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I . №₃ᵥ Ҭ ҍ  

 

№₃ᵥ № ץ , №ҹҺ ΐ ᾣ ₃ᵥ ̂ ҈ Ҭ

̃ ῤ ₃ᵥ ̆ ₮ ֓₃ᵥ Ȃ 

 

ԍ №₃ᵥ ┴ȁ ҍ ̆ № ҹֲ Ȃ    

ӈ ᾟ№ ѿ Ȃ ⇔ ӈ ӊ ҹ̆ ҆ ⱬ

Ҍ ̆ ꜚ̆ ԍ ⱬ

ꜚ̆ ԍ ̆ 4 ̂3 +1 ̃

ԅ ̆ Ҭ ꜚ Ȃҹ 4 ז̆ ῖ

№₃ᵥ 2 ̆ ⌠ 4 ̆ ⱴ ⇔ ₮

ᶏ̆ӊ ҍ ꜚ ׆̆ 4 ₃ᵥ ҍ Ҭ

̆ ԅ ӈ Ȃ

̆ ץ ѿ ₮ ꜚ ̆ ҍ ῃ Ȃ ̆ ӈ

ᾣ ⱬ Ҭ ᾣ̆ ⱬ Ȃ ԅֲױ

Ȃ Ӟ ף ȁ ȁ Ȃ 
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          )(),(),( tzztyytxx ===  
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            ))(),(),(()( tztytxt =r  

ԅ ῃ Ḥ ̆ ᵖֽ₡ ₮ ѿ ↓ῤ

₃ᵥ ̆ ȁ ȁ ҹ Ȃ 

 

≠ № ѿ ΐֲ̆ױ ץ ₮ № 
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dt
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ᶏ № ₮ t ],[ 21 tt ҉  

       ñ ++=
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222
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t
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ᶏ № ץ ₮ )(tr ℗ ̆  

        
))('),('),('(
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)(' tztytx

dt

td
t ==

r
r  

ԍ Ώ ῤ ѿ ₃ᵥҌ ̆ №₃ᵥ ҬҌ ѿ ᶏ

sᵬҹ ̆ ӊҹ Ȃ ̆ ᵬ 

  ))(),(),(()( szsysxs =r  
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ᶏ ̆ ₱ ҉ ₱ ҉ ף Ȃɒ

)(sr ℗ ץ Ҋ  
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)( szsysx

ds

sd
s #### ==
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r     

̆
s

sss

ds

sd

s D

-D+
=

­D

)()(
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)( rrr

0
̆ )()( sss rrr -D+=D )(sr ⌠ )( ss D+r
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0­Ds ̆ ҍ sDӊ ԍ 1Ȃ ̆ )(sr# ҹ 1̆  

             1222 =++=Ö )()()()()( szsysxss ##### rr  

)(sr# ѿ ᵬ )(sŬ ̆ ҹ ᵝ℗ Ȃ ԍ 1=Ö )()( ss ŬŬ ̆  ץ

             
02 =Ö=Ö )()())()(( ssss

ds

d
ŬŬŬŬ #  

)(sɔ Ҍ ̆ ѿ )(sŬ# ̆ғҍ )(sŬ ֜ Ȃ

)(sŬ# ᵝ ᵬ )(sɓ ̆ ҹ ᵝҺ ̆ )(sɓ Һ Ȃ 

̆ )(sŬ# ᵬ )(sk Ȃ ⱴ⁞ ҈ ↕̆ Ạ )()( sss ŬŬ -D+

̆ ңҩ ѿ Ȃ ԍ̆ ңҩ ҹ 1̆ ң

ѿ ̆ңҩ ῍ץ ҹҬ ᵝ ҉̂ Ҋ Ȃ̃ 

                                               

ң ᵝ ҉℗◓₮ѿ ̆ ◓ ң ŬD ̆ ԍң

Ȃ 

    )( ss D+Ŭ Ҍ )(sŬ ̆ 0­Ds ̆◓ ҍ ӊ ԍ
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1Ȃ ̆ )(sk ₮ԅ ᵝ℗ )(sŬ s ̆ῒṿ

̆ )(sk ҹ Ȃ ̆ )()()( ssks ɓŬ =# Ȃ 

’Ҋ 0== )()( ssk Ŭ# ̆ ̆ ץ ӈҺ Ȃ

Ҍ ’Ȃ ’ ̆ ץ ᵝ℗ )(sŬ ᵝҺ )(sɓ ѿҩ

ҍ ױ ֜ ᵝ ̆  

     )()()( sss ɓŬɔ ³=  

ҹ ᵝ Ȃ ̆ ץ )(sɔ# Ҍ ̆ ҍ

ᵝҺ )(sɓ ̆ )(sɔ# ץ ҹ 

         )()()( sss ɓɔ t-=#  

̔ Ҍ ̆ᵖ ᶏ Ὲ ̂1.2̃ ̂1.2Ω̃ Ȃ 

 

    ᵌԍ )(sk ̆ )()( ss t=ɔ# ף ԅ ᵝ s

Ȃ )(st ҹ Ȃ ץ ̆ ҉ ѿ ↕̆ῒ ᵝ℗ )(sŬ

ҍ ᵝҺ )(sɓ ҉̆ ᵝ )(sɔ Ḡ ҍ

ԍ̆ s ̆ )(sɔ Ạ ꜚ̆ )(sɔ# ѿ Ȃ Ԋ ̔

ῒ ҹ Ȃ ӊ̆ Ҍҹ ѿ Ҍ Ȃ 

 

ᵝҺ ̆ )(sɓ# ̆ ץ  

       )()()()()( ssssks ɔŬɓ t+-=#  

 

̆ᶏ № ѿ ΐ̆ )(sr ӈԅ ᵝ℗ )(sŬ ̆ ᵝҺ

)(sɓ ᵝ )(sɔ ̆ ӈԅ )(sk ҍ )(st Ȃ ѿ ̆ ᵝ

))(),(),(( sss ɔɓŬ ԅѿҩ ҈ ᵝ ̆ѿ

ӊҹ ꜚ Ȃ╠ ֓₃ᵥ ӊ ῏Ҋץ  

 

          )()( ss Ŭr =#                                                  ̂1.1̃  
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҉ Ὲ ̂1.2̃ ҹ ̂Frenet ,J.F.,1816 - 1900, ̃Ὲ ̆

ῒ  

 

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

-

-=
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

ɔ

ɓ

Ŭ

ɔ

ɓ

Ŭ

00
0

00

)(

)()(

)(

s

ssk

sk

t

t

#

#

#

                              ̂1.2Ω̃ 

 

Ὲ҉ץ Ҍֽ ҉ ̆ ױ № ⌠ ңҩ₃ᵥ ̆ )(sk ҍ

)(st ̆ ԅ ῃ ῤ Ȃ ҹ ₱ )(sk ҍ )(st ᴋ ̆̂ 1.1̃

ҍ̂1.2̃ ₮ԅ ₱ ))(),(),(),(( ssss ɔɓŬr ѿ №

Ȃ № Ҭ ҍ ѿ ̆ ѿ ∆ṿ

))(),(),(),(( 0000 ɔɓŬr ̆ ∆ṿ № ̂1.1̃ ҍ̂1.2̃ ₱  

     ))(),(),(),(( ssss ɔɓŬr  

ғ ѿȂӞ ̆ ∆ṿ̂ ꜚ ֲ̃

ױ № ̂1.1 ҍ̃̂ 1.2̃̆ └₮ )(sk ҍ )(st ҹ ṿ ѿ )(sr Ȃ 

 

҉ץ №₃ᵥ Ҭ ῤ Ȃ 

 

