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Hopf Algebras

Problem 1: Suppose that G is a finite group. In the dual K[G]∗ of the group
algebra, we have the dual basis of the basis consisting of the elements of G,
which we denote by pg, so that pg(h) = δg,h for all elements g, h ∈ G. Show that
the Hopf algebra structure of K[G]∗ is given on this basis by the formulas

1. ∆(pg) =
∑

h,h′∈G
hh′=g

ph ⊗ ph′

2. ε(pg) = δg,1

3. pgph = δg,hpg

4. S(pg) = pg−1 (4 points)

(Remark: Since a linear functional is uniquely determined by its values on a
basis, this Hopf algebra can also be constructed as the algebra of functions
on the group. The multiplication is then the pointwise multiplication, and the
elements pg become the characteristic functions on the singletons.)

Problem 2: Suppose that C is a cyclic finite group of order n with generator c,
and suppose that ζ ∈ K is a primitive n-th root of unity.

1. Show that there is a unique algebra homomorphism χ : K[C] → K with
the property that χ(c) = ζ. (1 point)

2. Show that χ ∈ K[C]∗ is group-like. (2 points)

3. Show that there is a unique Hopf algebra isomorphism f : K[C]→ K[C]∗

with the property that f(c) = χ. (3 points)

Problem 3: Suppose that G is a finite group.

1. Show that if G is abelian, then K[G] and K[G]∗ are isomorphic as Hopf
algebras. (3 points)

2. Show that if G is not abelian, then K[G] and K[G]∗ are not isomorphic
as Hopf algebras. (3 points)



Problem 4: Suppose that H is a Hopf algebra. An algebra A that is simulta-
neously an H-module is called a module algebra if

h.(ab) = (h(1).a)(h(2).b) and h.1A = εH(h)1A

where the dot indicates the module action.

1. Show that H is a module algebra over itself with respect to the left adjoint
action

h.h′ := h(1)h
′S(h(2))

2. Show that this module structure satisfies the so-called Yetter-Drinfel’d
condition

∆(h.h′) := h(1)h
′
(1)S(h(3))⊗ h(2).h′(2)

(4 points)

Due date: Thursday, January 28, 2016. Please write your solution on letter-
sized paper, and write your name on your solution. Give all your computations
in complete detail, and explain these computations in English, using complete
sentences. It is not necessary to submit this sheet with your solution.


