Math 3202 Answers Assignment #2

1. [3pt] Show that if a particle moves with a constant speed, then the velocity and acceleration vectors
are orthogonal.

Solution. v* = v ¥ = v? + v3 + v2

Given v + v3 + vi=const, differentiate both sides to get

dvy dvg dvg
UIE + UQE + 1}3% = 0.

—

d
Recall that @ = dit} Thus, v - @ = 0, and they are orthogonal.

2. Use definition of the cross product and the product rule for differentiation to show that

Solution.

Let @ = (1, x2,23) and b = (y1,92,y3). Work out the formula for each component: take the
derivative of the vector product @ x b and rearrange into the sum of two vector products. For the
first component we have

(22ys — w3y2)" = 2hys + Tays — (T5y2 + x3ys) = (Thys — w3y2) + (Tays — T3Y5).
Similarly, for the second and the third.
(z3y1 — x1y3)" = @51 + x3y) — (2hys + 21y5) = (T — 2hys) + (w3y) — 2195h).

(21y2 — Tatn) = iy + T1y5 — (Thy1 + x2yy) = (2hy2 — xou1) + (T1y5 — 224)).

3. Find the tangential and normal components of the acceleration vector if the position is given by
a)[3pt] 7= (3t —t3; 3t%0)
Solution.
Velocity ¢ = (3 — 3t%; 6t;0);
Acceleration @ = (—6t; 6;0);
Speed v(t) = 3t? + 3, thus ar = dv/dt = 6t.

. |a102 —CLQU1| . 18t2 + 18 .
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b) 7 = (e V2 ¢ )

Answer. ap = €' — et ay = V2.



4. [6pt] Find the tangential, normal, and binormal vectors for curve 7(t) = (e, e’ sint, €’ cos t) at point
(1,0, 1).

Answer. Note, the point corresponds t = 0.

T(t) = \}g(l, sint 4 cost, cost — sint)
T(0) = ——(1,1,1)
V3
N(t) = \}5(0, —sint + cost, —cost — sint)
N(0) = \2(0, 1,—1)
&m:ﬂmxmm:34ﬁﬂm.
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5. [3pt] Find equations of normal plane and osculating plane for the curve 7 = (¢; t%; t*) at point
(1,1,1).

Answer.
t=1. v(1) =(1,2,3). Normal plane = + 2y + 3z = 6.
Osculating plane 3x — 3y + z = 1.
6. [3pt] Find osculating circle of the ellipse 922 + 4y* = 36 at points (2,0) and (0, 3).

Answer. The parametric equation of the ellipse can be writted as x = 2cost, y = 3sint, t € [0, 27].
Then curvature x = 6(4 + 5cos? t) /2,

Thus at point (2,0) (¢ = 0) k = 2/9. Oscullating circle has radius R = 9/2 and center at (—2.5, 0).
At point (0,3) (t = 7/2) k = 3/4. Oscullating circle has radius R = 4/3 and center at (0, 5/3).

7. Derive the formula for the arc length

I () (5)

for an arc given by 7(t) = (x(t); y(t); 2(¢)), t € [0,T].

Answer. | = [ v(t)dt, and v(t) = /U(t) - ¥(t), and T(t) = d7(t)/dt.
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