ῖ №₃ᵥ ѿ Ȃҍ ̆ ₃ᵥ ֽ̆

ѿҩ ̆ Ҍ Ҍ Ȃ ̆ №₃ᵥׅ

₮ ҍ Ȃ ׃ ₮ ↓Ȃ 

 

Ҭ ѿҩ Ȃ ѿ ᾣ ̆ ῒ ҹS̆

Ҍ ₮ )(sk ҍ )(st ҹS ₱ Ȃ ӊ̆ ѿ

)(sk ҍ )(st ҹS ₱ ̆ Ҍѿ ̆ ᵈ

ѿᶛȂ ̔ ̆ ҍ ⱴָӇ ᴆ̆

ᶏ ѿ Ȃ 

 

1978 ̆ Ҭ ѿ Ҭ ׃ Ȃ 
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                                       ̂1911-2004̃  

 

̆ ҹ ̆ ⌠ ֦ Ȃ ’Ҋ̆Ҍ

)(sŬ# ӈҺ )(sɓ ̆ )(sŬ 090 ̆

⌠ )(sn ӈҹ ᵝ Ȃ Ŭ#ҍn ̆ )(sk ץ Ҋ

ӈ 

          nŬ )(sk=#     

⌠ )(sk Ҍѿ ̆ ץ Ȃ s ⌠ ̆

ҹ ̆ ̆ ҹ ̆ ̂ҹָ

Ӈ̙ Ȃ̃ Ὲ ѿ ҹץҊ  
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ì
ë
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nŬ
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sk

sk
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#
                                                 ̂1.3̃  

 

₃ᵥ ῃ № ‗ Ȃ ҉ ӈ̆ ץ ₮

ᴆȂ 

 

ҹ ⱴ ̆ᾢҌ ₮ ᴆ ѿץӊף̆ ↓ Ҍ ⌠ Ȃ׆ ֓

̆ ₮ ̆ ₮ Ȃ 

 

ҹẠ ṿ פ̆ )sin()( pp sask 22 += Ȃ )(sk 1=S ȂҊ a

Ҍ ṿ ̆ ̔ 
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           1.6 171/=a  

 

 

        1.7 52/=a  

 

 

        1.8 2=a  

 

Ӟ ץ ̆Ạ Ȃ 

 

I №  

 

[1]   ӊ̆ №₃ᵥ̆ ₮ ̆1988 ԋ Ȃ 

[2 ]Eisenhart, L.P., A Treatise on the differential geomet ry of curves and surfaces, 

Ginn and Company, Boston, New York, etc., 1909 
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II . ᴆ 

 

, Ҋ:  

 

’Ҋ̆Ҍ Ἕ )(sŬ# ӈҺ )(sɓ ̆ )(sŬ

090 ̆ ⌠ )(sn ӈҹ ᵝ Ȃ Ŭ#ҍn ̆ )(sk
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Ŭ
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            ñ
S
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0

)(                                                     ̂2.3  ̃

₮ № ‗ № )(sr )(0r ҍ )(Sr ң ᵝ℗ )(0Ŭ ҍ )(SŬ ӊ

̆ ᵬ qD Ȃ ԍ ̆ ᴋᵥ m , qD Ӟ ᵝ℗ ))(( Sm 1-Ŭ ҍ )(mSŬ ӊ
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Ȃ ’Ҋ,  )(0r ҍ )(Sr ң , , 
p

q

2
D
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p

q

2
D
Ҍ , ֜ , ᾣ

Ȃ )(0r ҍ )(Sr ң Ҍ ̆↕ ᴋѿ m , ҉ ң ))(( Sm 1-r ҍ

)(mSr ѿ ̆ ml Ҭ ȂҌ ̆
p

q

2
D
Ҍ

̆҉ ѿҩ῍ ֜ ̆ ғ ң ӊ ԍ

qD Ȃ 

 

Ԋ҉ץ     ץ ⌠ ̔ ѿ )(sk ҹS ₱ ̆↕ 

̂1̃
p

q

2
D

m

n
̆ )(0r ҍ )(Sr ң ҍ ̆ ̆ῒ

ҹmŜ n ӈ̃̕  

̂2̃
p

q

2
D

̆ )(0r ҍ )(Sr ң ҍ ̆ ̆Ҍ ғ

ѿҩ Ҭ ̕ 

̂3̃
p

q

2
D

̆ )(0r ҍ )(Sr ң ̆ ̆ ғ ҹS̕ ↕̆

ѿ Ҍ ̆ Ȃ 

 

҉ץ     ҍ 1987 №₃ᵥ ⌠ , Ḥ ╠ֲ

⌠Ȃ 

 

    ҉ ̆ )(sk ̆ ץ ₮ΐ mҩ ̆ ғ ҹmS

̂
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q
Ҍ̃ ȂҊ ₮ 1=S ̆ 17=m ңҩҌ
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̆ ԍ ҍ ⱴ ? 

 

׆ № ̆ ̂1.3̃ № ̆ ץ ף

№ ₮ Ȃ ҉̆̂ 1.3̃ ѿҩ ‰ ̂ VII №

₮ ‰ ӈ̆Ӟ [1 ]̃ҹ̂ҹָӇ̙̃ 
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ӊ ץ ̆ѿҩ ̂1.2̃ ̂1.2' ̃ѿ Ҍ
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[1 ]  ӊ   ȇ̆ № Ȉ̆ ₮ ̆1983 ԋ Ȃ 

 

 

 

 

2.5 2.0 1.5 1.0 0.5

1.5

1.0

0.5

0.5

1.0



14 
 

III . ῏ 

 

(1.2) ԍ1847 ₮, ԍ Alfred Serret 1850

₮ ҉ ̂ [1 ] ̆ Ḃ ₮ [2 ] Ҭ ₮ Ὲ

̃ 

 

          2

22
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s
iuski

s
i

ds

du )(
)(

)( tt
+--=                                ̂3.1  ̃

 

ῒ Ҭ i ᵝ Ȃ )(su ҍ ᵝ℗ ))(),(),(()( sxsxsxs 131211=Ŭ , ᵝ Һ

))(),(),(()( sxsxsxs 232221=ɓ ᵝ ))(),(),(()( sxsxsxs 333231=ɔ ѿ№ ῏
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sxisx
su
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31
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2111 1
1 -

+
=

-

+
=                                ̂3.2  ̃

)(su ̂3.1̃ ѿҩ ̆↕ 

       
1-

-= )]([)( susv  

̂3.1̃ ѿ ̆ ғ )(su )(sv ₮ ))(),(),(( sxsxsx 312111  

  
)()(
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)()(
)(,
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svsu
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-

+
=

-

+
=
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= 312111

11
       ̂3.3  ̃

)(sŬ , )(sɓ )(sɔ ԋ̆҈№ ҍ̂3.1̃ )(su Ӟ ῏ Ȃ

̂1.2̃ҍ ̂3.1̃ Ȃ ̆̂ 1.2) Ӟ ҹ Serret - Frenet Ὲ Ȃ 

 

ѿ ҹ 

         )()()( xcyxbyxa
dx

dy
++= 2

                                      ̂3.4  ̃

№ № Ҭ ᵝȂ 

 

׆     № ӊ ֲ̆ ױ № № Ȃѿ ↓ѿ №

№ ̆  

        )(xa
dx

dy
=                              

        )()( xbyxa
dx

dy
+=     ̂ѿ № ̃ 

        yxbyxa
dx

dy n )()( +=    ̂Bernoulli ̃ 
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ץ № № Ȃ ׂ̆ ₮ № ҍ № ᵬ Һ

