Assignment6: Solutions
Problem 1: Find general solution of the system of equations. Sketch few trajectories in
the phase space of the system. Is the zero solution stable or unstable?

1 x) = 3x1 — 239
N oz =23 — 2z9

Solution:
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Find eigenvalues:

Find eigenvectors:
(A-rD& =0

3+1 -2~ _
[ 2—2+1]51_0

4 =2 SI
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411 — 2812 =0
2611 = &2 =0
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(A=rl) =& =0
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§o1 — 262 =10
2601 — 460 =0

o[}

Therefore, the general solution is:

The origin is a saddle point. It is unstable.
9 ) = =211 + 2
Nz =3 — 22y

Solution:

Find eigenvalues:

det(A—rl) =0, where 1l = [ 6 2 ]

4+ 4r+3=0

(r+3)(r+1)=0



r = —3,T2:—1

Find eigenvectors:
(A—rD)E =0

243 1z _
l 1-4+3]&_0

alE]-

Eu+t&2=0
§u+t&2=0
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(A—r21)=§;=0
-2+1 1 &1 |

1 =2+1 € |
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—€o1+ &2 =0
§o1 =€ =0
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Therefore, the general solution is:

The origin is node. It is stable.
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Find eigenvalues:

det(A—rI) =0, where 1] = l

Find eigenvectors:

(A—T11)5=0
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7511+1512:0
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3 3
1521 + 1522 =0

e[ 1]

Therefore, the general solution is:

The origin is an unstable node.
4 x} =4z — 329
|z, =8z —6zy

Solution:

Find eigenvalues:

det(A—rI) =0, where 1l = l 6 2 ]

detlél—r —3]

(4—=r)(=6—7r)—(=3)(8) =0

r24+2r =0
r(r+2)=0
7‘1:07T2:_2

Find eigenvectors:

(A=mD)& =0



4611 — 3612 =0
8611 —6£12=0

52:[2]
(A—TQI):'S;:O
4+2 -3 &a1 —0
8 —6+2 o |
6 -3 an |
s L]
6821 — 38220 =0
881 — 42 =0
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Therefore, the general solution is:

x(t):cllZ]-I-CQ[;]e_%

Problem 2: Find general solution as a real valued function. Sketch the phase portrait
of the system.

1 ) = —1r — 4xy
N ozh =121 — 29 '

Solution:

Find eigenvalues:

det(A—rl)=0, where 71l = [ 6 2 ]



(=l=r)(-1=7r)=(=4)(1) =0
r2+2r+5=0

r=—=14+24,r9 =-1-2
Find eigenvectors:

(A—Tlf)é =0
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611 - 27;612 =0
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20891 — 4820 =0

€91+ 2i€30 =0

53:[_21"]

Therefore, the general solution is:

% - % 1 (1o
x(t) zcll f]e(_Hm)t—{-cQ [ _f ] (-1t

To obtain real solution:



| 2ie7tcos 2t + (2i)ie " sin 2¢
- e~ cos 2t + ie~sin 2t

_ | 2e7tcos2t | 2e7tsin2t
o e tsin 2t —e tcos 2t

Therefore, the final solution is:

L 2¢~tcos 2t n 2¢~tsin 2t
T=G | e—tginot €21 _e~tcos 2t

The origin is a spiral. It is stable.
5 x| = 3z — 229 .
xh = 4x1 — T9

Solution:

4 -1
= e”, I = re”{f

Find eigenvalues:

det(A—rl) =0, where 7l = [ 6 2 ]

3—r —2
det[ A —1—7‘]:0
B=r)(=1-7)-(4)(-2)=0
r?=2r+5=0

7'1:1+2’l',’f’2:1—27;
Find eigenvectors:

(A—rID)é =0



l3_(1+2i4)1 —1—(1+;¢ﬂé:0

292 27l ] _,
4 —2-92 || &, |~
(2 - 22)611 - 2&12 == O
4611+ (=2 — 2i)€12 =0

51:[1—11']
(A—T2I):f;=0
l3—(1—2i) —2“521]_0

4 —1-(1-2i) | [ &2 |
l2+2¢ —2“@1]_0
4 -2+ 2 a9 |
(2+2’L)§21—2§22:0
46y — (=24 2i)€0 =0

- 1
62:[14—1’]

Therefore, the general solution is:

= [ 1 ] e(1+20)t

B e’ cos 2t + ie’ sin 2t
| (1 —1i)etcos2t + (1 —i)iet sin2¢

. el cos 2t + ie’ sin 2t
| etcos 2t — et cos 2t + elisin 2t + efsin 2t



et sin 2t

B e’ cos 2t 4
| etcos2t + el sin 2t —elcos 2t + et sin 2t

Therefore, the final solution is:

- ' l cos 2t ] ¢ l
T = ce =+ coe

cos 2t + sin 2t

The origin is a spiral. It is unstable.
5 ) = x4+ 21, .
xh = —bry — Iy

Soltuion:

Find eigenvalues:

det(A—rI) =0, where 1l = l r 0 ]

| -0

detll_T

-9 —1-—r

sin 2t
— cos 2t + sin 2¢

0 r

1 =7r)(=1=7)=(=5)(2) =0

Find eigenvectors:

(A=rI)& =0
1—-32 2
5 —1—3i)

(1= 30)&11 + 2612 = 0
=581+ (-1 —=30)&2 =0
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(A=rl) =& =0

ll—(—?ﬂ') 2“@1]:0
=5 —1—(=31) | | &»
l1+3¢ 2“521]_0
-5 —1+4+3i || & |
(14 30)€o1 + 262 =0
561 — (=14 3i)é0 =0

52:[;—3”
2

Therefore, the general solution is:

1

. 1 s
r(t) = ¢ [ —143 ] e® C2 [ —1-3i ] el 30t
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To obtain real solution:

_i = R€£E1
S 1
1= l 143 ] et
2
_ cos 3t + i sin 3t
| (2 cos 3t 4+ =3 )isin 3t

_ 2 cos 3t + 27 sin 3t
" | —cos3t+ 3icos3t —isin3t — 3sin3t

_ 2cos 3t n 2sin 3t
" | —cos3t— 3sin3t | 3cos3t — sin 3t

Therefore, the final solution is:

PR 2cos 3t Y 2sin 3t
— 1| —cos3t— 3sin3t 2| 3cos3t —sin 3t

The origin is a center.
Problem 3: Find general solution. Sketch few trajectories.



1 x) =3z — 4z,
N zh=21—20

Solution:

Find eigenvalues:

det(A—rl) =0, where 1l = [

ddl3—r —4]:
B—r)(-1-7) - (-41)=0
r?—2r4+1=0
(r—1)(r—1)=0

7‘1:1,7“2:1

Find eigenvectors:

(A—rlI)S:O

2 —4 | -
[1-4]&:0
2811 — 4612 =0

§11 — 28612 =10

- 2
a_[l]
(A=ry]) =6 =0
S P I
Therefore, 7 = e

To find x5 we:

(A-ryj=¢
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2m —dny =2
m—2mn=1
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Therefore, the general solution is:

T27., 21, [1
Q{x’lz—%x1+x2
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Ty = _le — 5.’172

Solution:

Find eigenvalues:

det(A—rlI) =0, where 1l = [ 6 2 ]

3G ) @)
r24+2r+1=0
(r+1)(r+1)=0

r = —1,7“2:—1



Find eigenvectors:

(A—rll)gz(]
-1 1] -
lé 1]51—0
1 2

—1
751—452—0
—1 1
Tfl+§§2—0

Therefore, 27 = [ 2 ] et

To find 75 we:

Therefore, the general solution is:

2| _ 21 _ 2| _
x(t)zclllle t—i—cQtll]e t-l—cz[(]]e t
Problem 4:Solve initial value problem.

x) =2z + 1.5z
xh=—1.5x; —xp
Solution:
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Find eigenvalues:
det(A—rl) =0, where 1l = l 6 2 ]
2—r 1.5
detl —15 —1—7r ] =0
2-=r)(-1—7r)—(1.5)(=15)=0

r?—r40.25=0

1 1
r = 2,7"2 - 92
Find eigenvectors:
(A—rE=0
3 1.5] -
2 _ 1 _0
[—15 o)
3 3
Z Z6 =0
251'1‘ 252
-3 3
e =26, =0
61— 56

N[=

Therefore, 27 = _1 ] e

To find x5 we:



— — 1
2771+2772
-3 3 1
9 m 2772

Therefore, the general solution is:

1 1
x(t):cll_lle%t-i-@t[ _1]€%t+62

Now to solve the initial value problem:

2
T (t) = Cleét + CQtG%t + 5026%t
1y 1y 1y
To(t) = —cre2’ — cote?’ 4 (0)e2

2
$1(0)261+0+§CQZ3

2
61:3—502

3
(3225

Z‘Q(O) = —C1 — (0) = -2

Therefore, final solution is:

x| =1z — by _ _
20 4 g B0 =1 m(0)=1

Solution:
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Find eigenvalues:

detll_T _5]:0

1=r)(=3-r)—=(=5)(1) =0
r’+2r+2=0

" = —1+Z','f'2: —1—1
Find eigenvectors:

(A=r )& =0

1—(=1+1) 5]z _
1—3—@4+n]&_0

(2—14)&1 —5&2=0
1+ (—2—-19)&2=0

-]
2+1

(A=rl)=6&=0

R e A B

(2 =+ i)ggl - 5§22 =0
En+(—2+10)&e =0

o[,
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Therefore, the general solution is:

To obtain real solution:

11 = Rex}
£ = l | et
2+
[ e“tcost + e tisint ]
T (Lt 1 Vot
(517€ "cost + 55)ie ‘sint
. e~ tcost +etisint
o %e‘t cost — %e‘t cost + %e‘t sint + %e_t sint
B e 'cost L e 'sint
%e‘t cost + %e‘t sin t —%e‘t cost + %e‘t sin t
Therefore, the general solution is:
7o, e tcost N e tsint
= C _ - 2 _ .
%e tcost+%e tsint —%e tcost+%e tsint

Now to solve the initial value problem:

71(t) = cre " cost + cpe 'sint

2 1 b | 2 .
xo(t) = —cre " cost + —cite sint + 5026 cost + gCQ@ sint
71(0) = ¢1€° cos 0 + cpe’sin 0 = 1

61:]_

2 5 Lo L, 0
22(0) = —c1e” cos 0+ —cre smO—!—Se COSO+502€ sin0 =1

2 1
5(1) —+ 302 =1

02:—3



Therefore, final solution is:

e et cost | 3t sint
o gcost-i-ésint —%cost—i—%sint

- _¢| cost —3sint
r=e ]
cost —sint

) = =2z + 3o _ _
3. $12 _ _5$1 + 4$2 . xl(O) = 1, 332(0) =3
Solution:

Find eigenvalues:

det(A—rl) =0, where TI:[S 2]
—2—r 1
detl -5 4—7‘]_
(=2-=r)4—r)—(-5)(1)=0
r2—2r—-3=0
(r=3)(r+1)=0

r = 3, To = —1
Find eigenvectors:

(A=rD&=0
—2-3 1]z
[ —54—3]&:0
=5 1 || & |_
=]

=561 +&2=0
—5&11 + &2 =0



(A—T'QI):é;:O
—2+1 1 &1 —0
-5 4+1 b2 |
-1 1| & | _
ERAN

—&o1+ &2 =0
—5821 + 95822 =0

io[1]

Therefore, the general solution is:

x(t):cllé]ei’u@“]e—t

Now to solve the initial value problem:

71(t) = c1e® + cpe
T9(t) = 5c1e® + cre™?
71(0) = c1€° + e’ = 1
ci=1—c

o =3
79(0) = 5c1€° + e’ =3

02:3—501

Cy = —



Therefore, final solution is:

_,_13t 1 1,11
x—ie [5]+§€ [1]

Problem 5: Find general solution of non-homogeneous linear system.

1 Ty =21, — 39 + €
| zh =311 — 225+t

Solution:

Find eigenvalues:

det(A—rI) =0, where rI = [ r 0 ]

0 r
2—r -1
detl 3 —2—7"]_0

2-7r)(-2-r)-(-1)(3) =0

(r—=1)(r+1)=0

7’1:—1,7“2:1

Find eigenvectors:

3611 - 612 =0
3511 - 612 =0



(A=rl)=&=0
2-1 11| & | _
T a8 ]

I -1 &1 | _
5 S lla ]

§o1 =62 =0
3821 — 362 =0

- 1
Z(t) = @ +be +a+d
substitute into equation
2(t) = (@+at+b)e' + ¢
2 = > 7\ ot > 7o 0
AZ +§= (Adt +b)e' + AC+ Ad +e ol Tt
Ad=a
2 —1 aq _ a;
3 -2 (45} o a9

2@1 — a9 = a1

3&1 — 20,2 = Q2

where k£ is an arbitrary number to be determined in the next step.
Solve the second equation.
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k=1]_[1 -1
k|l |3 -3
bl - bg = k -1
31 —3by =k
Here k is any number. To have the system consistent we require k = 3(k—1). Thus & = 3/2.

Then

1
b1:b2+§

- [ bp+1
=[]
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Here by is any number, so taking it to be 0 we have
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To solve for ¢

3c1 —2¢9+1
. 1
€= 12
Now to solve for d:
c= Ad



1=2d; —dy
2 = 3dy — 2d;

[

Therefore, the general solution is:

f(t):cletl;]+c2et“]+tetl

o | T =21+ V372t
| 2h =3z, — a0 +V3e

Solution:

Find eigenvalues:

det(A—rl) =0, where 7] = [ 0 r

det[l_r \/31:0

\/3 —1—-r
(1=r)(~1-7) = (=V3)(V3) =0

r2—4=0
(r=2)(r+2)=0

7“122,7'2:—2

Find eigenvectors:

(A—Tlf)é =0
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=&+ \/3512 =0
V3&1 — 362 =0

(A=rl)=6=0

FIGR

V3 1 Eo |
3521-%—\/3&22:0
V36 + € =0

» 1
52 = l _\/g ]
T(t) = a@e’ + be !

substitute into equation

FRIHRHEE
a1+ V3ay —a; = —1
V3a, —ay —a; =0



FAIHUNIER
by 4+ V/3by + by =0
V/3by — by + by = —V/3

I |
e
V3

Therefore, the general solution is:



