unit vector e € Int(X*) such that

Qlo —ne] > a —ne forany n € (0, &]. 2.2)

Strong instability from below is defined by reversing the inequality in (2.2). Similarly, we
can define strong stability (and instability) from above.
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Given y € H, define the translation operator 7, on B by Ty[¢](x) = ¢(x — y). Assume
that 0 and B are in E. We impose the following hypotheses on Q:

(A1) (Translation invariance) Ty o Q[¢] = Q o Ty[¢]forall ¢ € Cgand y € H.

(A2) (Continuity) Q : Cg — Cpg is continuous in the compact-open topology.

(A3) (Monotonicity) Q is order preserving in the sense that Q[¢] > Q[¢¥] whenever
¢ > ¥ in Cg.

(A4) (Compactness) Q :Cg — Cg is compact in the compact-open topology.

(AS) (Bistability) The fixed points 0 and g8 are strongly stable from above and below,
respectively, for the map Q : Xg — A, and the set E \ {0, B} is totally unordered.

Note that the above bistability assumption is imposed on the spatially homogeneous map
0 : X5 — Xp. We allow the existence of other fixed points on the boundary of Xg so
that the theory is applicable to competitive evolution models. The unordering property
of E \ {0, B} can be obtained by the strong instability of all fixed points in this set if
the semiflow is eventually strongly monotone. More precisely, a sufficient condition for
hypothesis (A5) to hold is:

(A5') (Bistability) Q : Xg — Xj is eventually strongly monotone in the sense that there
exists m € Zy such that Q™ [u] > Q™[v] for all m > m whenever u > v in Xjg.
Further, for the map Q : X — A, the fixed points O and § are strongly stable
from above and below, respectively, and each @ € E \ {0, 8} is strongly unstable
from both below and above.

Figure 2 illustrates the bistability structures in (A5) and (A5’). Next we show that (A5')
implies (AS). In applications, however, one may find other sufficient conditions for (AS)
to hold, weaker than (A5).

B-3gep B-8ge,

o+d et
o

8.e : 3.e,
()

0 0

Fig. 2. Left: the set E satisfying (A5). Right: the set E satisfying (A5').

Proposition 2.1. If (A5') holds, then for any a1, ar € E \ {0, B}, we have a; # ap and
oy £ aj.

Proof. Without loss of generality, we only show o1 £ a2. Assume for contradiction that

a1 < az. Then o1 = Q™ [a1] € Q™ [a2] = ap. Since «; is strongly unstable from
above, there exist 4, > 0 and ey, € Int(X ™) such that ug := o) + S a; € [lar, a2]ly
and Q[ug] > ug. Define the recursion u, 1| = Q[u,],n > 0. Then u, is convergent

to some ¢ € X with ¢ < « < a2 due to hypothesis (A4). By the eventual strong
monotonicity of Q, we see that

Up = le[un—ml] < le[un—i-l—m]] =Upt+1 K le[a] =, Vn > mj.
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Since « is strongly unstable from below, we can find §, > 0 and e, € Int(X™) such that
Ola — dey] K a — dey forall § € (0, §4]. Choose ny > my such that u,, > a — dye,.
Define 1 := sup{d € (0, 8q] : uy, < o — dey}. Thus, u,, & o —ndy. On the other hand,

up, Ltp+1 = Qluy ] < Ola — nea] K a — ey,

a contradiction. O

Due to assumption (AS5), for any given « € E \ {0, B}, we have two monostable subsys-
tems: {Q" },>0 restricted to [0, a]c and [e, Blc, respectively. With this in mind, we next
construct an initial function ¢, so that we can define the leftward asymptotic speed of
propagation of ¢, , and then present our last assumption.

Note that in (AS) we do not require o > 0 or @ < B in X. But assumption (A5) is
sufficient to guarantee that @ and § can be separated by two neighborhoods in [«, 8],
and a similar claim is valid for 0 and « (see Lemma 3.1). In view of assumption (AS), we
can find g > 0 and a unit vector eg € Int(X T) such that

OB —negl > B —neg, Vn e (0,84]. (2.3)

Define
v, = sup{a, B — dgeg}. 2.4)

Hence, Q[v, ] > O[B — dgeg] > B — dpep. This, together with the definition of v, in
(2.4), implies that there exists a neighborhood A of Qlvy]in [e, Blx such that v, < y
for all y € NV. Choose a nondecreasing initial function ¢, € Cg with

¢y (x) =0, Vx <—1, and ¢, (x)=v,, Vx > 0. 2.5)
It then follows from assumptions (A1), (A2) and (AS5) that
lim Q[¢, 1(x) = Qlg, (00)](0) = Qlv, 1,
X—>00
and hence there exists o > 0 such that

Olpg 1(x) > B —8geg and Qlp 1(x) >v,, Vx>0 —1.

Define a sequence a, , of points in X" as follows:

ano = Q"¢ 1on), n=1.

Then
a0 = 0%[¢,120) = Q[Q[¢; 1(- + 0)](0) = Ol 1(0) = a1 0.
By induction, we see that a, » is nondecreasing in n. Thus, assumption (A4) implies that
an,s tends to a fixed point e with e > aj s > B — dgeg. Therefore, e = .
By the above observation, we have

Bz lim 0"¢;10) = lim Q"¢ )om) = lim a, =B,
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and hence
(—00,—0] C A@;) = [ceR: _ lim_ 0"l¢;1(x) =p].

Define
c* (a, B) :=sup A(d,,). (2.6)

Clearly, c* (o, B) € [—0,00] and (=00, c* (o, B)) C A(¢p,). We further claim that
¢* (a, B) is independent of the choice of ¢, as long as ¢, has the property (2.5). In-
deed, for any given ¢ with the property (2.5), we have

g (x—1) <) =g, (x+1), VxeH
It then follows that for any ¢ € A(¢, ) and € > 0,

= _lim Q"¢ 1(x)= - 0"[¢g 1(x — 1)

n—00, x>—cn ,x>—(c—e)n

< lim 0"[#1(x) = lim 0"y 1(x + 1)

n—o0, x>—(c—e)n n—o00, x>—(c—€)n

= lim  0"[¢,1(x) =B,
n—o00, x>—cn
which implies that ¢ — € € A(¢), and hence sup A(¢, ) = sup A(¢). For convenience,
we may call c* (o, B) the leftward asymptotic speed of propagation of ¢, .
Following the above procedure, we can find 8y > 0 and ey € Int(X™) such that

Qlneo]l < neo,  Vn € (0, o] 2.7

Here we emphasize that 8¢, eg above and g, eg will play a vital role in the whole paper
because they describe the local stability of the fixed points O and B. Similarly, we can

define

+ .
a T

v inf{a, Speo}.

Let ¢ € Cg be a nondecreasing initial function with
¢;(x)=a, Vx>1, and qb;(x)zv;, Vx <0.

For the same reason, we define

(0, @) = sup{c eR: lim Q"¢ ](x) = 0}, (2.8)
n—o00, x<cn
which is called the rightward asymptotic speed of propagation of ¢ As showed above,
these two speeds are bounded below, but may be plus infinity. To better understand these
two spreading speeds, see Figure 3 (left).
Now we are ready to state our last assumption on Q:

(A6) (Counter-propagation) For eacha € E \ {0, B}, c¢* (a, B) + ¢ (0, @) > 0.
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B B
””””””” V“ N~ - Vu
(o) ‘71 lY‘ c,(.p)
o o
-1 0 1 -1 0 1
c'(0,0) c’(0,0)
,,,,,,,,,,,,, v, [ v,
0 0

Fig. 3. Left: ¢* («, B) and ¢} (0, @). Right: ¢ («, B) and ¢* (0, ).

Assumption (A6) ensures that the two initial functions in the left part of Figure 3 will
eventually propagate in opposite directions although one of these two speeds may be neg-
ative. It is interesting to note that assumption (A6) is nearly necessary for the propagation
of a bistable traveling wave. Indeed, if a monotone evolution system admits a bistable
traveling wave, then it is usually unique (up to translation) and globally attractive (see,
e.g., Remark 6.2). This implies that the solution starting from the initial data %(q&j +éy)
converges to a phase shift of the bistable wave. If ¢* (a, 8) + ¢} (0, @) < 0, then the com-
parison principle would force the solutions starting from ¢f to split the bistable wave.

Comparing this with the definition of spreading speeds (short for asymptotic speeds
of spread/propagation) for monostable semiflows (see, e.g., [2, 26]), one can find that the
leftward spreading speed of the monostable subsystem {Q"},>¢ restricted to [a, B¢ is
shared by a large class of initial functions, and in many applications, it equals ¢* («, 8).
A similar observation holds for ¢’} (0, ). Thus, for a specific bistable system, assumption
(A6) can be verified by using the properties of spreading speeds for monostable subsys-
tems.

Remark 2.1. If we consider the nonincreasing traveling waves, then we can similarly
define the numbers ci (a, B) and c¢* (0, @) (see Figure 3 (right)). Then (A6) should be
stated as ¢ (o, B) + ¢* (0, &) > 0.

3. Semiflows in a homogeneous habitat

We say a habitat is homogeneous for the semiflow {Q;},c7 on a metric space £ C C if

Oilgpl(x —y) = Qi =), Vpel x,yeH, 1€T.

In this section, we will establish the existence of bistable traveling waves for the semiflow
{O:}ie7 on &€ in the following order: discrete-time semiflows in a continuous habitat,
discrete-time semiflows in a discrete habitat, time-periodic semiflows, continuous-time
semiflows in a continuous habitat, and continuous-time semiflows in a discrete habitat.

3.1. Discrete-time semiflows in a continuous habitat

In this case, time 7 is discrete and habitat # is continuous: 7 = Z* and H = R. For
convenience, we use Q to denote Q1, and consider the semiflow {Q"},>0, where Q" is
the n-th iteration of Q.
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Definition 3.1.  (x + cn) with ¢ € C is said to be a traveling wave with speed ¢ € R of
the discrete semiflow {Q"},>¢ if O"[¢¥](x) = ¥ (x + cn) forallx € Rand n > 0.
We say that ¥ connects 0 to B if Y (—00) = limy__oo ¥ (x) = 0 and ¥ (oc0) :=
limy— 0 ¥ (x) = B.

We first show that 0 and § are two isolated fixed points of Q in X if (A5) holds.

Lemma 3.1. Let 8¢, ey and g, eg be chosen so that (2.7) and (2.3) hold, respectively.
Then E N Xs5ye, = {0} and E N [B — dgep, Blx = {B}).

Proof. Assume for contradiction that 0 # o € E N Xj,¢,. Define
5 :=inf{8 € (0, 8] : « € [0, Seglx}.

Then o < Jep but & ¢ [0, Seoll x . However, by the monotonicity of Q and the fact that
0 is strongly stable, B B
a = Qla] < Q[deg] K deo.

This contradicts « ¢ [0, Seo]])(. Hence, E N X, = {0}. Similarly, E N [B — dgeg, Blx
= {B}. o

Choose § > 0 such that
8 <min{dg, g} and deyg K B — deg. 3.1

Assume that 1_# and 1Z are nondecreasing functions in C(R, X) with

_ 0, x <0, - _ deg, x < —1,
%(x)—{ﬂ_aeﬂ’ Loy w(x>—{ﬂ .

Clearly y < . We have the following observation.

Lemma 3.2. Assume that Q satisfies (A1)—(A3) and (AS). Then there exists a positive
rational number ¢ such that for any ¢ > ¢, we have

OIYI(x) = Y(x —¢) and QIY1(x) <Y (x+¢) foranyx €R.

Proof. Assume that x,, — o0 is an increasing sequence in R. Then v, := 1_//(- + x)
converges to B — deg in Cg since Y(x) = B — dep for all x > 1. It then follows from
(A1)-(A2) and (AS5) that

OlY1(00) = lim Q[Y1(x) = lim QIY(: +x)1(0) = OB — Sey] > B — dep.

Therefore, there exists yp > 0 such that Q[g_[f](yo) > B — deg. Note that Q[l_p](x) is
nondecreasing in x. Then for any ¢ > yg we have

OYl(x) = Q[Yl(yo) = B —deg = Y(x —c¢), Vx = yo,

and

O[Y](x) = 0=9(0) = ¥(x — yo) = ¥(x —¢), Vx < yo,
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which means Q[l_//] (x) > 1_p(x —¢) for all ¢ > yyp. Similarly,
Q[J1(—00) = lim Q[Yl(—x,) = lim Q[ (- —x)1(0) = Qldep] <K Seg = V(—00),

and hence there exists zo > 0 such that Q[/](x) < ¥ (x + ¢) for all ¢ > zg. Choosing
¢ = max{yp, zo} completes the proof. O

Let «;, := (n + ¢)/n. Clearly, «,, is a rational number for all n > 1. F(zr any £ € R, define
amap Ag : B — Bby Ag[¢](x) = ¢(§x) for all x € R. Define ¥, ¥ € Cg by

Yn(X) =Y(x —(n+0) and Y, (x) =P (x + (1 + 7).