№ Ȃѿ ̂3.4̃ Ҍ ̆ ѿ № ԅ

ѿҩԋ ̆ ғ ⌠ № ҉ ̆ ῒ № ҉

⌠ԅ Ȃ (Conto Jacopo Riccati, 1676 - 1754, ≠)Ȃ

1723- 1724 ז ԅѿ № ̆ D. ꜜ≠̂Daniel 

Bernoulli ,1700- 1782̆ ῌ̃ ҹ 

            02 =++ mxbxyaxy )()('  

ҹ (Bessel) Ȃ 

 

ꜜ≠ Ạԅ ̆ῒҬ D. ꜜ≠  

             
2

2 )1(
1

x

vv
y

dx

dy +
+=+                                          ̂ 3.5̃  

vҹ ’Ҋ̆ ∆ ₮ԅ ңҩ  
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v

21
1
+

+
=       

 

            

)](
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[)(
x

e
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d

dx

d

x

v
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x

v

v -

+
+

= 22
1

      

׆ ⌠ Ȃ 

 

vҌ ’̆ ⌠ 19ҕ ∆ Ӟ ⌠ № Ȃ 

 

̆῏ԍ Ὲ Ӟ₮ ԅ ᵌ Ȃᴧ ̆ԋ  

            02 =++ cxbxa  

Ὲ  

        
a

acbb
x

a

acbb
x

2
4

2
4 2

2

2

1
---

=
-+-

= ,      

Ҭ ̆ ғ ׂ Ҭ ᶏ Ȃ Ὲ

̆ ̆p Ὲ ׂ ҩ Ȃ ̆ Ὲᾝ╠ 1700

ᴶֲ Ȃ ľ ң ӊ ŝ s>0̃ ץ ױ ӗ p (p>0), ң Ŀ

̆ ᴶֲ ₮ԅ : 

 

1. s ѿ  

2.  

3. ⁞ p 

4.  

5. Ῥ ῒⱴ҉ s ѿ  

 

    Ҍ ₮̆ ₮ԅԋ  
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         02 =+- psxx  

Ὲ Ȃ ԍ ᴶֲ ̆ ₮ ѿ Ȃ 

 

҈ Ὲ ↕ Ὲᾝ╠ 1700 ̆ ԅ 3000 ̆⌠ԅ ῐ

̆ ≠ֲ ⌠̆ ҸῈ Ȃp ҸῈ ѿҩ

ׂӞׅ Ԉ ̔ Ҹ̂Girolamo Cardanõ ֲ̆ ῒ ·–

̂Niccolo Fontanã̆ Ҭ Ӝ ̂1247 ӥ ȇ Ӝ Ȉ̃ éȂ

Ҍ Ԉ Ȃ ҸῈ ̆ ғᶏ Ȃѿ Ҍ

Ὲ ̆ ᶏ ΎȂ 

 

(Ferrari L.,1522 - 1565) ₮̆ ԍ ̆

Ὲ ֽ̆ ף֓ ӥ Ҭ ץ ⌠ ׃ Ȃ 

 

ԓ ԅȂ ̆ ̆

̆ Ạ ̆ ⌠ 19ҕ ∆Ӟ ₮ Ȃ ף̆ ҍ

№ № ⌠ 19ҕ ∆ ⌠ԅ Ȃ 

 

̆ ҉ ῀ ӊ ̆ ₮ ԅңᵝ ̆ ̂Niels 

Henrik Abel̆ 1802-1829̆ ̃ 

                
                                             Ҭ ѿ  

ᵍ ̂Évariste Galois̆ 1811-1832̆ ̃ 

                                    

                                              g  

    19 ⇔ז ᴶ ԅ̔ѿ ԓ ԓ ҉ץ Ҍ

ף ̂ⱴ⁞ӗ ӗ ԇ̃ץ Ȃז ԅң

ԍ ̂ ’ ₮ Ȃ̃ ז ѿ ₱ ̆

⌠ ҕ̆ № ᵬ Ȃ1828 ז ҉ ̆Ҍ ҕȂ 
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    ᵍ ↕ ҹָӇ ֓ԓ ̆ Ҍ Ȃז⇔ ԅᵍ ᶏ̆

ѿ ҍῒ ᵍ Ȃז ԅѿҩ ᵍ ̂

ӈ X № ⌠̃̆ ↕ῒ ̆ ↕ Ҍ ȂҌ ̆ᵍ

1832 ԍ‗ Ȃ Ҍ ̆ ԍ ̆ ז̂ ҹ ̃̆

ԍ Ỹ̆ ̆ ⌠ ҕ ѿ Ȃ ז ҕ

ז̆ ̂Joseph Liouvillĕ 1809-1882̃ ⌠ ̆

ῒ⇔Ⱳ (Journal de Mathématiques Pures et Appliquées  , 1836 ⇔Ⱳ,1846

ԅᵍ )҉ԇץ Ȃ ӊ ,ᵍ ῒ ⇔ ᵍ

Ȃ ҍᵍ ⇔ ԅ ₃Ӎ № ̆ ῒ

Ӟ Ȃ 

                                         

                                            

 

ԅ ҍᵍ ῏ԍ ̆ 1841 №

ԅ Ҋ ̔῏ԍԋ №  

0)('' =+ uxpu                                ̂3.6  ̃

ҍӊ  

                     )(' 2 xpyy +=  ̆  
u

u
y

'
-=                             (3.7 )  

ῒҬ )(xp ₱ ( ₱ № ₱ ), ңҩ №

ᾟ ᴆ ̂3.7̃ ף )(xy , ԋᾝ  

0),( =yxP  

ΐᵣ ̆ ѿ ԅ̔ ғֽ vҹ ̂3.5̃

ף ̆ vҹ № Ҍ Ȃ 

 

ӈ̆ ף

̂ ⱴ⁞ӗ ̆Ӟ ̂Ҍ ̃ ̃

№ȁ № ⌠̂Ҍ № ∆ ₱ Ȃ̃ҹԅ ӈľ

Ŀ̆ ῀ԅ∆ ₱ Ȃ 

 

҉ № ̂ ҹ №̃ ̆ᵖ ѿ
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Ҍ ᶏ № Ȃ ז ᵬӊ ̆ № ꜚ № ҈

№̔̂ Ĩ № ̆̂ IĨ ҍ №  ̂IIĨ ṿ ҍ ṿ№ Ȃ 

 

ԍ № № Ҍ ’̆Ҍ ̆

ȁ ̂ Ẓ № ȁ̃ ȁ

Ȃ ᶏ ץ №ҹҺ № ̆ ᶏ

₃ᵥ Ȃ (Jules Henri Poincarª, 1854͠ 1912, ) ѿ Ạԅ

⇔ ᵬ, ז ₮ ( , Ἕ ), ⇔ ҍ

ׂ Ȃ 

                                         

                                                  

 

№ № Ҍ ̆ᵖ ѿ֓ ῒ ̆

ׅ ӈȂᶛ ̆ ⱬ ̂Schrѩdinger ̃

῏ԍ ҍ ̆ ӈ Ҭ ῏ԍҬ

̂Schwarzschild̃ Ȃ ԍ ֓ ₮ ҍ

ᶏ № ᶏ̆ ֓ №≢ ҹ ⱬ ҍ ӈ

׆̆ Ӟ‗ ԅԋ ҕ ңҩ Ȃ 

 

№ Ҭ̆ № ̆ ₱ ף̆ ̆

≢ ᵬ Ȃᶛ ̂Marius Sophus Liĕ1842- 1899̆ ̃⇔

̆ ᵌԍ ᵍ ̆ ԍ №

Ȃ ̆ № Ҭ ̆ ױֲ

׆ ₃ᵥ ῒ Ҭ ⌠Ȃ  

                               

                                             S.  

Ҥ ᵍ ⌠ № ̂Picard̆C.ц.1856- 1941̃

№ᵍ ̂Ӟ ף№ ̃̆ ԍ № ̆ ̆ԅ ѿ

ֲ Ȃ 
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ΐᵣ ̆ ṿ ṿ№ ̂ ᶏ ̃ Ҍ

₮ № Һ Ȃ ῖ ῏ԍ ₱ Ȃ ף

ᶏ ᶏ ѿ Ȃ 

 

⌠ѿ ̂3.4 Ȃ̃ץҊ ѿ֓ ̔ 

 

̂ã  )()(')()( xwxwxaxy 11 ---= ̆̂ 3.4̃ Ҭ ԋ

№  

        01 =++- - )()()()(')]()()('[)('' xwxcxaxwxbxaxaxw            

̂b̃ ԍ ̂3.4̃ ̆ ⌠ѿҩ )(1 xy ̆  )()()( xyxyxz 1
1 -=-

̆

῏ԍ )(xz  

)()()]()()([
)(

xaxzxbxyxa
dx

xdz
-+-= 12        

₮ (3.4) Ȃ 

̂c̃ ᴋѿ ̂3.4̃ ̆ )(1 xy ̆ )(xy2 ̆ )(xy3 )(xy4 ҩ ̆

ױ ֜ ѿ ԍ c̆  

              c
xyxy

xyxy

xyxy

xyxy
=

-

-

-

-

)()(

)()(
:

)()(

)()(

34

24

31

21                                ̂3.8  ̃

 

ѿ ⌠ ᴆ Ȃ )(sk ҍ )(st

ҹS ₱ ̆ ԍҌ ⌠ ױֲ̆ ᴪ ᾢ

ָӇ ᴆҊ ̂3.1̃ ̆ ѿ ̔ ̂3.4̃

)(),( xbxa )(xc ԍS ₱ ̆ ָӇ ᴆҊ̆ ԍS

̙ 

 

҉ ԍ № Ȃ1978 ̆ Ҭ

ᴪ҉׃ ԅ Ȃ ↨ ̆ ᾝּב ₮ѿҩ ̔ 

 

ῃ ҹS ₱ ̆ ғ 0<)()( xcxa ̆ ̂3.4̃ ңҩ

ҹ S ̕ 0¢)()( xcxa ̆ ̂3.4̃ ѿҩ ҹ S Ȃ 

 

Ҋ̆ ᾝּב ᴪ҉׃ ԅז Ȃ 
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ᾝּב ᶏ ԅѿҩҌꜚ ̆ Ꞌ Ҍꜚ (Brouwer fixed-point 

theorem)Ȃ ԑ ҉ ץ ⌠ ῏ԍ Ҍꜚ ׃ Ȃ 

 

                 
                                                     ᾝּב 

                  

              
                                                  ᾝּב ҉ 

 

1978 ̆ ↨ ̆ ᾝּב ҉Ῥ ׃ ԅז Ȃז

ҍ ץ Ȃ 

 

III №  

 

[1 ] Eisenhart, L.P., A Treatise on the differential geomet ry of curves and surfaces, 

Ginn and Company, Boston, New York, etc.,  1909 

[2 ] Hille,E., Ordinary differential equations in the complex domain, John Wiley & 

Sons,Inc. 1976  
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IV. Ҍꜚ ҍ  

 

    Ꞌ Ҍꜚ № Ҭ Ҍꜚ ӊѿȂ ѿ ҹ̔

ҩ׆ ₃ € ⌠ Ἕ ̂ ̃ѿҩҌꜚ Ȃ

ѿ 1̆886 ԅ Ꞌ Ҍꜚ ѿҩ ᴇ Ȃ 

҈ ’Ҋ ℗ ¥ 1904 ₮̆ ѿ ’Ҋ

ᾥ¥ 1910 Ȃ ᴚῗ¥ Ꞌ ( Luitzen Egbertus Jan Brouwer ,1881- 1966,

ῌ)  1912 ₮ԅѿҩ Ȃᵖ ѿ ԋ ’Ҋ Ȃ 

 

ᾝּב ᶏ ѿ ’Ȃѿ € ҉

҉ ѿҩ ],[ ba  ̂ ba< Ȃ̃ Ꞌ Ҍꜚ ҹ̔ )(xf

ӈ ],[ ba ҉ ₱ ̆ ғ₱ ṿӞ ̆ ԍ ],[ baxÍ ̆

bxfa ¢¢ )( ̆↕ )(xf ],[ ba ҉ ѿ 0x ̆ᶏ 00 xxf =)( Ȃ̂ ᵥ ̙̃ 

Ӈ̆ ᾝּב ᵥ Ꞌ Ҍꜚ ‗

̙ 

 

 

  
)()()( xcyxbyxa

dx

dy
++= 2

                                                                        ̂3.4  ̃

ῒҬ )(),( xbxa )(xc ԍS ₱ Ȃ №

ҍ ѿ ̆ῒ № x- y ҉ ̆ Ҍ ӞԑҌ ֜Ȃ ԍ

)()()( xcyxbyxa ++2
ṿ ԍ ),( yx № ℗ ̆  

              ))()()(,(),( xcyxbyxayx ++= 21T                            ̂4.1  ̃

℗ ̂ Ҍ ԍ 1 Ȃ̃ ₮ № ),( yx Ȃ

№ x- y ҉ ℗ ),( yxT ѿҩ Ȃ ԍ )(),( xbxa )(xc

̆ ҉ץ x № ̆ ᴋᵥ ),( yx  

            ),(),( yxySx TT =+  

http://zh.wikipedia.org/zh-cn/%E5%87%B8%E9%9B%86
http://zh.wikipedia.org/zh-cn/%E5%87%B8%E9%9B%86
http://zh.wikipedia.org/zh-cn/%E9%9B%85%E5%85%8B%C2%B7%E9%98%BF%E8%BE%BE%E9%A9%AC
http://zh.wikipedia.org/zh-cn/%E9%B2%81%E4%BC%8A%E5%85%B9%C2%B7%E5%B8%83%E5%8A%B3%E5%A8%81%E5%B0%94
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    S ),,,( 2210 °°== nnSx ̆ x- y №◓ ҹS

̆Ҍ ҉ № Ȃ 4. 1 ҉ ҹS

ῒҬѿ № ȂҌ ₮̆ ԍ ̆ I,II III ҈ҩ

҉ № Ȃ 

 

                                      4.1 

̆ ̆ ῒҬ ѿҩ ̂ Ĩ҉

҉ y ṿ 0y № ̆ᶏ ⌠ y ṿׅ 0y Ȃ

№ ᴪ ῒ ₮ ̆ Ȃ 

 

ѿ Ẋ ̔ x̆Ҍ 0<)()( xcxa ȂҌ ѿ ̆  

       ),(,)(,)( ¤-¤Í"<> xxcoxa 0                                ̂4.2  ̃

ԍ ̆ ױ ҉ I ҉ ҍ № Ȃ ᴆ̂4.2̃ ץ ץ⌠

ҊԊ ̔ 

            

                                         4. 2 

 

    1. x ҉̆ ԍ 0=y ̆ № ℗  
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              ))(,(),( xcyx 1=T  

ѿ Ҋ Ȃ̂ 4.2̃ 

 

    2. ṿ ңҩ ̆ )( 0<aa )( 0>bb ̆ᶏ ay= by= ̆ 

               02 >++ )()()( xcyxbyxa  

ԍ ay= by= ҉̆ № ℗  

            ))()()(,(),( xcyxbyxayx ++= 21T  

҉ Ȃ̂ 4. 2̃ 

 

