Mathematics 2260: ODE (I)

Solution to Assignment 5
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1) Using partial fractions we have o—j— = e —=). So L7H(Y (s)) = 5(e —e™).

2)Note that s* 4+ 25 +5 = (s + 1) + 4. Thus 32— = (s+(1s)ti22 So LM () =
de~" cos 2t.

3) Using the formula L(e® f(t)) = F(s — a),we have L™(5 x 4#) = 20t3e*.

4) First consider G(s) = 5392;22 = (s—(l)z—&)-l' L7YG(s)) = 2etcost. So L1 (e*G(s)) =

2uy(t)e2) cos(t — 2).

3. 1) Taking the Laplace transform of the differential equation, we have
s2Y (s) — sy(0) — 1/(0) + 2(sY (s) — y(0)) + 5Y(s) = 0, or
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y(t) = L7H(Y (s)) = 2e " cos 2t + Le " sin 2t.
2). s'Y (s) — s°y(0) — s7y'(0) — sy"(0) — y"(0) — 4(s’Y'(s) — s*y(0) — sy'(0) — y"(0))

+6(s%Y(s) — sy(0) —1/'(0)) — 4(sY'(s) = y(0)) + Y (s) = 0
= (s* — 453+ 65> —4s+ 1)Y(s) = s —4s + T.

So we have
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So we have y(t) = L71(Y(s)) = te' — t%e" + 2t3¢.
3). (1) = 1 — unpalt). L(f(1)) =1 — Ler/2e
= 52Y (s) — sy(0) — ¢/ (0) + Y (s) = L — Le=m/2s
= (s> +1)Y(s) =1+ 1~
Y<S) = 5211 + 3(521+1) - 5(521+1) e_ﬂ/Q P = 2%#1 + (% TS + ) - e_ﬂ/Q ’ (% - 5211) :
y(t) = LY (s)) = sint + 1 — cost — tr/a(t) + wura(t) co (t —7/2).

4). s*Y (s) — sy(0) — ¢/(0) + 3(sY (s) — y(0)) + 2Y (s) = Te % that is
(s2+3s+2)Y(s) = 1+ Le=2s,
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4. 1) 1 = u, xo = u'. It follows 2] = x5 and 2}, = v = —2u — %u’ = —2x — %xg. The

system is
T = g
Th =21 — i
2 1 2 2
2)Similarly to 1), we have
T = 29
xh = —2x] — %xQ +4cost -

3). Rewrite it as v’ = —2u' — (1 — 5)u. Set ; = v and x5 = «’ to have 2/ = x5 and
t 1

!/

5 1)From the first equation we have xo = 2] + 2x1. Substitution into the second equation
we have (2] + 2x1) = x1 — 2(x] + 2x1), that is,

o] + 42} + 3z = 0.

The C.E.isr?+4r+3 =0, r, = —1, ro = =3. 1 = cie '+ cpe7 3. Using 29 = 2, + 21,
gives 2o = (cre™t + coe™3) + 2 (cre™ + coe™) = cre™t — cpe™ ¢ = 1, ¢, = 0.

2). x5 = 2 /2+ 1 /4. upon substitution we have x| + 2/ /4 = —2x; — (2 /2 + x1/4) /2, that
is, 2} + 2} 4+ z; = 0. The general solution for 1 (t) is 21 (t) = e™"/?(c; cos 2t + ¢y sin 2t).
By using x5 = 2 /2411 /4, we obtain x5(t) = e7¥/?(—cy sin 2t +cycos2t). ¢ = 2, ¢y = 2.

6. 1)Take the Laplace transform:X; = L(z1), Xa(s) = L(x2).Then

{ 8X1 —1= —2X1(S) + X2(S>
sXs(s) — 1 = X4(s) — 2X5(s)

Solve the above system to have
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2)Take the Laplace transform:X; = L(x;), Xa(s) = L(x3). Then we have

sXi(s) — 2 =3 X1 +2X,
SXQ(S) —2= —2X1 — %XQ

or

<S+%>X1—2X2:2
(s+3)Xo+2X; =2



Solve the above system to have
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So take the inverse laplace transform to have

z1(t) = e72(2cos 2t + 2sin 2t), xo(t) = e 7V/?(—2sin 2t 4+ 2 cos 2t).