Lemma 3.3. Assume that Q satisfies (A1)~(AS). Then for eachn € N, G, := Q o A,
has a fixed point ¢y, in Cg such that ¢, is nondecreasing and Yn < én < Y.

Proof. We first show that 110,, <G n['ﬁnl Indeed, when x < n we have
Yn(x +8) < Yn(n +8) = Y(0) = 0 < Ag, [Yu](x);

when x > n we have

Ay [ 1) = Y (k) = Yo (x + %x) > Yulx + ),

and hence 1_&,1 (x +¢) < Ay, [1_/fn](x) for all x € R. Consequently, by the monotonicity
of Q and I_/f(x) < Q[I_//] (x 4+ ¢) (see Lemma 3.2) we obtain

Yn(x) < QYnl(x +0) < Q 0 Ay, [¥n](x) = Gl ](x).

Similarly, ¥, > G,[,]. It follows that

Y < Gylyn] < Gh[Ym] < Y. VkeN. (3.2)
For any k > 1, we have
Gh[Ynl = G o GE [yl € G,[Cpl. (3.3)

Since G, is order preserving and l_p,, (x) is nondecreasing in x, we know that Gﬁ[l_/fn](x)
is nondecreasing in both k and x. Recall that G, is compact due to assumption (A4).
It follows that G’,j[vlbn] converges in Cg. Denote the limit by ¢,. By (3.2), we also get

1_p,, < ¢, < 1&,,. Moreover, ¢, (x) is nondecreasing due to Proposition 7.1(2). Obviously,
bu = lim GEF'[y] = Gu[ lim Ghlval| = Gull
k— 00 - k— 00 -

This completes the proof. O

The following lemma reveals a relation between the wave speeds of monostable traveling
waves in sub-monostable systems and the numbers defined in (2.6) and (2.8).



2254 Jian Fang, Xiao-Qiang Zhao

Lemma 3.4. Let c* (a0, B) and c* (0, @) be defined as in (2.6) and (2.8). Assume that Q
satisfies (A3). Then the following statements are valid:

(1) If ¥ (x 4 ct) is a monotone traveling wave connecting o to B of the discrete semiflow
{Q"}n=1, then ¢ = c* (a, B).

2) If ¥ (x + ct) is a monotone traveling wave connecting 0 to o« of the discrete semiflow
{Q"}u=1, then ¢ < —c% (0, ).

Proof. We only prove (1) since the proof of (2) is similar. In view of Lemma 3.1, there
exists a neighborhood NV of B in [a, 8] such that

v, <V, Vyewn,

where v, is defined in (2.4). Since ¥ (—00) = « and ¥ (0c0) = B, there must exist a
translation of v, still denoted by v, such that ¢, < . Assume for contradiction that
¢ < c*(a, B). Choose g/p € (c, c* (a, B)) with p, g € Z. It follows from (2.6) that

B = lim Q”"[as;](—% -pn) < lim Q""[y)(—qn)
= lim ¥(—qn+ cpn) = (—00) =,

a contradiction. Thus, ¢ > ¢* (a, ). O
Now we are ready to prove the main result of this subsection.

Theorem 3.1. Assume that Q satisfies (A1)—(A6). Then there exists ¢ € R such that
the discrete semiflow {Q"},>1 admits a nondecreasing traveling wave with speed ¢ and
connecting 0 to 8 .

Proof. The proof is in three steps. Firstly, we construct ¢, ¢_ € Cgandcy <c_ € R
such that

OQlp+1(x) =4 (x +c4) and Qlp-_](x) = p_(x +c-)
with
#-(0) € (0,8e0lxy and ¢4 (0) € [B —dep, Bx.
Indeed, let ¢, be as in Lemma 3.3. Since 0 < ¥/ (—1) = 8eg < Y1) = —dep < B
and 1_#,, < ¢, < V¥, we have

U(=1) = PYp(—=1 — (1 + 7)) > dpp(—1 — (n + 7)),
(D) =Y (14 (1 + 7)) < ¢u(1 + (n 4 0)).

Now we define

an = sup{gn(x) € [0, deolae}, by = inf {§y(x) € [ —dep, Bl).

xeR

Then

—l-+o)<an<by =1+ n+0), ¢nlan) <deo =B —deg < Pu(bn).
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Define ¢_ ,, (x) := ¢, (x + a,) and ¢ ,(x) := ¢ (x + by). Then
¢—,n = ¢u(-+an) = Gulonl(-+an) = Qlen(kyn)1(-+ay) = Oldn(kn(-+ay))] € Q[Cﬂ]

Similarly, ¢+, = Qlén(kn(- + by))] € Q[Cg]. Thus, there exists a subsequence (still
indexed by n), two nondecreasing functions ¢_, ¢4 € Cg and £_, &, € [—1, 1] with
&_ <&, such that

m g lim g Timé. ¢, lim e = by

n—»oo n n—»oo n n—00 n—o00
Obviously, ¢_(0) = lim,— ¢y, (a,) and ¢4 (0) = lim,,— o ¢, (b,). By the definitions of
ap and b,, we immediately have ¢_(0) # 0 and ¢, (0) # B, and hence 0 < ¢_(0) <
Y (—1) = Seg and B — Sep = Y(1) < ¢4+ (0) < B. Define c_ := —¢&_ and ¢ := —C&y.
Obviously, c_ > ¢4 because &_ < &,.

We only prove Q[¢_](x) = ¢_(x + c—) because the proof of the other identity is

similar. Note that the following limit is uniform for x in any bounded subset M C R:

lim «,(x +a,) —a, = lim <x+5~ x—l—an) =x—c_.
n—00 n—00 n

Hence for any x € R,

-(x+eo) = lim ¢ u(x+c) = lim g(r+e+a) = lim Gulgnl(x+c-+an)
= lim_ QI (6 )](r +c-+a) = lim Qe (6 (- +a)(x +c-)
= lim_ Qlp—en (- +an) —an)(x +c-) = Q-1(x), (34)

where the last equality is obtained from Proposition 7.2(2) and the continuity of Q.
Secondly, we prove that ¢4 (x) obtained in the first step have the following properties:

(1) ¢—(—00) =0and ¢, (c0) = B;

(1) ¢—_(00) and ¢4 (—o0) are ordered.

Indeed, let x, — oo be an increasing sequence in R. Note that ¢_ (x,,) = Q[¢_(- —c— +
x,)1(0) € Q[Cpl(0), which is precompact in Xg. Therefore, there exists a subsequence
{n;} and v € X} such that lim;_, o ¢_(x,,) = v, which, together with the fact that ¢_
is nondecreasing and Proposition 7.2(1), implies that ¢_(0c0) = limy_ o ¢_(x) = v.
Moreover, from (3.4) we see that ¢ (0c0) € Xp is a fixed point of Q. Similar results
hold for ¢_(—00) and ¢ (F00). Recall that ¢_(—00) < ¢_(0) < Sep and ¢4 (oc0) >
¢+(0) > B — deg, which, together with the choice of §, implies that ¢_(—00) = 0 and
¢4 (00) = B. Further, since any two real numbers are ordered, there exist sequences

{n}nZO D) {nlm}mzl ) {n2m}mz2 DD {nkm}mzl DR
such that for each k > 1,

k+ay,, <—k+by,,,Ym=>1, or k+a,, >—k+by,, Ym=>1.
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Define I'y := {k e N: k +ay,,, < —k + by,,, YVm > 1} and I'; := N\ I'y. Then either
I'y or I'; has infinitely many elements. If I'; does, then

d)*;nkm (k) = ¢)nkm (k + ankm) = ¢nk»1 (_k + bnkm) = ¢+ynk»1 (_k)r Vk € Fl, m € N.

This implies that ¢_ (k) < ¢4+ (—k) for all k € I', and hence ¢_(c0) < ¢4 (—00). If
I'; has infinitely many elements, then ¢_(c0) > ¢4 (—o0) by a similar argument. Thus,
¢ (00) and ¢ (—o0) must be ordered in Ag.

Finally, we prove that either ¢_ or ¢ connects O to 8. Indeed, we have shown in the
second step that ¢_(oco) and ¢ (—o0) are ordered. It then follows from the bistability
assumption (AS5) that there are only three possibilities:

1) B =¢—(00) = ¢4 (—00);
(i) ¢—(00) = ¢4 (—00) =0;
(iil)) ¢p—_(00) = a = ¢4 (—o0) forsome @ € E \ {0, B}.
We further claim that the possibility (iii) cannot happen: Otherwise, Lemma 3.4 implies
that ¢y > ¢* (a, B) and c— < —c7 (0, @). Since ¢ > ¢y, it then follows that

O 2 C+ + (_C—) 2 C*_(Ol, IB) + ci(O, Ol),

which contradicts (A6). Thus, either (i) or (ii) holds, completing the proof. ]

3.2. Discrete-time semiflows in a discrete habitat

In this case, both 7 and # are discrete: 7 = Z* and H = Z. Without confusion, we
consider the semiflow {Q"},>0 in a metric space £ C C. Since the habitat is discrete,
we cannot use the definition of traveling waves with an unknown speed as in Definition
3.1. This is because the wave profile ¥ (x) may not be well defined for all x € R. So we
modify the definition of traveling waves in a discrete habitat.

Definition 3.2. {(x + cn) with ¥ € B is said to be a traveling wave with speed
¢ € R of the discrete semiflow {Q"},>¢ if there exists a countable set I' C R such
that Q[ (- 4+ x)]@) =¥ (@ +x+c)foralli € Zandx € R\ T.

By Definition 3.2 and Proposition 7.3, there exists xo € R such that Q" [ (- + x0)](i) =
Y (i +x0+cn)foralli € Z and n > 0. Define ¢ (x) := ¥ (x 4+ xg) for all x € R. Then,
with a little abuse of notation, Q"[¢](i) = ¢ (i + cn) for alli € Z and n > 0. There-
fore, Definition 3.2 is a generalized version of the classical one, which is an analogue of
Definition 3.1.

Let B >> 0 be a fixed point of Q. Define Q : Bg — Bg by

Olp1(x) = Ol (- + x)1(0), Vx eR.

Then we see from [25, Lemma 2.1] that Q satisfies (A1)~(A3) and (A5) with Q = Q and
Cpg = Bg if Q itself satisfies (A1)-(A3) and (A5). Further, if Q satisfies (A4), then the set

Q[Bﬁ](x) C Xjp is precompact for any x € R.
For O : Bg — Bg, we have similar results to Lemmas 3.2 and 3.3.
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Lemma 3.5. Assume that Q satisfies (A1)—-(A3) and (AS). Then there exists a positive
rational number ¢ such that for any ¢ > ¢, we have

OlYI(x) = Yy(x —c) and QIYI(x) <Y (x+c) foranyx €R.
Lemma 3.6. Asszfme that Q satisﬁef (A1)—(AS). Then for each n € N, CE,, = Q o Ay,
has a fixed point ¢y, in Bg such that ¢, is nondecreasing and Vn < ¢n < Yn.

Proof. By the same arguments as in the proof of Lemma 3.3, we can obtain a similar
inequality to (3.2):

1_/fn = Gﬁ[l_/fn] =< G]y(l[lzfn] < &n, Vk € N,

Define wy 1 := I_/fn and wy k41 = Gn[wn,k], k > 1. Then

wn,k+1(x) =Qo AK,, [wn,k](x) = Q[wn,k(/(n')](x) = Q[wn,k(Kn(' +x))1(0). (3.5)

Note that Q[Cg] is compact and w,  is nondecreasing in k. Hence, for any fixed
x € R, wy(x) converges in Xg. Denote the limit by én(x). Then ¢,(x) is nonde-
creasing in x € R and 1_&,, < ¢~>,, < 1&,1. Letting k — oo in (3.5), we arrive at

$n(x) = Q[Pn(ka(- + x))1(0). Consequently,
bn = Oln(kn)] = 0 0 Ag,[¢n] = Guldn].
This completes the proof. O

Due to the lack of compactness for Q, we will use the properties of monotone functions
established in the Appendix to show the convergence of a sequence in Q[Bg].

Theorem 3.2. Assume that X = C(M, R?) and 0 satisfies (A1)—(A6). Then there exists
¢ € R such that the semiflow {Q"},>1 on Cg admits a nondecreasing traveling wave
Y (x+cn) with speed c and connecting O to B. Further, \ is either left or right continuous.

Proof. As in the proof of Theorem 3.1, we define

Gn := sup{¢,(x) € [0, 8eglx}, by = ggﬂf{{&zm € [B — Seg, Blx}.

xeR
Then —1 — (n + ¢) < ay < b, < 1 + (n + &). Note that for any x € R, we have
Gn(x) = Guldnl(x) = Oldn(kn )1(x) = Ol (K (- + x))1(0) € Q[C41(0).

Since Q[Cgl(0) is precompact in Ag, for any x € R the limits (;3,, (x7) = limyqy qg,, )
and ¢~5n (xt) = limy | . ¢~>n (y) both exist. Hence, by the definitions of a, and 15,,,

Gn(@y) < e < B —Sep < Pu (b)),

but
on(@) €10,8e0llx and  Gu(b,) & (B — Sep, Blx-
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Define ¢, (x) := ¢, (x 4 @,) and ¢ ,(x) := ¢n(x + by,). Then
G—n(07) < 8eg < B —Seg < ypn(01),

but
¢—n(07) €[0,8e0llxy  and ¢4 ,(07) & [[B — Sep. Blx.

Since q~§n = Gn [(1;,,], we have
G- n(x) = Gulpnl(x + dn) = Oldn(kn (- + @y + x))1(0) € Q[C41(0).

Similarly, ¢ ,(x) = Oldn(kn(- + by + x))1(0) € Q[Cs1(0). Let Q be the set of all
rational numbers, and {x;};>1 C Q be an increasing sequence converging to x. Using
d),, = G,, [¢,,] again, we see that forany i € Z and ! > 1,

B (e (i + @ + x1)) = Oy (icn (- + K60 (i + an +x1)))1(0) € QICE1(0).

Similarly, Gn(kn(i + by +x1)) € 0[Cg1(0). Note that Q[Cg](0) is precompact in X and
Q is countable. Hence there exists a subsequence (still indexed by {n}) and§_ <&, € R
such that hm,,%oo ap/n = &_,lim,_, » bn/n = §+ and for any x € Q,ieZandl > 1,
the sequences q)i 2 (X), Gn(kn (i 4 @n + x1)) and @, (K, (i + by + x1)) converge in Xjg.
Hence, the limits

lim lim ¢ n(x) = Am lim Ol (icn (- + a@n + x1))1(0),

[—o0on—
lim lim ¢4 ,(x) = lim lim Q[ (kn(- + by + x1))1(0)
[—00n—>00 [—o00 n—>00

both exist. This means the limits

lim lim and lim lim
ey o ¢i n(}’) yeQ y4x n>00 (bi n()’)

exist for all x € R. Define

(;3 ) = lim,—s 00 ¢~>_,,,(x), x €Q,
limye(@, yhx lim,, ¢—,n (x), xeR\ Q,

Bo ) iz | limamsco Bn (), x€Q,
limyeq, yx limy— o0 @40 (x), x € R\ Q.

Clearly, (,zAbi are nondecreasing functions in Bg and for any x € R\ Q, qgi (x%) all exist.
I:Ience, we see from Theorem 7.1 that there exists a countable subset I"; of R such that
@+.n(x) converges to ¢+ (x) forall x € R\ I'y. Define

¢_(x):= lim lim ¢ 2, q§+(x) = lim lim ¢+n(y) Vx € R.
y€eQ, ytxn—>00 y€Q, ylxn—>00

Thus, 43_ (x) is left continuous and ¢~S+ ~(x) is right continuou§. Note that ¢;i (x) = q@i (x)
for all x € R\ Q. It then follows that ¢4 , (x) converges to ¢+ (x) for x € R\ I'p, where
'y := QUT is also countable.
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Let yy € R\ I'; be an increasing sequence converging to 0 and zx € R\ I'; be an
increasing sequence converging to 1. Note that

$-(0) = lim $_(y) = lim lim §_,(y) < deo,
(1) = lim ¢_(z) = lim 1im ¢, (z) & [0, eollx.

Similarly, ¢, (0) > B — deg but o (—1) & [[B — deg, Blx. Define ¢ := —c&_ and
¢4 := —c&4. Obviously, c— > ¢4 since §— < &,.
Now we want to prove Q[¢_(- + x)](0) = ¢_(x + c_) for all x € R\ I'>. Note that

lim «,(x + a,) — a, = lim (x+5~ x—l—an) =x—c_.
n—00 n—00 n

It follows that

$-(xte) = lim ¢_p(xtes) = lim @y(x+eo+an) = lim Guldn](x+c— +an)
= lim_ Qln (k)] +c+an) = Hm Ol (kn(-+an)l(x +c-)
= lim Q[¢— n(kn(-+an) —an))(x +c-)

= lim_ Olpn(kn(+x+c+an) —an)1(0).

In view of Proposition 7.5,~W6 obtain <5_ x+co)= Q[qs_(~ 4+ x)](0) forall x € R\ I';.
A similar result holds for ¢ .
Now, the same argument as in the proof of Theorem 3.1 completes the proof. O

3.3. Time-periodic semiflows

Let w € T, where T = RY or ZT. Recall that a family {Q;};c7 of mappings is said to
be an w-time periodic semiflow on a metric space £ C C provided that:

(1) Qolpl =¢ forallgp € £.

(i) Qro Qulgl = Qitplplforalls >0and ¢ € .
(iii) Q:[¢] is jointly continuous in (¢, ¢) on [0, c0) x &.

The mapping Q,, is called the Poincaré map associated with this periodic semiflow.

Definition 3.3. (i) In the case where H = R, U(t, x + ct) is said to be an w-time
periodic traveling wave with speed c of the semiflow {Q,};c7 if O/[U (0, -)](x) =
Ut,x+ct)andU(t,x) =U(t + w,x) forallt € T and x € R.

(i1) In the case where H = Z, U(t, x + ct) is said to be an w-time periodic traveling
wave with speed c of {Q,},c7 if there exists a countable subset ' C R such that
0/[U, -+x)](0) = U(t,x+ct)forallt € T andx € R,and U (¢, x) = U (t+w, x)
forallt € Tandx e R\ T.
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Theorem 3.3. Let (t) be a strongly positive w-time periodic orbit of { Q;},c7 restricted
to X. Assume that Q = Q. satisfies hypotheses (A1)-(A6) with 8 = B(0). Then
{O+}reT admits a traveling wave U (t, x 4 ct) with U(t, —oo) = 0 and U(t, o0) = B(t)
uniformly for t € T. Furthermore, U (t, x) is nondecreasing in x € R.

Proof. Assume that H = R. Since Q, satisfies (A1)—(A6), there exist ¢ € R and a nonde-
creasing function ¢ € C connecting 0 to 8(0) such that Q,[¢](x) = ¢ (x + cw). Clearly,
TewQule]l = ¢. Define U(t, x) := Te Q/[¢p1(x). Then U(t, x + ct) = O/lpl(x) =
0:[U(0, -)I(x), and

Ut + o, %) = Tercw Qitol@1(x) = Tt Q1 Tew Qul@1(x) = Ter Q[@](x) = U(t, x).

Note that Q;[8(0)] = B(¢) and ¢ is nondecreasing and connects O to 8(0). It follows that
U(t,—o0) =0and U(t, o0) = B(2).

Assume now H = Z. Since Q,, satisfies (A1)—(A6), there exists ¢ € R, a countable
subset I' C R and a nondecreasing function ¢ € B connecting 0 to 8(0) such that
0ul$1(x) = ¢p(x +cw) forall x € R\T. Clearly, Tr, Q0 [$](x) = ¢ (x) forall x € R\T.
Define U (¢, x) := T O;[¢](x). Thus,

U(t,x +ct) = 04[¢1(x) = 0;[U(0, )l(x) = Q;[U(0, - + 1)](0), VxR,

and

Ut + @, x) = Terrew Qr4ol@](x) = Toy 01 Tew Qulp](x) = T Oi[$1(x) = U2, x)

for all x € R\ I'. Note that Q,[8(0)] = B(¢) and ¢ is nondecreasing and connects 0
to 8(0). Hence U (¢, —oo0) = 0 and U (¢, c0) = B(¢). O

3.4. Continuous-time semiflows in a continuous habitat

In this subsection, we consider continuous-time semiflows in the continuous habitat
‘H = R. Recall that a family {Q,};>0 of mappings Q, : &€ — & is said to be a semi-
Sflow on a metric space £ C C provided that

(1) Qolpl =¢ forallg € £.
(2) Q;0 Qs[d] = Qsasl@p]l forallt,s > 0and ¢ € £.
(3) QO([¢]is jointly continuous in (¢, ¢) on [0, c0) x &.

Before moving to the study of traveling waves of {Q;};>0, we first investigate the spatially
homogeneous system, that is, the system restricted to X. Let 8 > 0 be an equilibrium
in X'. Foreacht > 0, we use X, to denote the set of all fixed points of Q; restricted to Xjg.
Clearly, the equilibrium set of the semiflow is ¥ := (1, £;, which is a subset of %, for
any t > 0. The subsequent result indicates that the instability of intermediate equilibria
of the semiflow implies the unordering property of all intermediate fixed points of each
time-¢ map.

Proposition 3.1. For any given t > 0, if the map Q; satisfies the bistability assumption
(A5"Y with E = X, then Q; satisfies (A5) with E = X;.
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Proof. Let tp > 0 be given. We first show that any two points u € X \ {0, 8} and v €
¥4, \ {0, B} are unordered. Assume for contradiction that u and v are ordered, say u < v.
Then the eventual strong monotonicity implies that u <« v. Since u is strongly unstable
from above, there exist a unit vector e € Int(X*) and § > 0 such that O lu+de] > u+de
with u +8e € [[u, v]]x. From [34, Theorem 1.2.1], (Q4,)" [u + Se] is eventually strongly
increasing and converges to some « € X. Note that @ € [[u, v]y is strongly unstable
from below. Hence, by the same arguments as in the proof of Proposition 2.1, we obtain
a contradiction.

Next we show that X, \ X is unordered. By the first step it suffices to prove that for
any two ordered elements u < v in X;, \ X, [u, v]xy N X # ¥. Indeed, by eventual strong
monotonicity, we have u < v. Thus, we can choose a sequence {u,} on the segment
connecting u and v such that ¥ < u,;, < uy4+1 <K v for all n > 1. By [34, Theorem
1.37], o(u) < w(uy) < oUp+1) < w() for all n > 1. Clearly, w(u) = {Qsu : t €
[0, %]} and w(v) = {Q;v : t € [0, 1]}, and hence u < w(u,) < v for all n > 1. Note
that Un>1 w(uy) is contained in the compact set Q, [X3]. In the compact metric space
consisting of all nonempty compact subsets of Qy,[Xs] with Hausdorff distance dy, the
sequence {w(u,) : n > 1} has a convergent subsequence. Without loss of generality, we
assume that for some nonempty compact set w C Qy,[Xg], lim,— oo dg (0 (u,), @) = 0.
Since each w(u,) is invariant for the semiflow {Q;};>0, so is the compact set w, that
is, O, = w for all + > 0. For any given x, y € w, there exist sequences of points
Xn, Yn € @ (uy) such that x, — x and y, — y asn — oo. Since w(u,) < wUp+1),
we have x,, < y,4+1 and y, < x,41 forall n» > 1. Letting n — oo, we then have x < y
and y < x, and hence x = y. This implies that & is a singleton, that is, @ = {«}. By
the invariance of @ for the semiflow, « is an equilibrium. Since u < w(u,) < v for all
n > 1, it follows that o € [u, v]x. O

For a continuous-time semiflow {Q;};>0, we need the following definition of traveling
waves.

Definition 3.4. 1 (x + ct) with € C is said to be a traveling wave with speed ¢ € R of
the continuous-time semiflow {Q;};>0 if Q;[¥1(x) = ¥ (x +ct) forallx € Rand ¢ > 0.
We say that ¢ connects 0 to g if ¥ (—oo) = 0 and ¥ (c0) = .

Theorem 3.4. Assume that for each t > 0, the map Q; satisfies assumptions (Al) and
(A3)—-(AS) with E = %, and the time-one map Q1 satisfies (A6) with E = X. Then there
exists ¢ € R such that {Q;};>0 admits a nondecreasing traveling wave with speed c¢ and
connecting 0 to 8 .

Proof. Let eg, eg and & be chosen as in (2.7), (2.3) and (3.1), respectively. We proceed in
three steps.

Firstly, we show that there exists s; | 0 such that each discrete semiflow {QF },>0
admits nondecreasing traveling waves 4+ 5, (x 4+ c+ 5 n) withc_ 5, > ¢4 5, and

0<¥_ () <dep and B —dep <y (0) <8,

but
Y 5(0) €[0,8e0llx and vy 5 (0) & [[B — dep, Blx-
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Indeed, since for each s > 0 the map Q; satisfies (A1)—(AS5), from the first two steps of
the proof of Theorem 3.1 we see that for the discrete semiflow {(Qs)"},>0, there exist
two nondecreasing traveling waves ¢+ s (x + ¢+ s¢) with the following properties:

(1) ¢— s connects O to some a— s € E \ {0} and ¢4 ¢ connects some oy s € Es \ {8}

to B;

(2) a— and oy 5 are ordered and c_ ; > c4 5.