    3.  x ̆ ay= by= I ₮ dI uI ңҩ ̆ dI

̂ 0=x ̃ y ҉ ],[ 0aa =ȹ ̆ dI ̂ Sx= ̃ y

ṿӞ ѿ aȹȂ ᵌ̆ uI y ҉ ],[ bb 0=ȹ ̆ uI

y ṿӞ ѿ bȹȂ̂ 4. 2̃ 

 

4. ԍ dI ҉ № Ҍ ֜̆ӞҌ ̆ ῀

№ Ҍ ay= 0=y ₮ ̆ѿ ᴪҍ ֜Ȃ ̆ №

₮ ҍ ֜ ῏ ѿҩ aȹ⌠ ѿ

aȹ Ἕ )(yf Ȃ ̂3.4̃ № № ∆ṿ ᶭ Ḡ

ԅ Ἕ Ȃ Ꞌ Ҍꜚ ̆ )(yf aȹ҉ ѿҩҌꜚ

ay ȂҌ ₮ dI ԍ ayy= ₮ № ̂3.4̃

ѿҩ )(xy1 ̂ 4.3 Ȃ̃ 

 

5. ᵌ bȹ҉Ӟ by ̆ᶏ uI ԍ byy= ₮

№ ̂3.4̃ ѿҩ )(xy2 ̂ 4.3 Ȃ̃ 

̆ bȹ҉ Ἕ )(yg ҊԊץ ӈ̆ ҍ uI ̂ Sx= ̆ by ȹÍ ̃
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֜ № 0=x ₮ ѿ uI ̂0̆ by ȹÍ Ȃ̃

Ἕ uI ⌠ ̂ҹָӇ̙ Ȃ̃ 

 

               

                                                  4.3  

    ̔ ᴆ 0<)()( xcxa Ҋ̆ ̂3.4̃ ңҩ ̂ ≠̔ ̂3.8̃

ѿ ֽ ңҩ Ȃ ῏ Ȃ̃ ᵌᵖ ̔

ᴆ 0¢)()( xcxa Ҋ̆ ̂3.4̃ ѿҩ Ȃ 

 

ᾝּבᶏ Ꞌ Ҍꜚ ̂3.4̃ ȁᴨ ȁ Ȃ

ѿ ׂ ⌠ , Ӟ Ҍ ז № , 

ᵖ ᶏז Ꞌ Ҍꜚ ‗ ז ̆ ≢ Ȃ

׃ Ȃ 

 

ᾝּבӊ ץ ₮ ᶏ Ҍꜚ ‗ Ҍ ȂԊ ҉̆

ᾝּב 1944 1947 ᵫ Ạ ̆1946 ᵝ̆1947

ᵝȂ Һז Ȃ Ҍꜚ ῤ Ȃ 

     

    Ḃ׃ ѿ ῏ ԊȂ1912 J. H. ҕ╠ ₮ ̆ ľ Ŀ̆

ז └ ҈ᵣ ̆ ҹ ᴆ Ҍꜚ

̆ᵖ ₮ Ȃ ᴿᾥ ̂George David Birkhoff ̆

1884Ƨ1944̃ 1913 ԅ ҩ Ȃ ̆ ѿ ҹ -ᴿ

ᾥ Ҍꜚ ̆ ҹ̔  

    №≢ҹa b  ̂ 0>>ba ̃ 2ҩ  aC bC  ѿҩ Ğ

ἝP G⌠Gѿ ѿ ̆ G ᵬ ̆ғ Ḡ ̆↕

 Gῤ 2ҩҌ Ҍꜚ Ȃ 

 

Ḡ Gῤᴋᵥ D̆ ἝGᵬ ̆Ἕ )(DP Ӟ ԍD
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Ȃ P ᵬ Ҋ̆ aC ҉ ̂ ̃ ꜚ̆ bC ҉ ↕

̆ ̂ ̃ ꜚȂ 

 

80 ף ̆ ѿ ҉ ⌠ѿҩ ₮̔ ᴿᾥ ₮ ץ

╠̆ ῌ ̆ ̆ ׆ ⌠ ֲ ῀

̆ ≢ Ȃᴿᾥ ᵬ ԅ ֲ ̆ ԅ ᵝȂ 

 

                                            

George David Birkhoff                Garrett Birkhoff 

 

ᴿᾥ ̂George David Birkhoff ̃ ᾙ G. ᴿᾥ ̂Garrett Birkhoff 1̆911- 1996̃

Ӟ ,  ᴋ ԍ ᵫ Ȃ ᾝּב ᵫ ӥ ᴋז ꜛ Ȃ1982 ̆ ᾢ

G.R ᾥ ֤ѿҩ Ȃ 

 

҉ҕ 50 ∆ף ӟȂ ῍ ̆ №

ҍ ң № ̆ ̆ ‗ Һ ̆ ῤ

ֲ ңҩ№ Ȃ Ҭ ‗ ⱬ ңҩ№ ̂ ᾝ

ȇ Ȉ̃Ȃ 1̆954- 1959 ̆ҹԅ ̆ ӊ  ̆

ᾝּב Һ̆ № ̆ ҹҬ ῃ № ֲȂ

50 ף 60 ᾢז∆ף Ώԅ [ 1]̆ ῤ ׃ №

Ғ [2] ̆[3] ץ̆ ⇔ Ғ [4] Ȃ ȇ № ӈ № Ȉ

ѿӥҬ̆ ᾝּב ׃ ԅ ᵥᶏ Ꞌ Ҍꜚ ꜚ

ꜚ Ȃ ᾢ ̆ ‗ Ԋ

ԅȂ 

 

ᾢ ̂ [5] ̃ ̂3.4̃ ҹ ₱ ’Ҋ ⌠ ̆ ҍ

 

     

2

2
1

2
1

uisskissk
ds

du
])()([])()([ tt +---=                            ̂3.1̃  

ҍ ҹ ṿ₱ Ȃ Ӈ̆Ҍꜚ ᾝּב ⌠ ̙ 

 

 

IV №  

 

[1]  ᾝּב ȇ̆₃ᵥ Ȉ̆ ҈ ӥ ̆1949̕ ҉ Ⱶ ӥ ̆1959 

[2] ᾝּב ȇ̆ № ӈ № Ȉ̂ ҉̃̂ Ҋ̃̆ ₮ ̆1959 
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[3] ᾝּב ȇ̆ ꜚ ѿ ӈȈ̆ ₮ ̆1958 

[4]  ᾝּב ȇ̆ ꜚⱬ ꜚ Ȉ̆ ₮ ̆1963 

[5] Chin, Yuan - Shun, On periodic solution s of Riccati equation with periodic 

coefficients, Kexue Tongbao, 1980, 1062 - 1066 
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V. ҉ ҍ Ҍꜚ  

ᾢ ѿ ῏ 1986 Ȃ ӊ╠  ̆

ᾢ Ҋ̆ ҉ ԅѿ ↓ Ȃֽ זץ №

ȁҀ ҹᶛ ױז̆ Ҭ ҉̂ [1] ̆

[2] ̆[3] Ȃ̃ 

 

Ғҙ ҉̆ ╠ ⌠ ̆ ԅױ ԅ ᾝּב

̆ ̆ Ȃ ҽѿҩҌ ז

̆ᵖ ᶛ Ȃ ̆ ⌠ ̆ ᾝּב ⌠

҉Ҍ ᶏ Ȃ ז ⌠ ⱴ └

̆ ԍ ̆ԍ үז ₃ᵥ ̆ ⱴ

ԍ € ⁞ץ ⱬȂ ѿ ̆ ԅ ( [4],[5]) Ȃ

̆ ѿҩ ҍԐ ῾ ᵬ̆ ԅ Ȃ  

 

ױ ֓ ᾝּב ̂10ֲ̆҈ҩ ̃̆ ז

ȁ ȁ ⱬȁ Ҭ ꜚ̆

ӟҍ ҺꜚȂ ̆ ׃̆ ῒҬѿҩ

Ȃ 

 

1978 10- 11 ᴍ̆ Ҍ⌠ ̆ ᾝּב Ҋ̆

№ ѿҩҕֲ ᴿ Έ ҉ ԅ Ȃ 

 

ᴿ Έ ᴿ ԋ ҕ ₮ 23ҩ ӊѿȂ № ң ᴍ  ̔

1. ף ҍ  

Harnack 1876 ԅ ҉ n ף
2

432 +- nn
Ṏ№ Ȃ ᴿ

֓№ ӊ ̆ҥ Harnack ⌠ ף Ȃ 

2.  

