AMAT 3260 assignment #5 — solutions

Problem 1 Using integration by parts, find the Laplace transform of the following functions, where «a is a

real constant :

1. tcos (at)

L (tcos(at)) (s) = /000 e 'tcos (at) dt

1
= [——e‘“tcos (at)
s
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+ - / e *cos(at)dt — — / e *tsin (at) dt
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¢ ([— “tsin ( at] + - / “Sttcos (at) dt + — / Stsin (at) dt)
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1
= a0 %L (tcos (at)) (s) = 5L (sin (at)) (s)
1 a? a a
T P2ta ?L (teos (at)) (s) = 5252 + a2
hence, we can solve for L (tcos(at)) (s) as
1 a?

L (tcos (at)) (s) (1 + g) _

_s—a 2 2 9 9
L (tcos(at)) (s) = (52+a2)52:‘9(3 _“): s —a
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2. tsinh(at), where sinh(at) = 5

L (tsinh (at)) (s) = /0 T ety sinh(at)dt

1
= [— ~$'tsinh(at)

+ / Stsinh (at) dt + — / “S'tcosh (at) dt

s

= —% [t (e(a—S)t — e—(a+3) )]0 + éL (sinh (at)) (s) — 5—2 [e‘“tcosh (at)}zo
—|—§2 /Ooo e *cosh (at) dt + sz Ooo e *tsinh (at) dt

= —2% [t (e(a_s)t - e_(““)t)]o + %L (sinh (at)) (s) — 2%2 [t <e(“_s)t + e_(‘”s)t)]:o
+;12L (cosh (at)) (s) + Z—zL (tsinh (at)) (s)



if s > a > 0, the square brackets vanish , since then the exponents are negative. Assuming that s > a > 0,

we can continue as follows.

2

L (tsinh(at)) (s) = %L(sz’nh(at)) (s)+%L(cosh(at))(s)+%L(tsmh(at))(s)

1 2
= 2+ L L(tsinh(at)) (s),

5§82 —qa?2 s2s52—q?2 s

from where we can solve for L (tsinh (at)) (s)

. a? 2sa
L (tsinh (at)) (s) (1 - ?> T 2(s2—a?)
sz(fgfaz) 2sa

L (tsinh(at)) (s) =

e n=1,2,3,..

L(t"e™) (s) = /0 T emstrettdt = /0 T gre ot = L (1) (s — a) .

It is enough to find the Laplace transform of t".
L") (u) = / ~ eutn gy = [—le_mt"] Tyl / Tttt = 0+ 2L (t™) ()
0 u o uldo u ’

hence

L(t”)(u):En_ln_Q,”lL(tO) n! _ n

u u u u

Combining these two lines we see that

L (t"e“t) (s) = W.

Problem 2 Use the Laplace transform to solve the following initial value problems: Solve the same problem

by any other method and compare the results.

1 y" =2y — 2y = 0; y(0)=1, ¢ (0)=0

This equation transforms under the Laplace transform to

s’L (y) —y' (0) — sy (0) — 2sL (y) +2y (0) — 2L (y) = 0.

This can be written as

(s*—25—2)L(y) = ¥ (0)+sy(0)—2y(0)



s — 2 s—1-—1 s—1 1
L(y) = =

$2-25—2 (s—1°-3 (s—1)—3 3(s—1)7°—

we can see that the right side contains the Laplace transforms of cosh (\/gt) and sinh (\/gt) evaluated

at (s —1). Hence

= (cosh (V3t) - %smh (ﬁt)) .

Yy =2y + 2y =sin (¢) ; y(0)=1, ¢ (0)=0
This equation transforms under the Laplace transform to

"L (y) =y (0) = sy (0) = 25L (y) + 2y (0) + 2L (y) = -

This can be written as

(s*—2s+2)L(y) = y’(0)+sy(0)—2y(0)+82+1

L) = §s—24 2+1_ (s*+1)(s—2)+1
voT e —2s+2 (s2+1) (8—1 )_
s—1 4 1 2 s 1 1
+

(s—1)>+ 5(s—1)7+1 52+1+352+1
(sint) (s )+§L(cost) s) —
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Hence, the solution of the initial value problem is

(t) Lsint + 2 cost + Setcost — ~elsint
= =S8N —CO —€ COoOSt — —e Sint.
y 5 5 5 5

By +2+y=e" y(0)=0, y(0)=1

This equation transforms under the Laplace transform to

1
s2L(y)—y'(0)—sy(0)+2sL(y)_2y(0)+L(y):8+1_
This can be written as
2 — !
(s +23+1)L(y) = y(0)+sy(0)+2y(0)+8+1
1+ .5 s+2 s+1 1

L) = gt = =

L (sint) (s — 1) + %L (cost) (s — 1)

L (sint) (s) + %L (cost) (s) + =L (etcost) (s) — %L (etsint) (s).