By a similar argument to that in [47, Theorem 1.3.7], both a4 ; have subsequences o g,
which tend to two equilibria of the semiflow as sy — 0, say o— and . Since a_ ; and
a4 ¢ are ordered, it follows from Proposition 3.1 that there are only three possibilities for
the relation of o_ and «:

)B=a_>ap; () o >ar =0;>Gil) e =a4 € E\ {0, B}
If «_ = B, then for sufficiently large k we can define

aSk = Sup{x € R : ¢—,Sk (x) € [Ov 860]X}7
by, :==1inf{x e R: ¢p_ ;, (x) € [B — deg, Blx}

Hence, ¥_ s(x) := ¥s(x + a5) and ¥4 5(x) = ¥s(x + bs) are the required traveling
waves. If @y = 0, then for sufficiently large k we can define

a5, = sup{x € R : ¢y, (x) € [0, Seolx),
by =inflx € R: ¢ (x) € [B — beg. Bl

Hence, ¥ 5 (x) = ¢4 5 (x + a5) and Yy 5 (x) = ¢y 5 (x + by,) are the required
traveling waves. If «— = a4 € E \ {0, B}, then by Lemma 3.1 we have o« = a4 €
EN\A[O, deply U [B — deg, Blx}. Consequently, for sufficiently large k we can define

ag, ==sup{x e R:¢_; (x) € [0, eplx}),
by, = inflx € R: ¢_, (x) € [B — dep. Blx).

Hence, ¥ 5 (x) = ¢_ 5 (x + ag) and Yy 5 (x) = ¢_ 5 (x + by,) are the required
traveling waves.

Secondly, we show that there exists a subsequence, still denoted by s, such that
Vi — Y+ inCg and (1/sp)cts, — c+ € R. Indeed, for each s > 0, there exists
an integer my > 0 such that mys; > 2. Then

l/ff,sk = kacxk o kask [l[ff,sk] = Qo kaé‘k*Z o kacsk W*,sk] € Qo QI[C,B] (3.6)

Clearly, the compactness of Q1 implies that Q1 o Q1[Cg] is precompact in Cg. Thus, there
exists a subsequence, still denoted by sy, and nonincreasing functions ¥_, ¥, € Cg with
0 <¥_(0) <depand B — deg < Y4 (0) < Bsuchthat y_, — Y_and ¥y 5 — Yy
in Cg. Also we claim that ¥+ , (F00) all exist. Indeed, from (3.6) there exists ¢;, € Cg
such that Q10 Q1[¢s, ] — ¥_. Note that { Q[¢y, [}x>1 also has a convergent subsequence
with limit ¢ € Cg. Hence, by the uniqueness of limit we have Q[¢] = _. Note that



Bistable traveling waves for monotone semiflows 2263

v (k) = Q1[@l(k) = Q1lo(- +K)](0) and {Q1[¢ (- + k)I}x=1 has a convergent subse-
quence. Hence, /_ (£00) exist because _ is nonincreasing. Similarly, ¥4 (+00) exist.

Also,
Y_(—00) <¥_(0) <dep and V¥4 (00) = ¥4(0) = B — Sep, 3.7
but
¥_(0) €10, 8e0lly and ¢4 (0) € [[B — dep, Blx-

Consequently, by the monotonicity of v,

Y_(x) €10,8e0lly, Vx >0, and Y (x) €[[B —deg, Blx, ¥Vx <O. (3.8)

Since ¥_ and v are the limits of sequences of monotone functions with different trans-
lations, we can employ the same arguments as in the second step of the proof of Theo-
rem 3.1 to show that ¥r_ (00) and ¥4 (—o0) are ordered.

To prove that (1/sx)c+ 5, have convergent subsequences, we only need to prove that
(1/sk)c— 5, is bounded above and (1/sx)cy 5, is bounded below because c_ 5, > c4 ;.
Assume for contradiction that some subsequence, still say (1/sx)c— s, tends to oo. Note
that for each s > 0 there exists n; € Z* such that the integer part of 1/s, denoted by
(1/s), equals ng and 1/(ng + 1) <s < 1/n,. Hence, s(1/s) — 1 ass — 0. Then

. 1 o1 1 . 1
lim (—)c_ 5 = lim —c_ 5 sk {—) = lim —c_, = o0.

k—00 \ Sk k—00 S} Sk k—00 Sk

Thus, using the first observation in (3.8), we have
Q1ldeo] = Qi[Yy—(—00)] = Q1[¢¥—(—00)](0) = XEIIIOO O1[¥-( +x)]0)

= lim Oily-1(0) = Tim lim (Qy)"*¥ [y 5]1(x)

1
= lim lim 1//_,sk(x+<—>c_,sk>z lim lim lim ¥_ 5 (y)
o

X— —00 k—00 Sk X—>—00 y—>00 k—

= ylggo V-(y) = ¥—(00) & [0, eol]x, (3.9

which contradicts Q1[deg] < dep. Similarly, if (1/sx)c4;, — —oo, then the second
observation in (3.8) implies that

Q1[B — dep]

IA

Q1Y+ ()] = Q1Y+ (00)](0) = Lim O1[(- +x)1(0)

Jim QY1) = limTim (Q,0) " [y 1)

1
lim lim ¥4 5, <x +<—>c+,sk> < lim Ilim lim ¥ (y)
Sk k—o00

X—>00 k— 00 X—00 y——00

= yLiI}loo V() = ¥ (—00) ¢ [[B —dep. Blx, (3.10)

which contradicts Q1[8 — deg] > B — Seg. Consequently, (1/s;)c+ 5 are bounded.
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Finally, we show that either {_(x + c_t) or ¥4 (x + c4t) established in the second
step is a traveling wave connecting 0 to 8. Indeed, for any ¢ > 0, there exist my € Z and
rr € [0, sx) such that t = mysy — ry. Clearly, ry — 0 as k — oco. Then

O/Ye] = lim Quip [Vt 5] = lim Qs [Vt 5] = lim Yy o (- + mres 5)
k— 00 k— 00 k— 00
. 1
= lim ¥t ( + @+ rk)_ci,sk) =Y+ (- +cxl),
k—00 Sk

where the last equality follows from Proposition 7.2(2). From the equality Q[¢¥+] =
Vi (- + ct) for all + > 0, we see that 1 (d00) are equilibria. Recall that ¥_(—o00) <
deo < Y (00) and Yy (00) = B —deg = Y (—00). Then ¥_(—00) = 0, ¥1(00) = B,
and there are only three possibilities for ¥ (co) and ¥4 (—00):

(i) B=vY_(00) > Yy (—00);
(i) Y—(00) > Y4 (—00) =0;
(i) Y—(00) = o = Y4 (—o0) forsome o € X\ {0, B}.

Since the time-one map Q satisfies (A6) with E = X, we can employ the same argu-
ments as in the proof of Lemma 3.4 to exclude (iii). Thus, either (i) or (ii) holds, complet-
ing the proof. o

3.5. Continuous-time semiflows in a discrete habitat

In this case, 7 = R and H = Z. Let B > 0 be an equilibrium of the semiflow {Q,};>0.
We start with the definition of traveling waves for this case.

Definition 3.5. (i +ct) with € Bg is said to be a traveling wave with speed c € R of
the continuous-time semiflow {Q;};>0 if Q;[¥]1(i) = ¥ (i + ct) foralli € Z and ¢t > 0.
Clearly, ¥ is continuous if ¢ # 0.

For each ¢ > 0, define O : Bg — Bg by O;[p1(x) = Qs[p(- + x)1(0). Then it is easy
to see the following result holds.

Lemma 3.7. {Qt}zzo has the following properties:

(i) Qolpl = forall ¢ € B.
(ii) Qs 0 Qs[P] = Qsus @) forallt,s > 0and ¢ € B.
(iii) For fixed x € R, if t, — t and (i + x) — ¢(i + x) in X for any i € Z, then
01, [#nl(x) = O:[P](x) in X.

We combine the ideas in the proofs of Theorems 3.2 and 3.4 to prove the following result
for continuous-time semiflows in a discrete habitat.

Theorem 3.5. Let X = C(M,R?). Assume that for each t > 0, the map Q; satisfies
(A1) and (A3)—(AS) with E = %, and the time-one map Q1 satisfies (A6) with E = X.
Then there exists ¢ € R such that {Q;};>0 admits a nondecreasing traveling wave with
speed c and connecting 0 to .
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Proof. Let 8, eq, eg be chosen as in (3.1), (2.7) and (2.3). We proceed in three steps.

Firstly, since for any s > 0 the map Qj satisfies (A1)—(AS), the proofs of Theorems
3.2 and 3.4 show that there exists s | 0 such that {(Qs,)"},>0 admits two nondecreasing
traveling waves &i,sk (x + ¢4 gn) with c_ 5, > cy g, that is, there exists a countable
subset ®; such that

st [&:I:,sk](x) = Izle:,xk (x + C:I:,xk)’ Vx e R \ O.

Furthermore, 1Z_,Sk is left continuous and &Jﬁsk is right continuous, with

0<¥_,0) <deg and B—dep <y, (0) <8,

but

V_ 5 (0) £0,8e0llx and  Yrp 4, (0) € [[B — Sep, Blx-

Secondly, we show that for the above sequence s, there exist a countable set rcR
and a subsequence, still denoted by s, such that (1/sp)ct 5, — c+ € Rand ¥4 5, (x)
converges in X for all x € R\ I'. Indeed, let ® = U,fil Or. Hence, ® is countable and

Os (Vs g 1(x) = Vg (x +cxy), Vk>1, xR\ O.

From Proposition 7.4, there exists another countably dense set I' C R such that ' N ®
= (). By the same arguments as in the proof of Theorem 3.2, the limits

Yo(x):= lim lim o (y), ¥1():= lim lim ¢ ,(y), VrxeR,
yel',ytx k—o0 yel,ylx k—o0

are well defined and all ¥+ (+00) exist. Furthermore, ¥_ (0c0) and &Jr(—oo) are ordered
in X, and

Y (—00) <Y (0) <dep and Yy (00) = ¥4 (0) = B — Sep,
but
¥-(0) £ [0,8e0llx  and Y1 (0) € [[B — dep, Blx-
Further, IZfi (xi) exist for all x € R\ I". Hence, Theorem 7.1 yields a countable subset r
of R such that
Yt (X) = Y+(x), VxeR\T. (3.11)

By similar arguments to the second step of the proof of Theorem 3.4, (1/sx)c4+ s, are
bounded. ~ y

Finally, we prove that either ¥_ (x +c_t) or ¥ (x +c4t) is a nondecreasing traveling

wave connecting O to 8. Indeed, from (3.11) and Proposition 7.3, there exists a countable
subset I'1 of R such that

Vi +x)— Ye(i+x), VieZ xeR\T.
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Hence, forany x e R\ 'y and ¢t > 0,
QulY-100) = Q- (- +0)10) = lim Opir [ (- +1)1(0)
= Jim Qs [, +0)1O0) = Tim Oy [, 1 ()

= Jim Q)" [ ]00) = Hm g, (x + mpc— )

.= 1
= lim ¥_ (x + @+ rk)_c,sk>- (3.12)
k— o0 Sk
If c— = 0, we can choose xq such that

~ : .- 1 ~ . ;
O (xo +)1G@) = lim ¥, (x + @+ rk)_c,sk> =v_(xo+i), VieZ
k— 00 Sk
If c_ # 0, there exists a countable subset I'; of R such that

~ o~ - 1 -
Oily_1(x) = klim Y_ s (x—i—(t—}-rk)s—c_’sk) =vY_(x+c_t), Yx ¢TI'1, x+c_t €'z,
—00 k

Without loss of generality, we assume that c_ > 0. For any y € R, we can choose xg € R
and 79 > 0 such that xo + c_tp = y and 1/7_ (x) is continuous at x = xo + i forall i € Z.
Now one can find x4 y € R\ I'y and t4 x — #o with y+ x := x4+ + c_t+ x € R\ I'; such
that y_ x 1 y and y4 x | y. Note that

Yo7 = lim g (o) = lim Qp ([ (4 2 010) = Q[ + x0)1(0),

U0 = lim () = lim Qp ([ + 24.010) = Qo[- + 20)1(0).

Thus, ¥_ (x) is continuous in x € R. Hence, again by Proposition 7.5 and (3.12), we have
Qt[tﬁ,](x) = 1}, (x+c_t)forall x € Rand ¢ > 0. Therefore, 1/~/, (x+c_t) is atraveling
wave connecting O to some o € X \ {0}. Similarly, we can construct the traveling wave
V4 (x +c1) connecting some ar; € X\ {8} to B. Moreover, a_ and o are ordered. The
rest of the proof is essentially the same as for Theorem 3.4. O

4. Semiflows in a periodic habitat

A typical example of evolution systems in a periodic habitat is
up = (d@ux)x + f), >0 xeR, 4.1

where d(x) is a positive periodic function of x € R. Under the assumption that f has
exactly three ordered zeros 0 < a < 1 with f/(0) < 0, f’(a) > Oand f'(1) < O,
Xin [43] employed perturbation methods to obtain the existence of a spatially periodic
traveling wave V (x + ct, x) with V(—o0, ) = 0 and V (oo, -) = 1 provided that d(x)
is sufficiently close to a positive constant in a certain sense (see also [42]). For a general
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positive periodic function d(x), the existence of such a traveling wave remains open.
We will revisit this problem in Subsection 6.3. Below we extend the previous results in
homogeneous habitats to periodic ones.