ԋᾝn ),(),,( yxQyxP ̆ ҉ ꜚⱬ  

                   

î
í

î
ì

ë

=

=

),(

),(

yxQ
dt

dy

yxP
dt

dx

                                         ̂5.1  ̃

ᴿ ῒ ῒ Ȃ 

http://zh.wikipedia.org/wiki/%E5%B8%8C%E5%B0%94%E4%BC%AF%E7%89%B9%E7%9A%8423%E4%B8%AA%E9%97%AE%E9%A2%98
http://zh.wikipedia.org/wiki/%E5%8A%A8%E5%8A%9B%E7%B3%BB%E7%BB%9F
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20ҕ 70 ף 23ҩ , ῒ ‗,

̆ᵖ Έ Ȃ Smale ҹ 23ҩ Ҭ ѿ

ҩȂ 

̂n=2̃ ’Ҋ, ╠ ԅ

ҩ Ҍ 3Ȃ ⌠ 1978 ̆ ֲ ₮ ̆ᵖѿ Ḥῒ

Ȃ Ҋ̆ ₮ԅѿҩ 4ҩ ̂ῒҬ҈ҩ ѿұ̃

ᶛ̆ ԅ Ȃ : ῌ ̆ ѿ Ӟ ⌠ ̂

[6 ] ̃̆ <Ҭ >1979 ѿ  ̆ ȁ < >1979

ѿ Ȃ 

ѿ ᶛ ׂҹ ̆ n=2 ’Ҋ Ȃ ῏ ᴿ Έ

ѿ ᴪ׃ ѿ Ȃ  

̆ Һ ̆ ̆ ῀Ạ

Ȃp ᾝּב Ҍꜚ ‗ ԅ ҙ Ȃ Ҭ

Ꞌ Ҍꜚ ĺ Ҍꜚ ̂Schauder fixed - point 

theorem̃ ԅѿ ᵬ Ạ ꜚ Ȃ ԍ

̆ Ҍ ѿ ׃ ԅȂ 

1986 ̆ ᵝ ⌠ ᵬ ̆ ⌠ ᴿ W.N.Everitt

̆ SERĈ Science and Engineering Research Council ̃ ̆

⌠ᴿ Ạԅ Ȃ ⌠ ѿ֓ № ̆

N.G.Lloyd̆H.S.Hassan ҉ ̆

ԅ ↓ ̂ [7],[8],[9 ] Ȃ̃ ױז ̆ Ȃ 

ᾢ ‗ ̆ Ҍ Ἕז ᶏ Ҍꜚ ҉

ѿҩ ╠ץ ̙ ̂ ̃

ԅᵬ ̔ 

̂1̃ ̆ ץ ⱴ҉ z  ̆ 0=z  

S̆ ¤=z ҉ N̂ 3 Ȃ̃ ₱ ӥ ѿ

׃ Ȃ 

                   

                                    3 

http://www.chenlansun.com/new/show.aspx?id=1&amp;cid=5
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̂2̃ Ҭ Ҍꜚ ̔ᴋᵥ׆ m2 mS2
⌠ ᴶԍ Ἕ

Ἕ ѿҩҌꜚ Ȃ 

m2 mS2
ץ ῀⌠ 12 +m Ҭ  

              12
12

2
2

2
1 =+++ +mxxx ...  

Ȃ ᴶԍ Ἕ Ἕ ץ Ἕ ᶭ ѿҩ ̆

ԍ ̆ Ἕ Ἕ̆ ⌠ 1 ̆ Ἕ ἝȂ

῏ԍ ᴶ ңҩ ᴆ Ҍ Ȃɒ ѿ ԍ ̆ ѿҩ ꜚ

ᴶԍ Ἕ̆ᵖ ҉ Ҍꜚ Ȃ ̆ԋ ҉ ѿ ⌠

ѿ Ἕ̆ Ἕ̆ᵖ Ҍ Ἕ

̆ Ӟ Ҍꜚ Ȃ ҩ ̆ ֓ ӥҬ ⌠̂

[10] Ȃ̃ 

ң҉ץ ⌠ѿ ҉  

          )()()( sCzsBzsA
ds

dz
++= 2                              ̂5.2  ̃
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ῃᴏ ᵍ ᾢ̆ ₱ № ̂ ⱴ⁞ӗ

̆ № ̃ ̆ № №

̆ ⱴ Ҭ № ̆ № ҉ №

̂Ḡ № ̃ ̆ Ḡ Ҍ № ̆ №

№ᵍ ̆ ₮ ҍ ῏ ̂ [18] Ȃ̃ №ᵍ

ӈ ̆ᵖ ץ n ѿ ),GL( Cn Ȃ

ᾥ ̆↕ῒ №ᵍ Ҭ ̆ ṿ ץ Ȃ 

 

[15] ҹᾥ № ץ ӈ № № ̆ ԋ

ץ №ҹ ԅ №ᵍ ̆ ₮ ѿ ᴆҊ̆

№ᵍ Ӌ Ȃ 

 

    [19] ̆ ≠ №ᵍ ԅ №ᵍ ѿ
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XII. № ֓  

    ᾢ Ҍֽ № ̆ ғ № ҍ Ȃז

ֲ ᶛȂ1960 ז ῀ ԋ Ӝ ᵬ̆ ׆

̆ ѿ └ ҬẠ₮ԅ Ȃ ȇ

Ҭ ⱬ Ȉ1982 ѿ (#100019)̆ ֲҹ̔

ȁ ᾢȁ ᾣ ȁԍ ȁ ȁ ȁ ᾝּבȁ ȁᵥ Ȃ 

 

῏ԍ ҍ ̆ ԅѿ ↓ ̆

ȁ ̆ ȁ№ ҍ ȁ ȁ№ ȁ

KAM̂ Kolmogorov- Arnold- Moser) ̆ ₮ ̂I.llya  Prigogine ̆

1917- 2003̆ ≠ Ὲ ̆ ḇ ,  1977 ̃ ȅ

ҍ Ȇ̂ [1] ̃̆ ̂Haken̆ Hermanñ ȅ Ȇ̂ [2] ̃

Ȃ 

 

                    

 

̆ל ᾢ ȁ ױ ̂ ᴿ Έ ȁ

№ ̃ ̆ ױ ҉ Ȃᶛ ֪ז̆

ᵬ[1] ̆ ῀ ӥҬ ᶛ ͡ ҈№ ̆Ӟ

̂Brussellator ̃Ȃ ’Ҋ̆ Ώ Ҋ  

            
í
ì
ë

-=

++-=

yxbxy

yxxbax
2

21
#

# )(
                                    ̂12.1  ̃

21 ab +> ᴆҊ ̆ ԅѿ֓ ȂҌ

ӄ, ᾢ Ҋ ԅ ѿ ̆ ᵬԅῃ № ̂

[3] ̃Ȃ 

 