+
2+2s+1  (s+1)°  (s+1)° (s+1)°



1 " 1
(s+1)* (s+1)°

= LW (s+1)+5L(7) (s +1)

= D(e )+ 51 ()

Hence, the solution of the initial value problem is

1
y(t)=e't+ ie’ttQ.

Alternative Solutions for Problem 2:

Ly" =2y =2y, y(0)=1, ¢'(0)=0

A —d\—-2=0

A=1+V3

Therefore the general solution is:

y(t) = cle(1+‘/§)t + cge(l_\/g)t

() = (1 +V3)er eVt 4 (1 — V/3)epelt =V

Now using the initial values to solve for ¢; and cs:

y(0) = c1eV3O) 4y ~V3O) = 1

ci+ec=1
01:1—62

yl(()) = (1 + \/3)0160 + (1 - \/3)6260



(14+V3)(1—c)+(1—=V3)e; =0

(1—Cz+\/_—\/502)+02—\/30220

14+ V3 —V3e —V3c =0

1+\/§_2\/§CQZO

L 1+V3

2 — 2\/3
V3+3

Cy = 6
()

01:1— 6

3-V3

C1 = 6

Therefore, the final solution is:

y(t) = (3_67\@) V3 | (@) 1=Vt _ e'(cosh(v/3t) — % sinh(v/3t))

2.
y"' =2y +2y =sint,  y(0)=1, %'(0)=0

A —22+2=0

A=1%1

Therefore the general solution for the homogeneous equation is:

y(t) = cre’ cost + cye’ sint



Now we must solve for the non-homogeneous equation:

y(t) = Asint + Bcost
y'(t) = Acost — Bsint

y"(t) = —Asint — Bcost

Plugging the above into the non-homogeneous equation:

(—Asint — Bceost) — 2(Acost — Bsint) + 2(Asint + Bcost) =sint
—Asint 4 2Bsint 4+ 2Asint — Bcost — 2A cost 4+ 2B cost = sint
(A+2B)sint + (B — 2A)cost =sint

A+2B=1, B-24=0

1 2
Therefore, A = R and B = 5 and the particular solution is:

y C

Therefore, the general equation is:

1 2
y(t) = ci1€’ cost + cpe’ sint + 5 sint + R cost

1 2
y'(t) = ci(e’ cost — e’ sint) + cy(e sint + €' cost) + 5 cost — 5 sin ¢

Now using the initial values to solve for ¢; and cs:



61:1——

C1 =
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y'(0)201+02+5:0

Cy = —
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Therefore, the final solution is:

(t) = —efcost — éetsint—l— 1sint%—gcost
=5 5 5 5

3.
y' +2y +y=et, y(0)=0, ¢'(0)=1

A 4+20+1=0

A = —1(repeated root)

Therefore the general solution for the homogeneous equation is:

y(t) = cre” + cote™

Now we must solve for the non-homogeneous equation:

y(t) = At?et

y'(t) = 2Ate™" — At?e™"



y'(t) = 24e " — 4Ate ' + At?e !

Plugging the above into the non-homogeneous equation:

(2Ae™" — 4Ate™ + At?e™) + 2(2Ate™" — At’e™!) + AtPe T = 7!
24 t=¢"?

2A=1

1
Therefore, A = 3 and the particular solution is:

Therefore, the general equation is:

1
y(t) = cre™ + cate ™ + itZe_t

1
y'(t) = —cre”t +cpet —cote™ +te — §t2€_t

Now using the initial values to solve for ¢; and cs:

0 2,0
y(0) = c1” + cpe® + ()Te =0
C1 =0
0 2,0
y'(O) = _0160 + 6260 — 02(0)60 4 (0)60 _ ( )26 —1

—Cl+62=1

co=14¢



62:1

Therefore, the final solution is:

Problem 3 Find the inverse Laplace transform for the following functions:

25 42
1. ———
$2+2s+5 ,
We can rewrite the above expression as
s+1
(s+1)>+4

what is the Laplace transform of 2cos(2t) evaluated at (s + 1). Hence the expression can be written as
L <26_t608 (2t))
and thus the inverse Laplace transform is

2e " cos (2t) .