Amap Q : £ — & C Cis said to be spatially periodic with a positive period r € H if
QoT, =T, 0Q,where T, is the r-translation operator. Similarly, a semiflow {Q;},c7 on
& C C is said to be spatially periodic with a positive period r € Hif Q; o T, = T, o Q;
forallt € T, where H = ZorRand 7 = Zt or RT.

Definition 4.1. (i) An r-periodic function 8(x) is said to be an r-periodic steady state
of the map Q [semiflow {Q;},c7]if Q[B] = B [Q:[B] = B forallt € T].

(1) V(x + ct, x) is said to be a spatially r-periodic traveling wave with speed c of the
semiflow {Q;};e7 if O/[V(, )](x) = V(x + ct, x) and V (-, x) is r-periodic in x.
Moreover, we say that V (&, x) connects 0 to B(x) if limg_, _ |V (§, x)||x = 0 and
limg 00 |V (6, x) — B(x) |l = O uniformly for x € H.

Motivated by [26, Section 5], we can regard a spatially periodic semiflow on £ C C as a
spatially homogeneous semiflow on another phase space. For any positive 7 € H, define
[0,h]ly :={l € H:0 <1 < h}. We use Y to denote C([0, r]y, X) and S to denote
the set of all bounded functions from rZ to ). Clearly, ) can be regarded as a subspace
of S. Let Yt = C([0, r], XT) and ST be the set of all bounded functions from rZ
to Y*. We equip Y with the norm lully = max{llu(x)||lx : x € [0, rly}, and S with the
compact-open topology. Thus, ) is a Banach lattice with the norm ||-||y and the cone Y.
Let
K={feS: fri)r)=fri+1))Q0), Vi e Z}.

It is easy to see that
KNY={feS: f@i)= f@rj)and f(ri)(0) = f@ri)(r), Vi, j € Z}.
For any ¢ € C, define ¢ € S by

¢ri)(y) =¢ri+y), VielZ yel0rly.
Then we have the following observation.

Lemma 4.1. Forany f € K, there exists a unique ¢y € C such that qb~f = f. Further, if
feKNY, then ¢y is r-periodic.

Proof. For any x € H,wecanfindi € Zand y € [0,r]y such that x = ri + y. It
is easy to see that this decomposition of x is unique when x € H \ rZ, and is in two
possible ways when x € rZ. More precisely, each x € rZ can be decomposed into either
x=r@+1)4+0o0rx =ri+rforsomei € Z. Note that f(r(i + 1))(0) = f(ri)(r).
Thus ¢7(x) = ¢r(ri +y) := f(ri)(y) is a well defined function in C. Clearly, ¢~f = f.
If f(ri) = u for all i € Z, then ¢y (ri) = u for all i € Z, which implies that ¢y is
r-periodic. O

If we define F : C — K by F(¢) = ¢, then F is a homeomorphism between C and K.
Let B(x) be a strongly positive r-periodic steady state of {Q;};>o. With a little abuse of
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notation, we use Cg to denote the set {¢p € C : 0 < ¢ < B}. Now we can define a semiflow
{PheTronKz:={feK:0=<f=<p}by
Pilfl=FoQilgsl, VfeKzteT. (4.2)

Clearly, P, o F = F o Q; for all t € T, which implies that the semiflows {Q;},c7 and
{P;},e7 are topologically conjugate. Moreover, {P;},c7 is spatially homogeneous and
B is its equilibrium. Thus, {Q/},e7 on Cpg has a spatially r-periodic traveling wave if
{P};eTon b has a traveling wave. Before stating the main result, we first introduce the
bistability assumption. Let 8(x) >> O be an r-periodic steady state of {Q;},c7. Assume
that O is a trivial steady state. Define

Mg:={peC:¢(x) =¢p(x+7r), 0 <p(x) <Bx), Vx € H}.

As in Definition 2.1, we can define the strong stability of periodic steady states for a
map Q in the space of periodic functions.

Definition 4.2. A steady state o € Ilg is said to be strongly stable from below for the
map Q : I1g — I if there exist 7 > 0 and a strongly positive element ¢/ € I1g such
that

Ola —nef1>a—nel, Vne(0,87] (4.3)
The strong instability from below is defined by reversing the inequality (4.3). Similarly,
we can define strong stability (and instability) from above.

We need the following bistability assumption on the spatially r-periodic map Q.

(A5") (Bistability) 0 and B >> 0 are strongly stable r-periodic steady states from above
and below, respectively, for Q : Ilg — Ilg, and the set of all intermediate
r-periodic steady states is totally unordered in Ilg.

We note that a sufficient condition for the unordering property of all intermediate
r-periodic steady states is: Q : TIg — Ilg is eventually strongly monotone and all inter-
mediate fixed points are strongly unstable from both above and below.

Theorem 4.1. Let X = C(M,R?). Assume that for any t > 0, the map Q, satisfies
(A2)—~(A4) and the bistability assumption (A5"). Further, assume that the map P :=
F QF~ ! satisfies assumption (A6) with C and B replaced by K and B, respectively. Then
the spatially r-periodic semiflow {Q;};c7 has an r-periodic traveling wave V (x, x + ct).
Moreover, V (x, &) is nondecreasing in & and connects 0 to B(x).

Proof. Fixt > 0 and define P; asin (4.2). Then it is easy to see that P; satisfies (A1)—(AS)
with Cg replaced by K iz From Theorems 3.2 and 3.5, {P;};c7 admits a traveling wave

U(x + ct) with U connecting 0 to 5. By the definitions of traveling waves in a discrete
habitat (see Definitions 3.2 and 3.5), we can find xo € R such that g := U(- 4+ x¢) € le;
and Py[gl(ri) = U(ri + ct + x¢) for alli € Z. By Lemma 4.1, we can find ¥, h; € C
such that 1} = g and fz, = U(- 4+ ct + xg), and hence P;[lp] = ﬁt. By the topological
conjugacy of Q; and P;, we have Q;[¥] = h;. Note that 1} =g=U(+x) = ﬁo.
Lemma 4.1 yields ¢ = hg. If ¢ = 0, then Q;[v] = h; = ho = ¥, which implies that
¥ is a traveling wave with speed zero. If ¢ # 0, then we define V (&, x) 1= h¢—yx)/c(X).
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Consequently,
Vix +ct,x) = hi(x) = Qi[Y](x) = Oilhol(x) = Qi[V (-, )I(x), VxeH,t=0.
This completes the proof. O

Remark 4.1. In applications of Theorem 4.1, to verify assumption (A6) for the map
P it suffices to show that for any intermediate periodic steady state «, the sum of the
rightward spreading speed of Q1 : [0, a]¢c — [0, @]c and the leftward spreading speed
of Q1 : [a, Blc — la, Blc is positive since Py and Q are topologically conjugate.

To finish this section, we note that the bistability structure can be obtained for equation
(4.1) under appropriate conditions so that the existence result in [43, 42] is improved (see
the details in Subsection 6.3). Further, Theorem 4.1 with H = Z and X = R can be used
to rediscover the existence result of [14] for a one-dimensional lattice equation under the
bistability assumption.

5. Semiflows with weak compactness

In assumption (A4) of Section 2, we assume that Q : Cg — Cg is compact with respect to
the compact-open topology. In this section, we establish the existence of bistable waves
under some weaker compactness assumptions.

Fix T > 0. It is well known that the time-¢ solution map of time-delayed reaction-
diffusion equations such as

u _ 9%u 5.1
E_Wq-f(u(t,x),u(t—f,x)) G.D

is compact in the compact-open topology if and only if ¢t > t, where the phase space
C is chosen as C(R, C([—t, 0], R)). The first purpose of this section is to show that our
results are still valid for this kind of evolution equations by introducing an alternative
assumption (A4").

To state it, we need some notation for time-delayed evolution systems. Let T € T, let
F be a Banach lattice with the positive cone F T having nonempty interior, 8 € Int(F 1),
and Xg = C([—7, 0], Fg). Any ¢ € Cg can be regarded as an element in C([—7, 0] x
H, FT). For any subset B of [—t, 0] x H, we define ¢|p as the restriction of ¢ to B.

(A4") (Compactness) There exists s € (0, T] such that:

(1) Ql¢pl0,x) = ¢p(6 + s, x) whenever 6 + s < 0.
(ii) For any € € (0, 5), the set Q[Cgll[—s+¢,01xH iS precompact.
(iii) For any subset J C Cg with J(0, ) C C(H, V) being precompact, the set
O[T 1l[=s.0]x# 1s precompact.

This assumption was motivated by [25, Assumption (A6')]. Let us use equation (5.1) to
explain (A4’). For any t > t, one can directly verify that the solution map Q; satisfies
(A4) by rewriting (5.1) in integral form (see, e.g., [41]); and for any ¢ € (0, ], one can
show that Q; satisfies (A4)(i) & (ii) by the same arguments. For (A4’)(iii), we provide a
proof below.
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Let T(0) = I, and for any ¢ € (0, 7], let T(¢) be the time- map of the heat equation
u; = Au. Then (5.1) can be written as

t
u(t, x; @) =T(1)p(x) +/O Tt —s)f(us,uls —1))(x)ds,

and hence Q;[¢](0,x) = u(t + 6, x). Note that for any ¢ € Cg, T(t1)¢ — ¢ in
the compact-open topology as ¢+ — 0. It then follows from the triangular inequality
and the absolute continuity of integrals that for any compact subset #; C R, the set
Oi[ T [=t,00x#, is equicontinuous, and hence Q[J1l[—+,0]xR is precompact in Cg.

Lemma 5.1. Let Ag, & > 1, be defined as in Section 3 and let B € Int(F7).
Assume that the map Q : Cg — Cg satisfies (A4'). Then there exists an inte-
ger mq such that U§€[1’1+5](Q o Ag)™[Cg] C Cg is precompact when H = R, and

USE[1,2](Q o Ag)"[Bgl(x) C Xp is precompact for any x € R when H = Z.

Proof. We only handle the case H = R since the proof for H = Z is essentially sim-
ilar. Let s and 7 be as in (A4’). There exists my € N such that s € (m()l—H T, mLOr] By
assumption (A4')(i), for any £ > 1 and ¢ € Cg,

P00 + 5, Ex), 0+s <0,

0 =00A 0,x) =
¢1( ) x) Q é[‘f’o]( x) {Q[¢0(§)](97 )C), 9 +S > 0

This implies that forany £ > 1 ande < s — #r,

U Qo AclChlli—s+e01xr C QICH]I—ste01x2-
§el1.2]

Since Q[Cgll[—s+¢,01xR is precompact, as assumed in (A4/)(i1), it then follows that
Use[l,ZJ 0 o Ag[Cpl(0,) C C(R, YVp) is precompact. By (A4/)(iii) and similar argu-
ments, we have

PO +s,6x),  O+5<0,

£ — 0o & =
¢2(9,X) = Q A§[¢1](9,x) {Q[(pf(s)](e’ )C)7 9 + s > O’

d0(6 + 25, E2x), 6 +2s <0,
=1 0l¢o(E)IO +5,£x), 0<6+25s<s,
0165 ()16, x), 0+s >0,

This implies that Uge[l,Z] (Qo Ag)z[Cﬂ] |[—25+¢,0]xR 18 precompact. Consequently, the set
US6[1,2](Q o A5)2[Cﬂ](0, ) C C(R, Yp) is compact. By induction, we have

bre (O +5,6x),  6+s5 <0,
Ol ()16, x), 6+s>0,

o1 (0. 3) = Q 0 Al 10, x) = {
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Ql¢o(§)1(0 + (mo + 1)s,§M0x), 0 <6+ (mo+ Ds <,

Ql¢; ()10 +mos, §™7 %), 0<0+mos <5,
Ol _1(ENNO +5.£x), 0<6+s<s,
Qg 10, ), 0+s>0.
This implies that Uéé[l,Z](Q o Ag)™0[Cg] is precompact in Cg. O

Theorem 5.1. All results in Theorems 3.1-3.5 and 4.1 are valid if we replace (A4)
with (A4)).

Proof. Following the proof of these theorems, we only need to modify the parts where
we use the compactness assumption (A4). At these parts, we apply Lemma 5.1. O

Note that the solution maps of the nonlocal dispersal equation
ur=Jxu—u-+ f(u)

satisfy neither (A4) nor (A4’). The second purpose of this section is to modify our theory
so that it applies to such integro-differential systems in a homogeneous habitat.

Let M denote the set of all nondecreasing functions from R to X, and 8 € X™.
We equip M with the compact-open topology. Assume that Q maps Mg to Mg. Let E
denote the set of fixed points of Q restricted to Xg. Suppose that 0 and g are in E. We
impose the following assumptions on Q:

(B1) (Translation invariance) Ty o Q[¢] = Q o Ty[¢] forall ¢ € Mgand y € R.