№ ҍ҉ ῏Ȃ [4] [̆5] [6] Ҍ

ꜚ ԅѿ ᵬ Ạ ꜚ ̆ ԅ

῏ - ̂Sturm- Liouville ̃ № ̆ ₮ԅ ṿ

ľֲ Ŀ̂ ̔ ̆ ‗ ̆ [7] ̃Ȃ 

ᾢ ᵬ₮ ῤ ׃ Ȃ1983 ∆ ᾢ

http://baike.baidu.com/view/132592.htm
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Ҭ ׃ ԅז № ₮ ̂ [9] ̃̆

ץ ҹָӇ ꜚ Ҭ ԋ ⱳ

̆ ԋ ⱳ Ȃ ̆ ᾢ ױ ̆

Ҍױ ῏ ⱬ Ҭ ̆ ԍѿҩ҈

̆ ᶏ № ѿҩ ӈ ᵣ̆ №

῀ ᵣ Ҍᴪ ̆ ғ ᵣ ѿ ҉ ѿҩ ̂ ̃̆

̆ңҩ ⱳ ̂ [10] ̃Ȃ 

 

70- 80 ╠̆ף ῤѿ֓ⱬ Ғ ⱬᵬ Ҋᾟ ᵣ ꜚ

ῐ ԅ ↓ Ȃ ῏ ̆ ѿ Ώ↨ᵣҍ ᵣ ԑᵬ

-Ẓ Ȃ ᾢ Ḃ ⌠

Ạ׃ Ȃ ױ ῤ ѿ֓ ῏ Ҍ ᶏ ľ Ŀ ѿ

̆ ₮ Ȃ ѿ ̆ ױ [8] ₮ԅѿ ӈ

̆ ԅ ꜚҬҌ Ḡ ̂ Ώ ᵣᵝ ̃ ֓ № ̆ ₮ԅ ῏

̆ ԅ ѿ ᴆҊ̆ ꜚ╠ ҩ ꜚ Һ Ạ

ꜚ̂ ҍ ̃̆ Һ ҍ Ḡ ѿҩ

ῤ̆ Ӟ Ḡ ̂Ҍ ᴰ ӈ҉ ̃̆ ₮ ᵣ

Һ Ҍ Ȃ 

 

ᾢ ᶏ ױ ⌠ ҹ̆ ‗ ӟ ҍ

̆ ≢ ҉ ף Ȃ1979 Һז ȁ ԅ

ԋ № Ҭ ∞≢Ὲ ̆ ╠ Ӌ ѿҩ

῏ ̆ ⌠ ῃ ԋ № ∞ ̂ [11] ̃Ȃ׆

̆ Ӟ ҹ Ԋ׆ ΐȂ 

 

ᾢ ῒүץ , ᶏ ԅױ Ҭ, ֓ ᶭץ ,

‗ , ֓ ṿ ῀ ,ῒҬ῏ ָӇ, ? ᶛ ̆ ԅױ

⌠ҍ № ῏ ̆ѿ ꜚ ’Ҋ̆

№ Ҥ Ȃ ῖ ף ,

(homoclinic orbit) ̂heteroclinic orbit ̃ ,  

ꜚҊ̆ Ἕ ԅ ҍ ֜

ꜚȂ 

        

                                       12.1 

ῒ ⌠ ̂ 12.1 ῒ̆Ҭ e0t
p ꜚ Ἕ



81 
 

̆ )( e0t
s pW ҍ )( e0t

u pW ҍҌ ̆ e0t
q ңҩ

֜ ̃̆ 60 ⇔ף ₮Melnikov₱ ̂ [12] ̃ ∞ץ ҍ

֜ ̆ ꜚ ԅ ΐȂ 

 

ѿ ⱴ ꜚ ’Ҋ Ҥ KAM Ȃ  

῏ԍMelnikov ₱ KAM ῤ ⌠ ӥ̆ᶛ [ 13]ȁ[ 14] ̆Ҍԇ׃ Ȃ 

 

ῒ ’̆ ⌠ ѿ ᶭ ṿ ҍ

№ ₮ ̆ ῗב ̂ [13] ̆[15] ̃Ȃ 

 

֓ ȁ Ҋԅ Ȃ 

 

⌠ ᵬ ̆ ԍ ̆ ԍⱬ Ғҙѿ

ⱬ Ȃ № ҍⱬ ̆ Ȃ 

 

ѿҩ ↔ ⱬᵬ Ҋ

ꜚȂ 

 

ᴧ , ⱬᵬ Ҋ ѿҩ ꜚ ῖ ᶛ Ȃ ῒ

̆ ꜚ ’Ҋ ꜚ ᴆҊ Ȃѿ ’

ꜚ̆p ’Ҋ ֓ ̆ ֲ ԅȂ Ӈ

ꜚ ᴆҊ ꜚ ̙ ױ ̂ [16] ̆[17] Ȃ̃Ҋ

׃ ѿ Ȃ 

12.2 ѿҩ ңҩ
1fҍ 2f ⱬ  

 

            12.2 

Ҍ ѿ ̆ 12=m ̆ 11=l פ
21, llmm == Ȃ Ҋ ӈ  

                      
221 , fqfff =-= Ȃ 

₱ Ώ  

                       ),(),,,( )1(

0 qfqf qf gHppHH +=                  (12.1)  

ῒҬ 

      
)sin(2

)1()cos1(2)cos21(
22

222

0
f

ff qqff

+

++++-+++
=

ml

pmpplmplml
H        (12.2)  
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              ]cos)cos()1[()1( qqf lmH +++-=                           (12.3)  

HE= ῒ ⱬᵝ
)1(gH ̆ Ӈ 

                         
E

g
=e                                          ̂12.4  ̃

ᵬ ҩ Ȃ (12.1) Ώҹ 

                       )1(01 H
E

H
e+=                                     (12.5)  

tE=t ̆ ӈ ӈ‖  

                ff

t

f
p

E

d

d

L
p

1

)(

~ =

µ

µ
= ̆ qq

t

q
p

E

d

d

L
p

1

)(

~ =

µ

µ
=  

(12.5) Ώ  

                     1
~~

)~,,~,(
~ )1(

0 =+= HHppH eqf qfŮ                      (12.6)  

№ ꜚ №ҍ ꜚ №Ȃ ꜚ № ̆

00

~~
HE = ̆ ѿҩ ̆ ‖  

                                qpA ~=                                   (12.7)  

⌠ 0

~
H Ҍ q̆ 0

~
E ṿ̆ ꜚ ꜚ └ )~,,~( qfqpp 3

Ҭ ѿҩ 2 ̂ ҹ ᵝ ҉̃Ȃ Ҋ ᵝ ῀⌠ѿҩ 3

Ҭ 

              qff ff pzpRypRx ~,sin)~(,cos)~( =+=+=                  (12.8)  

ῒҬR ѿҩᴋ ̂ᶏ 0)~( >+ fpR ̃ ̆ ױ ⌠ ᵝ ԍԋ

̆ ‖ ҹ A ꜚ ᵝ ҉ ‖ ṿ Apz == q
~ ̂ 12.3 Ȃ̃ 

 