5 (s—1)e %
T s2—4s+3 '
This expression can be written as
s—1 2
6—25 _

(s—1)(s—3) s—3
what is equal to

e L (") (s) =L (ha(t) ) (s).

where
<
ha (1) = 0 for0<t<a
1 fora<t.

Hence, the inverse Laplace transform of the above expression is

h2 (t) 63(t_2) .

—2s

s2—4




This expression can be written as

—2s 1 — 6—25 1/4 _ 6—23 1/4
(s—2)(s+2) s—2 s+2
1 1
_ =2ty (2t _—2str (-2t
= e 4L(e )(s) e 4:L (e )(s)
1

1 2(t—2 —2(t—2
- ZL (h2 () X )) (s) — ZL <h2 (t) e™ )) (s) -

(&

Hence, the inverse Laplace transform is
1 2(t-2) _ —2(t—2)
Zhg (1) (e —e ) .

e s + 6725
. 8 . .
This expression can be written as

e s 6725
+
S S

= L(h (1) (s) + L (ha (2)) (5) -

The inverse 1s

hi (t) + ha ().

Problem 4 Find the solutions of the given initial value problems:

1, 0<t<nw
» o ; 0)=1, y(0)=0
0, 1<t<oo y (0) y' (0)

The right hand side of the equation can be written as 1 — h, (t). The Laplace transform of the equation
18

1. y"+y=

s’L(s) = sy (0) =y (0)+ L(y) = L(1)(s) = L(hx(t))(s)

(32+1)L(y)—s = é_e‘s“
l—e™+s2 1 s (1 s s
Lly) = s(s2+1) s 2+1 ° (5_82+1>+52+1
= L(1)(s) —e ™ (L(1)(s) = L(cost) (s))
= L(1)(s) = L(hx (1)) (s) + L (ha (t) cos (t — m)) (s)



sin (1) 0<t<m
0 t>r
The right hand side of the equation is sin(t) (1 — hy (t)). The Laplace transform of the initial value

problem is

2.y +y=

s"L(y) —sy(0) =y (0)+ L(y) = L(sint)(s)— L (hx (t) sin(t)) (s)
1

(s*+1) L@y -1 = a7~ L e (@) (=sin(t =) (5)
_ 1 s 1
N 52+1+e 241
1 .1 1
PO = iyt ey T

The inverse Laplace transform of (s* + 1)_2 can be found by using the convolution. Another possible
way to solve this problem 1is to split it into two initial value problems, one, for 0 <t < m ,and one for

m < t with appropriate initial conditions. Let us consider first initial value problem for 0 <t < .
yityi=sin(t), n(0)=0, y(0)=1L1

Using method of variation of coefficients, we can see that the solution is

yi (t) = %sin (t) — %tcos (t).

In order to determine the initial conditions for the second initial value problem, we have to find, from the
above equation, values y (m) and y' (7). Computing these, we can write the second initial value problem

as
i
Yo + 92 = 0, Yo (m) = 5 Yo (m) = —1.
The solution of this is
Yo (t) = sin(t) — gcos (t).

If we combine these two functions together, we get the solution of the original initial value problem:

y(@) = A=ha @)y @)+ he (t)y2(2)
= (1—=hs(t)) (gsm (t) — %tcos (0) + o (1) (sin(0) = Seos (1))

Note that using the convolution we would get the same answer.

sin (¢) 0<t<m
" gy = = . y(0)=0, y(0)=0
Y Y {sin(t)+sin(t—7r) t>m v v (0)

The right side of the equation can be written as sin (t) + h, (t) sin(t — 7). The Laplace transform of the



1nitial value problem is

1 1
2 o ot — —ms
s"L(y) — sy (0) —y' (0) + 4L (y) a1t e
1 1
2 _ —TSs
(S +4)L(y) B 52+1+e 241
1 1
L — —TSs
W = ey ¢ EenEs)
13 1/3 e 1/3 1/3
o s2+4  s241 s2+4  s241

12 11 /1 2 11

32544 3241 ° (_3-252+4+§s2+1>
1 . 1

= _EL (sin (2t)) (s) + gL (sin(t)) (s) +

3L (sin () ()

-7 (—ésin(?t) + sin (t)) (s) +

L (-éhﬂ (1) sin (2 (t — 7)) + %hﬁ (8 sin(t =) (5.