(B2) (Continuity) Q : Mg — Mg is continuous in the sense that if ¢, — ¢ in Mg,
then Q[¢,](x) — QO[¢](x) in A for almost all x € R.

(B3) (Monotonicity) Q is order preserving in the sense that Q[¢] > Q[v] whenever
¢ = ¥ in Mg.

(B4) (Weak compactness) For any fixed x € R, the set Q[Mg](x) is precompact in Xg.

(BS) (Bistability) The fixed points 0 and S are strongly stable from above and below,
respectively, for the map Q : Xy — Aj, and the set £\ {0, 8} C Xjp is totally
unordered.

(B6) (Counter-propagation) Foreacha € E\ {0, B}, ¢* (a, B) + ¢7.(0,a) > 0.

Comparing assumptions (A1)—(A6) and (B1)-(B6), one can find that the assumptions
of translation invariance, monotonicity, bistability and counter-propagation are the same.
The difference lies in the assumptions of continuity and compactness. Clearly, the com-
pactness assumption (B4) is much weaker than (A4).

Theorem 5.2. Let X = C(M,RY) and assume Q : Mg — Mg satisfies (B1)~(B6).
Then there exist c € R and y € Mg connecting 0 to B such that QY ](x) = ¥ (x +¢)
forall x € R.

Proof. We combine the proofs of Theorems 3.1 and 3.2. More precisely, one can repeat
the proof of Theorem 3.1 except for the parts where the compactness assumption (A4) is
used. For these parts, one needs to use the idea in Theorem 3.2, where O has the same
compactness property as Q. O
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In the rest of this section, we say {Q;};>0 is a semiflow on Mg provided that Qg = I;
Q10Qs = Qiqs forallt, s > 0;and Q;, [, ]1(x) = O[¢](x) in Xg for almostallx € R
whenever f, — t and ¢, — ¢ in Mg.

Theorem 5.3. Let X = C(M, R?). Assume that {O+}i=0 is a semiflow on Mg, and for
anyt > 0, the map Q; satisfies (B1) and (B3)—(B6). Then there exist c € R and ¢ € Mg
connecting 0 to 8 such that Q;[¥]1(x) = ¥ (x + ct) forall x € R.

Proof. As in the proof of Theorem 5.2, we need to combine the proofs of Theorems 3.4
and 3.5. O

Similarly, we can define w-time periodic semiflows on Mg and obtain the following
result.

Theorem 5.4. Let X = C(M, R?). Assume that {O:}i>0 is an w-time periodic semiflow
on Mg. Let B(t) be a strongly positive periodic solution of {Q;}i=0 restricted to Xpg.
Further, assume that the Poincaré map Q,, satisfies (B1) and (B3)—(B6) with 8 = B(0).
Then there exist ¢ € R and ¢ (t, x) with ¢(¢t, —o0) = 0 and ¢ (t, 0c0) = B(t) such that
O:¥1(x) = ¥ (t, x +ct) for all x € R. Moreover, ¢(t,-) € Mg and ¢ (¢, -) is w-periodic
int > 0.

6. Applications

In this section, we apply the abstract results to four kinds of monotone evolution systems:
a time-periodic reaction-diffusion system, a parabolic system in a cylinder, a parabolic
equation with variable diffusion, and a nonlocal and time-delayed reaction-diffusion
equation.

6.1. A time-periodic reaction-diffusion system

Consider the time-periodic reaction-diffusion system

9
3—? — AAu+ f(t,u), x€eR, (6.1)

where u = (u1, ..., u,)", A=diag{d, ...,d,} witheachd; >0and f=(f1,..., fi)T
is w-periodic in ¢t > 0 (i.e., f(z,:) = f(t + w, -)). The existence of periodic bistable
traveling waves of (6.1) with n = 1 was proved in [1]. Here we generalize this result to
n>1.

Let f € C'(Ry x R", R"). In order to apply Theorem 3.3 to system (6.1), we choose
C:=CR,R", X :=R" and £ C C to be the set of all bounded functions from R
to R". Using the solution maps {7 (t)};>0 of the heat equation %—‘; = AAu, we write (6.1)
in integral form:

t
u(t; ¢) =T()p +/0 T(t—s)f(s,u(s:¢))ds. (6.2)

Define Q;[¢] := u(t; ¢) for all ¢ € £. Let 0 and B > 0 be two fixed points of the
Poincaré map Q,, in X, and let E be the set of all spatially homogeneous fixed points of
0, in Xg. We impose the following assumptions:
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(C1) The Jacobian matrix Df (¢, u) (D = D,) is cooperative and irreducible for all > 0
and u > 0. For any w-periodic solution p(¢) of u’ = f (¢, u) with 0 < p(0) < B,
every off-diagonal entry of Df (¢, p(t)) is either strictly positive for all ¢ or identi-
cally zero.

(C2) The spatially homogeneous system u’ = f(z, u) is of bistable type, that is, 0 and 8
are stable fixed points of Q,, in the sense that s (-4 0,,[0]) <0 and 5 (£ 0, [B]) <O,
and any o € E \ {0, B} is unstable in the sense that s(% Qula]) > 0, where
s(M) is the stability modulus of the matrix M defined by s(M) = max{ReX :
A is an eigenvalue}.

Theorem 6.1. Assume that (C1)—~(C2) hold, and let B(t) be the periodic solution of u' =
f(t,u) with (0) = B. Then there exists ¢ € R such that (6.1) admits a time-periodic
traveling wave U (t, x + ct) connecting 0 to B(t).

Proof. 1Itis easy to see that the discrete semiflow { Q7 },,>1 on Cg satisfies (A1)-(A5) with
0 = Q. Next we show that (A6) holds with O = Q,,.

Note that for any o« € E \ {0, B}, {Q}u>1 : o, Blc — [o, Blc has monostable
dynamics, where « is unstable and f is stable. By the theory developed in [26], O, admits
leftward and rightward spreading speeds c* (a, 8) and ¢’ («, B). Since Q,, is reflectively
invariant, we further have c¢* (a, B) = % (a, B) =: ¢*(a, B), which is called the spreading
speed of this monostable subsystem. Note that {Q”},>1 : [0, @]lc — [0, a]¢ also has
monostable dynamics, where 0 is stable and « is unstable. Similarly, this monostable
subsystem also admits a spreading speed ¢*(0, «).

Denote the periodic solution Q;[«] by «(¢), and define

Flt,u)y = ft, o) +u) — ft, a@)). (6.3)

Clearly, «(0) = o« and f (t,0) = 0. Then the semiflow Q; has the same dynamics on
[, Blc as the semiflow Q; on Cg_, associated with

u; = AAu + f(t, u). (6.4)

In particular, these two semiflows share the spreading speed c*(«a, B).

To give a lower bound on c*(«, B), we employ a similar idea to that in the proof of
[40, Lemma 4.1]. Choose p > 0 such that the diagonal entries of D f(¢,0) 4+ pI are
strictly positive. We define for each i the projection

{mezrj#uqmm+mm>a ©.5)
0 if{Df(,0+ pl}ij =0,
and _ _
o(t) =min{a—fi(t,0) + pljj - a—fi(t,O) +plij > O}.
ouj ou;

It is easy to see from assumption (C1) that I1; is independent of ¢ € [0, w], and o :=
inf{o () : t € [0, w]} is positive. Further,

u>T;[u] and fi(tr,u) > fi(t, ;[u]), Vt>0,u>0. (6.6)
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By the differentiability of f = (fi, ..., fu),forany e € (0, 1), there exists n = 5(e) > 0
in R” such that

fit, i[u]) = Vf;(2,0) - Ti[u] — o€ T[ulll, V€[00, uel0,n]. (6.7)

Note that
Vfi(t,0) - I;[u]l = (Df(t,0)u);, VYueR", (6.8)

and

Df(t,0) + pl);
||Hi[u]||sZ(Hi[u])sz( i 3 2D (1,
J J

-y V fi(2,0) - Ti{u] + p(I;[u]);

o

j
=o " YDf(t,0u+ pu)i, Vu=O0. (6.9)

Combining (6.6)—(6.9), we obtain
f(t,u) = Df(t,0u —e[Df(t,0u+ pul, Vtel0, wl, ucl0,nl (6.10)
For the above n = n(e), there exists y = y(¢) > 0in R” such that
0il¢] = Qilyl=n. Vo eCy 1€(0, 0] 6.11)

Thus, the comparison theorem implies that

where My is the solution map of
u; = AAu+ D f(t,0)u —e(Df(t,0) + pDu. (6.13)

Let pe () be the principal Floquet multiplier of the linear periodic cooperative and irre-
ducible system

dv - _

- = (LA + Df(t,0)v—e(Df(t,0)+ plv. (6.14)
Since lim._, g+ pc(0) = po(0) > 1, we can fix an € € (0, 1) such that p.(0) > 1.
Let v(¢, w) be the solution of (6.14) satisfying v(0, w) = w € R". It is easy to see
that u(f,x) = e " v(t, w) is a solution of the linear periodic system (6.13). Define
O (1) :=In pe () /. From [25, Theorem 3.10] and (6.12), we have

c*(a, B) > inf O (). (6.15)
u>0
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Now we prove that ®.(c0) = oo. Let Ac(n) = (1/w)In pc (). By Floquet theory,
there exists a positive w-periodic function &(t) := (&1(¢), ..., &, ()T such that v(¢) :=
e*< W1 g(t) is a solution of (6.14). In particular,

n
0 -
() = (dipn® — he() — €p)EL(D) + (1 — €) Z Efl(t, 0)§i (7).
i=1 °"
Dividing by & (#) and integrating from O to w gives
w n 9
) _
0=(dipn” —Ae(n) —ep)o+ (1 — 6)/ Z Wfl(t, 0)&i(1)/61()dt,  Vu > 0.
0 = dui
Since the matrix D f(z, 0) is cooperative and £(r) is positive, we obtain

0> (dip? — re() — ep)o + (1 —6)/ 8if1(t,0)dt.
0 ui

This implies that

e (W) 1 “ 9
De(u) = — > dipw + ;[—épwwt(l —6)/0 8—ulf1(t,0)dt],

and hence ®.(c0) = oo. By [25, Lemma 3.8], we have inf},.o ®c (1) > 0. Therefore,
c*(a, B) > 0. Similarly, we can prove that ¢,(0, «) > 0. Thus, assumption (A6) with
0 = Q, holds. Consequently, Theorem 3.3 completes the proof. O

6.2. A reaction-diffusion-advection system in a cylinder

In this subsection, we consider the system

(6.16)

%:A%+3A},M+E(y)g—;+f(u), xeR, yeQcR"™1 >0,
w _ on (0, 00) x R x 9€2,

where A, B are positive definite diagonal n x n matrices, E is a diagonal matrix of smooth
functions of y,  is a bounded and convex open subset in R”~! with smooth boundary
0Q, Ay = Z;";ll 82/8)/[.2, and v is the outer unit normal vector to 92 x R.

The existence of bistable traveling waves for (6.16) with n = 1 was obtained in [11].
Here we extend this result to the case n > 2. Assume that f € C 1(R”, R™) satisfies the
following conditions:

(D1) The Jacobian matrix Df (u) is cooperative and irreducible for all u > 0.
(D2) f is of bistable type in the sense that it has exactly three ordered zeros: 0 < a <
and s(Df(0)) < 0,s(Df(a)) > 0,s(Df(B)) <O.

Theorem 6.2. Assume that (D1)—~(D2) hold. Then there exists ¢ € R such that system
(6.16) admits a traveling wave connecting 0 to 8 with speed c.
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Proof. In order to employ Theorem 3.4, we choose X := C (€, R") and C := C(R, X)
with the standard cones X and CT, respectively. Let G (¢, x, y, w) be the Green function
of the linear equation

: 2
{%-?:AgT';+BA},u+E(y)g—’;, xeR, yeQ, t>0, 6.17)

=0 on (0, 00) x R x 9Q.

Then the solution of (6.17) with initial value u(0, -) = ¢(-) € C can be expressed as

u(t, x,y; ¢)=//G(t,x—z,y,w)¢(z, w)dwdz.
RJQ

Define T (t)¢ = u(t, -; ¢) for ¢ € Cg. Using the variation of constants formula, we write
(6.16) subject to u(0, -) = ¢ () € Cg as an integral equation

t
ut, x,y;¢) =TO[Pl(x, y) +/O T(@t—s)f(uls, x,y)ds. (6.18)

By linear operator theory, for any ¢ € Cg, system (6.16) has a unique solution u(¢; ¢) with
u(0; ¢) = ¢, which exists globally on [0, co). Define Q;[¢] := u(t, ¢). Then {Q;};>0 is
a subhomogeneous semiflow on Cg (see [25, Section 5.3]). Also, assumption (D1) ensures
that the semiflow {Q;};>¢ restricted to X is strongly monotone (see [34]). Further, it is
easy to see that Q;, t > 0, satisfies assumptions (A1)—(A4). Since the domain €2 is convex,
it follows from the result in [24] that any nonconstant steady state of the x-independent
system

W= BAyu+ fuw), yeQ, t>0,
u () on (0, 00) x 992,

av
is linearly unstable. This then implies that Q; satisfies (A5"). Now it remains to show that
(A6) holds for Q.

For each x-independent steady state « = «(y) in [[0, B]]x, system (6.16) has mono-
stable dynamics on [«, B]c. To better understand the dynamics of this subsystem, we
make the transform u = w + « and define g(w, y) := f(w + «(y)) — f(«(y)). Then the
dynamics is equivalent to that of the following system on [0, 8 — «]¢:

2
{%—'f :A%T';}+BA),w+E(y)%—’;’ +g(w,y), xR, yeQ,t>0, (6.19)

%:0 on (0, 00) x R x 0L2.
System (6.19) has exactly two x-independent steady states S1 := 0and S := 8 —a > 0.
By the theory developed in [26], (6.19) has a leftward spreading speed ¢* in a strong
sense. Let ¢* («, B) be defined as in (2.6) with O = Q1. Then ¢* (a, B) > ¢*.

To verify (A6) for Q1, we first estimate the speed ¢* . Consider the linearized system
of (6.19) at the equilibrium Sy:

ot
dw — on (0, 00) x R x 9€2.

v

d 22 3 9g(0,y)
{ P = AL+ BAW+ EOR + 5000, xeR yeQ >0, o0
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Suppose w(t, x, y) := e**v(t, y) is a solution of (6.20). Then v(¢, y) satisfies the u-pa-
rameterized linear parabolic equation

8 — BAyu+ [1PA+pEG) + 8000, yeq, >0,

6.21
g—gzo on (0, 00) x 2. ©:21)

Let A~ () be the principal eigenvalue of (6.21). Then by the results in [25, Section 3], it
follows that ¢* > inf,,~0 A1 (1)/p, and A~ () is convex in p. Moreover, it is easy to see
that lim;,_, oo A (w)/p = oo and lim,,_, o+ A~ () /0 = 00, and hence A~ (u)/p attains
its infimum at some wq € (0, 00).

Similarly, system (6.16) has monostable dynamics on [0, «]¢. To better understand
this dynamics of this subsystem, we make the transform w = « —u and define 2(w, y) :=
f(x(y)) — f(x(y) — w). Then the dynamics is equivalent to that of the following system
on [0, o]¢:

dt 9x2

dw — on (0, 0) x R x 9%2.

{B—W—Aa w4 BAywAEM 4 h(w,y), x€R, yeQ, >0,
v

By the same arguments, this system has a rightward spreading speed ¢% and
¢t (0,a) > ¢%. Also, by a similar procedure, we define AT (u) as the principal eigen-
value of the problem

{%—? = BAyu+[12A - pEG) + E00 o, yeQ,1>0, (622)

=0 on (0, 00) x 2.

Then 61 > inf,~0 At (u)/m, and AT () /0 attains its infimum at some py € (0, 00).
Clearly, AT (1) = A~ (—pu) because Bg;O V) ah(o IOV — £ (a(y)).

From assumption (D2), we see that Sy [Sz] 1s a linearly unstable [stable] steady state
of the x-independent system

(6.23)

w — on (0, 00) x 9.

:3“’ =BAw+gw,y), yeQ,t>0,
av

More precisely, letting A be the principal eigenvalue of the linearized equation at Sy, we
have Lo > 0. Obviously, equations (6.21) and (6.22) with u = 0 are the same, and hence
AT0) =1 =217(0) > 0.

With the information above, now we can show that Q1 satisfies (A6). Let 0 =
and AT () = A~ (—pu). Note that Oy + (1 — 6)(—u2) = 0. Hence,

M) M) i+ pe

Mm2
mi1tp2

(., B)+ci0,a) > [OA™ (1) + (1 = O)A™ (—u2)]
11 2 12
M1+ p2,
> ———A" (O + (1 = 0)(—p2))
12
= M;ﬁ(o) - M)»o - 0. (6.24)
12 12

Consequently, Theorem 3.4 completes the proof. O
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6.3. A parabolic equation with periodic diffusion

In this subsection, we study the existence of spatially periodic traveling waves of the
parabolic equation

ur = dX)uy)y + fw), t>0,xeR, (6.25)

where f(u) = u(l —u)(u —a),a € (0, 1), and d(x) is a positive, C!, and r-periodic
function on R for some real » > 0.

For any ¢ € C(R, [0, 1]), equation (6.25) admits a unique solution u(t; ¢) with
u(0; ) = ¢. Define Q; : C(R,[0,1]) — C(R,[0,1]) by Q;[¢] = u(t; ¢). Then
{O:}:>0 is a continuous, compact and monotone semiflow on C (R, [0, 1]) equipped with
the compact-open topology. Let Cper (R, [0, 1]) be the set of all continuous and r-periodic
functions from R to [0, 1]. Then the semiflow {Q,};>¢ restricted to Cper(R, [0, 1]) is
strongly monotone. Choosing H = R and X = R in Theorem 4.1, one can easily verify
that {Q;};>0 satisfies assumptions (A2)—(A4). If (6.25) admits the bistability structure,
then Proposition 3.1 implies (A5”) and a similar argument to that in the previous section
shows that (A6) also holds. Thus, we focus on finding sufficient conditions on d(x) under
which (6.25) admits the bistability structure.

Let u be an r-periodic steady state of (6.25). As in [10], we define X (u, d) as the
largest number such that there exists a function ¢ > 0 which satisfies

d¢o)x + f/@)p = ri (i, d)p, x€R,

6.26
¢ is r-periodic and ||¢|lcc = 1. ( )

We call A (i, d) the principal eigenvalue of u, and ¢ the corresponding eigenfunction.
We say u is linearly unstable if A1 (u, d) > 0, and linearly stable if 11(u, d) < 0. Define

Wi={y e C'RR): y(x) = ¥(x +7r), Vx € R}

and equip it with the topology induced by the maximum norm. We say v € W has
property (P) if every possible nonconstant r-periodic steady state of (6.25) with d = ¢
is linearly unstable, that is, (6.25) with d = Y admits no nonconstant r-periodic steady
state i such that A (u, ¥) < 0. Define

Y:={y e W:y(x) > 0and ¢ has property (P)}.
Lemma 6.1. Any positive constant function is in Y.

Proof. Let d(x) = d be given. If (6.25) has no nonconstant r-periodic steady state, we
are done. Let u be a nonconstant r-periodic steady state of (6.25). We need to prove
A1(i, d) > 0. Assume for contradiction that A1 (it, d) < 0. Let ¢ be the positive eigen-
function associated with A (&, d). Define M = maxo<x<r{lix|/¢} and Y (x,1) :=
eV (lig|?/p — M?¢). It is easy to see that ¥ (¢, x) < O for all x and r. Let & := |ii,|?/¢
and 1 := M?¢. Then

£ = (i > ¢y = 2ityitr " = litx P9 20,
Exy = 20 ilaxd — lixp ) + ¢ 2 Riyitinxd® — litx|*Peprx].
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Note that B _
0= [dﬁxx + f(’/_‘)]x = dﬁxxx + f/(lz)ﬁ)p
It follows that

e (Y — A + [y — f(@1Y)
= —[d&cx + f/@E] + A1 (i, d)n
= —2d¢ itxx ¢ — itxpy ] — dp il yitxxx@® — lite|*Ppux] — f(@)ity|*p ™"
+ A (i, d)ny
< dliix*¢ 2 prx + /@@ itx* — 2 (@it [P~ — 2d¢™ Viixrx + A1 (it d)n
= M (i, d)E + M (i, d)n — 2t [ @ity + ditxrx] = A1 (i1, d)[E + 7).

Hence, ¥, — dyrox + [y — f/(@)]y¥ < 0 because A1 (i, d) < 0.

Since u is not a constant and v (¢, x) is r-periodic in x € R, we can choose x( such that
Y (x0, 1) = ¥(xo +r, 1) = minger ¥ (x, 1) < 0, and hence Yy |y=xy = Vx|x=xo+r = 0.
Thus, ¥ (¢, x) with x € [xq, xo + 7] satisfies the equation

Vi —dyex + Iy — ff@IY <0, x € (x0, x0 +7),

6.27)
wx|x:x0 = wxlx:xo—y—r = 07

and v (¢, x) attains its maximum 0 at (x*, t) with x* € (xg, x9 + r). By the strong max-
imum principle, we see that ¥ (¢, x) = 0, which implies that i, /¢ is a constant. Since
uy /¢ is r-periodic, it follows that iz, = 0, and hence « is a constant, a contradiction. O

Remark 6.1. By the proof above, the conclusion of Lemma 6.1 is valid for any f € C'.

Lemma 6.2. Y is nonempty and open in W.

Proof. Clearly, Lemma 6.1 implies that ¥ # @. Let d* € Y. We need to show that
d* is an interior point of Y. Assume for contradiction that there is a sequence of points
d, € W\ Y such that d, — d* in W as n — oo. Then (6.25) with d = d, admits
a nonconstant r-periodic steady state u, with the principal eigenvalue Ay (u,,d,) < 0.
Using the transformation v, = d, (1, ), we see that (u,, v,) is a periodic solution of the
ordinary differential system

(Un)x = Vn/dy, (6.28)
(Wn)x = —f (un).
By elementary phase plane arguments, it then follows that
0< inﬂgun(x)fafsupun(x)f 1, Vn>1,xekR (6.29)
xXe

xeR

Thus, the sequence of functions ((#,)y, (v,)x) is uniformly bounded and equicontinuous,
and hence (u;, v,) has a uniformly convergent subsequence, still denoted by (u,, vy,).
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Let (u*, v*) be the limiting function of (u,, v,). Then u* is an r-periodic steady state of
(6.25) with d = d*. It is easy to see from (6.29) that u™ is not the constant function 0 or 1.
Let ¢, be the positive eigenfunction associated with A1 (u,, d,). Then

(dn (Pn)x)x + f/(un (X)) P = A (un, dn)dy. (6.30)
Dividing (6.30) by ¢, and integrating from O to r, we obtain
r 2 r
[ d,,[((;% dx +/ F(un(x))dx = A (uy, dy)r < 0. (6.31)
0 f 0

Since f € C I and f'(a) > 0, we see that u* cannot be the constant a: otherwise, the
uniform convergence of u, to a implies that f’(u,(x)) > 0 for all x € [0, r] and suffi-
ciently large n, which contradicts (6.31). Thus, u* is a nonconstant r-periodic function.
Since d* € Y, we have A (u*, d*) > 0.

Note that u, — u* in C(R,R) and d, — d* in W. By the variational charac-
terization of the principal eigenvalue Aj(uy, d,) (see [10, (5.2)]), it then follows that
0> A (uy,dy) — A (u*, d*) > 0, a contradiction. O

The following counter-example shows that the parabolic equation (6.25) admits no bista-
bility structure for the general periodic function d(x).

Lemma 6.3. Let either f(u) = u(1—u?), or f(u) = u(1—u)(u—1/2). Then there exists
a positive function d € W such that (6.25) admits a pair of linearly stable, nonconstant,
and r-periodic steady states.

Proof. We only consider the case where f(u#) = u(l — u?) since the other one can
be obtained under appropriate scalings. Our proof is based on the main result in [21,
Theorem 3]. Without loss of generality, we assume that r = 4. In what follows, we use
some notation of [21].
Let! € (0, 1) be fixed and 9 be the step function on [—1, 1] defined by
D) {1, xel[-1,-1ud 1], 632
0, xe (L1l

Define D := {(x,y) : x = %[, y € [0, 1]} U graph of 0. By [21, Theorem 3], for any
positive even function ¢ € C L(=1, 1], R™) which is sufficiently close to P (in the sense
that the distance between D and the graph of ¢ is small enough), the Neumann boundary
problem

(6.33)

uy = (cuy)y +u(l —u?), xe(=1,1),
uy(t, £1) = 0,

admits an odd increasing steady state u, which is linearly stable. That is, there exist
A1 < 0and ¢ > 0 such that

{(cqsx)x + g =rg, xe(=1,1), (6.34)

¢x(£1) = 0.
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In particular, we can choose ¢ such that c,(—1) = ¢, (1) = 0. Since ¢ is even and f
is odd, we see that v.(x) := u.(—x) is also a steady state, and A; is the corresponding
eigenvalue with the positive eigenfunction ¢ (—x).

Now we can construct a linearly stable 4-periodic steady state of (6.25). Define two
4-periodic functions by

~ c(x), x e[-1,1], uc(x), x e[-1,1],
d(x) = { wi(x) = {
c2—x), xe((,3), u.2—x), xe((,3).

Then wi (x) is a 4-periodic steady state of (6.25) with d = d. Let the positive 4-periodic
function p (x) be defined by

. LI xe[-1,1]
PR = 2 —x), xe(l,3).