                              12.3 
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    ‖ Ҋ 4ҩ ṿ ̆ 

])1[(
~

2 2

01 mlEA ++= ̆ ])1[(
~

2 2

02 mlEA ++-= ̆ 

])1[(
~

2 2

03 mlEA +-= ̆ ])1[(
~

2 2

04 mlEA +--= ̆ 

҉ ‖ ṿ 4ҩ ̆ ғ  

(i) 
1AA> 2AA< ᵝ ҍ ‖ Az= Ҍ ֜̂ Ҍ

1AA> 2AA<

ꜚ̃̕  

(ii)
1AA= 2AA= ̆ ᵝ ҍ ‖ Az= ℗̆℗ №≢ҹ 

                      
ml

E
mlp

++
++==Â

2

0
1

)1(

~
2

)1(~,0: ff  

ҍ 

                      
ml

E
mlp

++
++-==Â

2

0
2

)1(

~
2

)1(~,0: ff  

(ii i) ),( 42 AAAÍ ),( 13 AAAÍ ̆ ‖ ṿ ҹ ᵝ ҉№≢
2Â ҍ

1Â

̆ ңҩ Ἕ ңҩҬ ̕ 

(iv) 3AA=
4AA= ̆ ‖ №≢ ң ̆ῒҬ ң  

                  
ml

E
mlp

++
+-==Â

2

0
3

)1(

~
2

|1|~,: fpf  

֜̆ ױ 3Â ‖ № 4 ҩ ̆ᶏ 3Â Ἕ ѿҩ ̆

ғ⅞№ ң Ἕ ң ̕ ң ‖  

                  
ml

E
mlp
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+--==Â

2

0
4

)1(

~
2

|1|~,: fpf  

֜̆ ױ
4Â ‖ № 4 ҩ ̆ᶏ

4Â Ἕ ѿҩ ̆

ғ⅞№ ң Ἕ ң ̕ 

(v) ),( 34 AAAÍ ̆ ‖ ҹѿ ԑҌ ֜ ̆ѿ ᵝԍ ᵝ ᶷ̆

ѿ ↕ᵝԍῤᶷȂ 

ԍ ₱ 0

~
H Ҍ q̆ 4 ꜚ ԋ

ȂԊ ҉̆Ҍ ѿ פ 1
~

0 =H ̆ ₮ 
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                              (12.9)  

⌠(12.9) ѿҩԋ ̆ ₱ ҹ )~,()0(

ffp°L Ȃ
1Â ҍ 2Â

Ҭ ̆ 3Â ҍ
4Â ↕ Ȃ ⌠f ̆ (12.9)

ᵬҹ ̆ ╠ ⌠ 3Â ң ҹ ҉ ̆

4Â ң Ӟ ҹ ҉ Ȃ 

    ԍ ꜚ ₱ )~,,~,(
~

qfqf ppHŮ ̆Ӟ פ 1
~
=ŮH ̆ ₮ 

        =L= °° ),~,(~
, qf fq pp ŮŮ  

m

lmmpmmlplm

+

+++++-++°++

1

]}cos)cos()1)[(1(2~22){sin(~)cos1(
22 fqfeff ff

ץ  

       ),,~,(),~,()~,(),~,( )2(2)1()0( eqfeqfefqf ffff pppp °°°° L+L+L=LŮ  

ῒҬ ),~,()1( qf fp°L ҍ ),,~,()2( eqf fp°L ῏ԍq ҹ p2 ₱ Ȃ 

    ),~,( qf fp
Ů

°L ᵬҹ ₱ ̆ ⌠ѿҩԋ  
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ë
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pppd

d

                   (12.10)  

(12.10) (12.9) ꜚ Ȃ Ҋ̆ ץ Ҭ 1Â ҍ 2Â

KAM ̂ [ 13] [̆14] ̃ ꜚ Ҍ ̆

3Â ҍ 4Â Melnilov ₱ ̂ [13]̃ ꜚ ᴪ₮
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֜ ꜚ̂ ↔ ȇ ꜚ Ȉ̆ ֤

̆1998̃ Ȃ 

 

    ҉ Ӟ ῐȁ ԍ ⱬ ꜚ

ⱬ ̂ [ 18]̆[19] ̆[20] ̆[21] Ȃ̃ῒҬ ̆ Ȃ 

 

҉ ⌠KAM ̂ ̃ ̆

ᶏ ԋ ̆ ⌠ ҍ ῏ ̆ ѿ Ӟ Ȃ

Ạ ѿ ↓ ̆ ז ᵬ ҉̆ ₮ѿҩ ѿ ̂ [22] Ȃ̃

҉̆ ֤֜ ᵨ ᾢ ̂2011 1 Ҍ ҕ  ̃

ӊ ҍ ῏ ҉( [23]) Ȃ 

 

ⱬ Ҭ Ӟᶏױ ѿ ΐȂ ῖⱬ ⱬ ꜚ
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î
î
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pq
dt
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dt

d

qr
dt

d

MgxMgypqBA
dt

dr
C

MgzMgxrpAC
dt

dq
B

MgyMgzqrCB
dt

dp
A

GG

GG

GG

                      ̂12.11  ̃

҉῍ ҈ ’̆  

̂1̃ ’̔ 0=== GGG zyx ̆̂ ҍ ̃̕ 

̂2̃ ’̔ 0=== GG yxBA ,  ̂ ̃̕ 

̂3̃ ↓ ’̔ 02 === GzCBA ,  

 

    ῒҬ╠ң 200 ╠ ̆ ҈ ↕ ḇ ↓

̂Sofia Vasilyevna Kovalevskayă 1850- 1891̃ ≠ № ̆

ᶏ Gy Ӟ ԍ ’Ҋ ⌠ԅ῏ ҩ №̆ 

          2222
4 2 )/'()/( CMgxpqCMgxqp GG gg -+--=W                ̂12.12  ̃



86 
 

                                        

                                               ↓  

≠ ѿҩ ̆2004 ⌠ ̂12.11̃ ѿ ̆

Ӟ № ѿ №Ȃ 

ҹ4 №̆ ѿ ᴆҊ ⌠ԅ ↓ ҩ

№ 

2222
4 2 )
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Mgx

C

Mgx
pq

C

Mgy

C

Mgx
qp GGGG gggg

--++--=W         ̂12.13  ̃

Ӟױ [24] ̆[25] [26] ’Ҋ ₮ № 

        2222
4 2 )'()(

~
nggn -+--=W pqqp                               ̂12.14  ̃

̆ῒҬ
22 )()(

C

Mgy

C

Mgx GG +=n Ȃ [27]  

 

ԍ ᶏ ̂12.11̃ 0=Gx ᴆҊ ѿҩ҈ Ҍ

 

       }|)",',,,,{( 03 ==== gggg rqrqpM                          ̂12.15  ̃

Ҍ ӈ ғֽ Һ ̆ ңҩ Һ

҉ ̆ Ạ ⱬ ꜚȂ 

 

ᴧ ̆ ᵣ ̆ ȁ ꜚȁ ҍ ȁ

ҍꜚ ȁ Ȃ ץ ѿ Ҥ

ᵣⱬ Ҭ ꜚȂ2006 ԍ Ҭ ₮ Ҭ ῀ѿҩ ᵌԍ

₱ל ₱ ),,( tyxj ᵬҹ ΐ̆ᶏ ᵣ № ҹ 
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jj
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ѿ ₱ ),,( tyxj ҹᴺ̆ל ᴺל ̂12.16̃ )),,(),,,(( tyxvtyxu

ҹᴺל Ȃ Ҍ - ᾥ ̂ Ẋ ᵣ ҹ1̃ 
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+D+-Ð=ÐÖ+
µ

µ
np

t
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ῒҬ ⱬ f ₱ל ),,( tyxU ₮̆ ),,( tyxUf -Ð= Ȃ ױ ₱ ),,( tyxj
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ӊ ῀ ѿҩ ⌠ 

022 =---+- )()()( qqqqttttqqqtqtttqqtt n gfgfgfgf tt                  ̂12.20  ̃

ҹᶏ҉ ̆҉ Ҭ tҍq ԑ ̆  

          ),(),()( ttgfgf qtqqqtqttt Q+T=-                              ̂12.21  ̃

ѿ ̆ԍ ȁ↔ №≢ ⌠ - ᾥ ҍ ҩ ̂
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