Hence, the solution of the initial value problem is

y () = —ésin(?t) + %sin () — éhw () sin (2 (t — 7)) + %hﬂ () sin(t — 7).

L y'+2/+2y=40(-2m); yO0)=1 y(0)=0

The Laplace transform of this initial value problem is

s°L (y) — sy (0) — ' (0) + 2sL (y) — 2y (0) + 2L (y) = e ™
(s*+25+2)L(y) = e ™™ +s5+2

This means that

L@y = e~ 2ms N s+ 2
vy = $24+254+2 242542
e~2ms s+1+1

Gr 41 G+l
= e *™ L (sin(t)) (s+1)+ L(cos(t)) (s +1) + L(sin(t)) (s +1)
= e ™[ <e_tsz'n( )) (s ( cos (t)) (s)+L <e_tsz'n (t)) (s)

= L (h,27r (t) e~ =2Msin (t — 21) + e~'cos (t) + e sin (t)) :

)+
(



The solution of the initial value problem is

Yy (t) = har (t) e 2 sin (t — 27) + etcos (t) + e Lsin(t).

b.y"+2y +3y=sin(t)+d(t—-7); y(0)=0, ¢ (0)=0
The Laplace transform of this initial value problem is

1

S'L(y) =y (0) = sy () +2sL(y) =2y () +3L(y) = 7 +e™
1
(32+2s+3)L(y) = o +e ™
1 1
L — —TS
) ($2+28+3)(82+1)+6 s2+2s+3

L(y) = %(Sj:r)?lJrQ B %52111 * %eqsﬁ
_ %L (cos (V2L)) (s +1) - iL (cos (1)) (s) + %L (sin (1)) (s) + %e”L (sin (v2t)) (s + 1)
= 1L (e eos (V1) — cos (1) + sin (1)) (5) + %e‘”L (e7tsin (V32)) (5)
- %L (e cos (V2t) — cos () + sin (1)) (s) + %L (ha (£) €™ Psin (V2 (£ — 7)) (5).

Hence, the solution of the problem is

(e’tcos (\/it) — cos(t) + sin (t)) + —=h, (t) €™ tsin (\/§ (t— 7T)) :

| =
Sl
[N}

y(t) =

6. y(V) —y=6(t—1);  y(0) =y (0)=y"(0)=y"(0)=0
The Laplace transform of the initial value problem is

s'L(y) —y" (0) — sy” (0) — sy (0) — s’y (0) — L (y) = e*

1 /2 14 1/4)

L B Y P Y p s <_s2+1 P R
— e (—%L (sin () (s) — EL (e ) (s)+ % (¢) (s)>

_ 1 (_% (hy () sin (t — 1)) — %hl (£) et + %hl ) et1> (s).



The solution of the initial value problem is

1 1 1
y(t) = -5 (hy (t) sin(t — 1)) — Zhl (t)e "+ Zhl (t) e L.
Problem 5 Setup and solve the equation of motion for an undamped oscillator with m = k£ = 1 and the
external force given by set of impulses f(¢) = 6 (t —m) + 0 (¢t —27) + 6 (t — 37), where at time ¢ = 0 the
oscillator was at rest.

The equation of motion for such an oscillator is
' +y=6@t—m)+5(t—2m)+5(t—3m).

The initial conditions are

The Laplace transform of this problem gives us

SL(y) =y (0) —sy(0)+ L(y) = e ™ +e ™ ¢

(82 + 1) L (y) = ¢ T 4 6727rs + 6737rs
L (y) — = :_ : (efws + 6727rs + 6737rs)
= (e + e +e7™) L(sin(t)) (s)

= L(hg(t) sin(t — ) + hoy (t) sin (t — 27) + hax (t) sin(t — 37)) (s)

Hence, the motion of the oscillator can be described by the following expression.

y(t) = hy(t)sin(t —m) + hog (t) sin(t — 27) + hs, (t) sin(t — 37)
= —hy (t) sin(t) + hog (t) sin (t) — hag (t) sin(t) .

The oscillator is not moving for time between t = 0 and t = 7 and then again for time between t = 2 and

t = 3n. Between t =m and t = 21 and for time greater than t = 3w the oscillator follows sinusoidal motion.