Then A1 and p solve the eigenvalue problem

(dpx)x + f'(w)p =rip, xR,
p is r-periodic.

This implies that w is a linearly stable periodic steady state of (6.25) with d = d. Simi-

larly, so is wa(x) := wi(x + 2). ]

As a consequence of Theorem 4.1, together with Lemmas 6.1 and 6.2, we have the fol-
lowing result on the existence of bistable traveling waves for (6.25).

Theorem 6.3. Let d be a given positive constant. Then there exists 89 > 0 such that
for any d € W with ||d — d|lw < 8o, (6.25) admits a spatially periodic traveling wave
solution u(t, x) := V(x + ct, x) with some speed ¢ € R and connecting 0 to 1. Moreover,
V (&, x) is nondecreasing in &.

We remark that Theorem 6.3 is a C%-perturbation result in W, and hence it improves the
existence result in [42, Theorem 3.1], where H*-perturbation is used for some s > 2.

6.4. A nonlocal and time-delayed reaction-diffusion equation

Fix ¢ > 0. Choose X := C([-1,0],R),Y = C(R,R) and C := C([—1,0],)). We
equip X with the maximum norm, and )) and C with norms similar to (2.1). Define ) :=
C(R, R;). Let d be the metric in C()’) induced by the norm. We are interested in bistable
traveling waves of the nonlocal and time-delayed reaction-diffusion equation

dx2

u(t,x) __ 3%u(t,x)
= + fu)(x), t>0,xeR, (6.35)
uyg = ¢ (S C,

where f : C — ) is Lipschitz continuous and for each t > 0, u, € C is defined by

u;(0,x) :=ult+6,x), V0el[-1,0], x e R.
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If the functional f takes the form f(¢)(x) = F(¢ (0, x), ¢ (—1, x)), then (6.35) becomes
a local and time-delayed reaction-diffusion equation

du(t, x) _ 0%u(t, x)
ar  9x?
The bistable traveling waves of (6.36) were studied in [31]. If f(¢)(x) = —d¢ (0, x) +

fR b(¢(—7, y))k(x — y)dy, then (6.35) becomes a nonlocal and time-delayed reaction-
diffusion equation

+ F(u(t,x),u(t —1,x)). (6.36)

du(t,x)  0%u(t, x)
a  9x?

—du(t, x) + / b(u( —rt,y)k(x —y)dy. (6.37)
R

The existence, uniqueness and stability of bistable waves of (6.37) were established
in [29].

Note that R can be regarded as a subspace of X', and the latter can also be regarded as
a subspace of C. Define f : X — Rby f(¢) = f(p) andf :R — Rby f(é) = f().In
order to obtain the existence of bistable waves for system (6.35), we impose the following
assumptions on the functional f:

(E1) 0 < o < B are three equilibria and there are no other equilibria between 0 and 8.
(E2) The functional f : Cg — ) is quasi-monotone in the sense that

1
hl_i)ngr Ed([¢(0) — YO +hf(@) — f¥)]; V1) =0 whenever ¢ > ¢ in Cp.

(E3) The equilibria OAand B are stable, and « is unstable in the sense that f "0) < 0,
f'(@) > 0and f'(B) <O0. - _ _
(E4) For each ¢ € Ap, the derivative L(¢) := D f(¢) of f can be represented as

0
L(p)x = a(p)x(0) +/ x©0) dgn(p) =:a(@)x(0) + Li(p)x,
-7
where 7 (¢) is a positive Borel measure on [—7, 0] and n(¢)([—7, —T +€]) > O for
all small € > 0.
(ES) For any small € > 0, there exists § € (0, 8) and a linear operator L. : Cg — Y
such that Lc¢p — Df (a)¢ for all ¢ € Cg as € — 0 and

fla+¢)=Le(@) and f(a—¢)<—Lec(¢), V¢ €Cs.

du(t,x) _ 32u(t,x)

Using the solution maps {7 (#)};>0 generated by the heat equation we

a T 9x2
write system (6.35) in integral form
u(t,)=T@)p(Q, ) + fot T —r)f,(,-)dr, t>0, 6.38)
M(G,) :¢(97)7 S [—T, 0] '

Note that traveling waves of system (6.38) are those of system (6.35). It then remains to
show that (6.38) admits a bistable traveling wave.
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Theorem 6.4. Under assumptions (E1)—(ES), system (6.35) admits a nondecreasing
traveling wave ¢ (x + ct) with ¢ (—oo) = 0 and ¢ (c0) = B.

Proof. From assumptions (E1)-(E2), we see that system (6.38) generates a monotone
semiflow {Q;};>0 on Cg with

i1, x) =u;(0,x:¢), VO, x) €[-7,0] xR,

where u(t, x; ¢) is the unique solution of system (6.38) satistying uo(-, -; ¢) = ¢ € Cg.
By similar arguments to those in Section 5, the map Q; satisfies (A4) if t > t and (A4')
ift € (0, t].

Let Q, be the restriction of Q; to Xg. Denote the derivative DQ,[(A)] of Q, by A;Io,,.
Then My, is the solution map of the functional equation

‘CII—’: = L(0)u; = a(0)u(t) + L1(0)u;. (6.39)

By assumptions (E2) and (E4), system (6.39) admits a principal eigenvalue sy with an as-
sociated eigenfunction vy := 509 (see [34, Theorem 5.5.1]). More precisely, A;Io’ [vol =
%" yg. Furthermore, [34, Corollary 5.5.2] implies that 5o < 0 since f (0) < 0. Therefore,
there exists §p(¢) > O such that

0:[8v0] = Q:[01+ D Q,[0][8v0] + 0(8%) = §Mo +[vo] + 0(8%)
= 8¢ vy + 0(8%) = Svg + 8™ — 1vg + 0(8%) K Svg, V8 € (0, 5o(1)].
Similarly, there exist 84 (¢), vy and 4(t), vg such that
QB — Svgl > B —dvg, V8 € (0,851,

and

Oila +8vg] > @ +8vy, Ol — 8vg] K & —8vg, V8 € (0,8 (1)].
It remains to show that (A6) is also true. Indeed, from [25, Theorem 2.17] the solution
semiflows {Q};>o restricted to [0, «]¢ and [«, Bl¢ admit spreading speeds ¢*(0, o) and
c*(a, B), respectively. Let M be the solution maps of the linear system

u(t, ) =T@)¢(O,-) + fot Tt —r)Le(uy(-,-))dr, t>0,
u(09 ) =¢)(07)5 0 e [_T, O]

Then assumption (E5) guarantees that Q,[¢] > M;[¢] when ¢ € Cs, where § = §(€)
is defined in (ES5). Therefore, we see from [25, Theorem 3.10] that ¢*(0, ) > ¢ and
c¢*(a, B) > ¢, where ¢ is a positive number determined by the linearized system of (6.35)
at u = «, and hence (A6) holds. Consequently, Theorem 5.1 completes the proof. O

Remark 6.2. At this moment we are unable to present a general result on the uniqueness
and global attractivity of bistable waves under the current abstract setting. However, one
may use the convergence theorem for monotone semiflows (see [47, Theorem 2.2.4]) and
similar arguments to the proofs of [47, Theorem 10.2.1] and [45, Theorem 3.1] to obtain
the global attractivity (and hence uniqueness) of bistable waves for the four examples in
this section.
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7. Appendix

In this appendix, we present certain properties of Banach lattices and countable subsets
of R, and some convergence results for sequences of monotone functions, including an
abstract variant of Helly’s theorem.

Proposition 7.1. Every Banach lattice X has the following properties:

(1) Foranyu,v € X withv € XT, if —v <u < v, then ||lullx < ||v| x-
2) Ifuy — u and vy — v in X with uy > v, thenu > v.

Proposition 7.2. The space C has the following properties:

(1) Let ¢ be a monotone function in C. If x;y € H nondecreasingly tends to x € H U {00}
and limg 00 ¢ (x;) = u € X, then limyy, ¢(y) = u. A similar result holds if x;
nonincreasingly tends to x € H U {—o00}.

(2) Assume that h, hy : H — H are continuous and ¢y — ¢ in C. If hy(x) — h(x)
uniformly for x in any bounded subset of H, then ¢y o hy — ¢ oh inC.

We omit the easy proofs of Propositions 7.1 and 7.2.

Proposition 7.3. Assume that D is a countable subset of R. Then for any ¢ € R, there
exists another countable subset A of R such that R\ A) +cm C R\ D forallm € Z™*.

Proof. Tt suffices to show the set A := {x € R : there exists m such that x 4+ cm € D} is
countable. Indeed, we have A = (J;_, (D — cm). This implies A is countable. O

Proposition 7.4. For any countable subset "1 of R, there exists another countable set T'»
that is dense in R and 'y N Ty = @.

Proof. Since I'y is countable and | J,.p(a + Q) = R, there must exist a sequence «,
such that 'y C (2 (e, + Q). Note that |~ ; (o, + Q) is countable. Hence, there exists
a € R such that o ¢ U;’;l(an + @). This means that « — «, € Q for all n > 1, and
hence (@ + Q) N (a,, + Q) = ¥ for all n > 1. Define I'; := o + Q. We then see that '
is countable and dense in R, and 'y N ', = @. ]

Proposition 7.5. Assume that f, f, : R — X are nondecreasing and the set D is dense
inR. If s, — 0, f(s) is continuous on D and f,(s) — f(s) for every s € D, then
fn(s + sp) = f(s) foreverys € D.

Proof. Let s € D be fixed. For any § > 0, since D — s is dense in R, we can choose
8+ €(D—s5)N(0,8)and §_ € (D —s) N (=4,0). Clearly, s + 34,5 + 6— € D. Thus,
there exists an integer Ns such thats + s, € (s + 46—, s + §4+) for all n > Nj. Since

Su(s+62) = fu(s +61) < fu(s+80) — fuls) < fuls +84) — fuls +62), Vn > Ns,

we have

I fu(s +50) = fa)llx < 1fuls +64) = fuls +8)llx,  Vn = Ns.
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It then follows that

[ fa (s +s0) = ) < 1fuls +50) = fu) e + 1fu(s) = f($)llx
< N fals +84) = fals + ) llx + 1fu(s) = f()llx
SN +684) = fals + 80l + 1 (s +84) = fs +8)llx
Hlfnls +8-) = fs+8)llx + 1 fuls) = fF®)llx

for all n > N;s. Now the pointwise convergence of f, in D and the continuity of f on D
complete the proof. m}

To end this section, we prove a convergence theorem for sequences of monotone functions
from R to the special Banach lattice C(M, R4 ) defined in Section 2, which is a variant of
Helly’s theorem [17, p. 165] for sequences of monotone functions from R to R.

Theorem 7.1. Let D be a dense subset of R and f,,n > 1, be a sequence of nonde-
creasing functions from R to the Banach lattice X := C (M, R?). Assume that:

(i) Foranys € D, f,(s) is convergent in X.
(ii) There exists a countable set D1 C R such that for any s € R\ Dy, the limits
limy,;— 00 limy— 00 frr (S+,m) exist in X, where s_ ,, 1 s and sy, | s with s+, € D.

Then f,(s) is convergent in X for almost all s € R.
Proof. Due to assumption (ii), we can define f : R — X by

hmsz limxeD, n—oo fu(x), s € R \ Dy,
any value, s € Dy.

f@s) = 7.1

We first show that the set of discontinuity points of f is at most countable. Define
A:={seR\D;: f(s7), f(sT)bothexist}, B:={seA: f(s") < f(sM)}.

For any s € B, there are x; € M and 1 <i < d such that (f(s7)(x1)); < (fsH)(x))i.
Recall that M is compact, so there is a countable dense subset M. It then follows that
there must be x, € M such that (f(s™)(x2)); < (f(s*)(x2));. Therefore,

B=J |JseA: (£ < (fH)).
i=1xeM;

Since for each fixed i and x, (f(s)(x)); is a nondecreasing function from R \ D to R,
theset {s € A: (f(s7)(x)); < (f(sT)(x));} is at most countable, and hence so is B.

Now we can prove the conclusion. Assume that s € R is a continuity point of f. For
any § > 0, choose 6_ € DN (s —§,s) and 6+ € DN (s,s + &). Then we have

a2 = fu(61) < fu(s) — fu(62) < fu(By) — fn(6-2), Vn > 1,

which, together with Proposition 7.1(2), implies that

/() = fu@)llx = 1fu(B4) = fu(BI)x.  Yn =1 (1.2)
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On the other hand, by (7.2) and the triangular inequality we have

[fn(s) = FOllx = N fu(s) = fa@I)lx + 1/n(6-) = f(S)llx
= 1fa@4) = fu@Ollx + 1 fn(8-) = f(®)llx
< @) — fOD Il + 11/ (64) — fE)x
F 1) = fa(@)llx + I1/n(6-) — f(6)llx
+If6E) = f®)lx, V=1

Now the pointwise convergence of f,, in D and the continuity of f at s complete the
proof. O
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