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*�+-,/.103254 6 718:9<;>=@?<ACBEDGFIHJ=@8IDG9�DLK =@?<ACMG8INOAP9Q8I9<8I=E8SROFJNLROFIH<AUT<VEDGWJF:APX>BPY[Z\APB^]PVE8IW_A
=E?<A`W_A�?aRbN58IDGV&ROB

t
8:9<]�VEAbRLBEAPB�Y

c Y
y′′ + y′ − 2y = 0, y (0) = 0, y′ (0) = 1dfeag$hieJjOk^jlh�mng�k�o:p�mqorh$gEsPt<jOmqoruwvxo:p

µ2 + µ − 2 = 0 y dfeagzp{uw|}tlm~oruwvJp�u���m3elo:p
gEsPtJjOmqoruwv�jOk@g

µ1,2 = −1±
√

1+8
2

= 1
uwk

− 2 � eag�v�hig"m�eag��lg�v�g�k^jO|�p{uw|}tlmqoruwvxu��
m�eag"�Oo ��g�k@g�vam~oqjO|�gEsPt<jOmqoruwv�o:p

y (t) = c1e
t + c2e

−2t.

� ��mng�k�p�tJ��p�m~o�mqtlm~oruwv>m�uCm�eag�o�vao�mqoqjO|Jhiuwv/�Oo�mqoruwvJp �f� g&uO�PmrjOo�v'm3eag/�buw|�|:u � o�vl��gEsPtJjO�mqoruwvJp��buwk
c1, c2 �

c1 + c2 = 0

c1 − 2c2 = 1

� elorhie�o��\�/|}orgip	m�eJjOm c1 = −c2 = 1/3
jOv/�>eag�v�hig

y (t) =
1

3

(

et − e−2t
)

.

dfelo:p\p{uw|}t5mqoruwv�mng�v/�wp�m�u>o�vb��vao�mq��jwp
t
m�g�v/�wp�mnu>o�vb��vao�m~� y

� Y
y′′ − y = 0, y (0) = 1, y′ (0) = −1dfeag�hieJjOkEjlh�mng�k�o:p�m~orh�gEsPtJjOmqoruwv'o:p

µ2−1 = 0
jOv/�\o�m3p�p{uw|}tlm~oruwvJp�jOk@g

µ1,2 = ±1 ydfeag��lg�v�g�k^jO|�p{uw|}tlm~oruwv�o:p�u���m�eagC�buwk��
y (t) = c1e

t + c2e
−t y�� t<��p�mqo�mqt5mqo�vl�m�elo:p`mnu>m3eag�o�vao�mqoqjO|�hiuwv/�Oo�mqoruwv ��� g'uO�PmrjOo�v

c1 + c2 = 1

c1 − c2 = −1,

c



� elorhie��Lorg�|��wp`m�eJjOm c1 = 0
jOv/�

c2 = 1.
dfeag�p�|:uwtlm~oruwvJp{uw|}tlmqoruwvJp�|:uwt5mqoruwv�o:p

y (t) = e−t

jOv/�>m3elo:p	p{uw|}tlm~oruwv m�g�v/�wp�mnu"¡wg�k@u�jwp
t
m�g�v/�wp	m�u>o�vb��vao�mq� y

¢ Y −2y′′ + y′ + y = 0, y (1) = 0, y′ (1) = 1dfeag£hieJjOkEjlhig�k�o:p�mqorh�gEsPt<jOmqoruwv¤o:p
−2µ2 + µ + 1 = 0

jOv/�¥o�m3pzp{uw|}tlm~oruwvJp£jOk@g
µ1 = −1/4

(

−1 +
√

1 + 8
)

= −1/2
jOv/�

µ2 = −1/4
(

−1 −
√

1 + 8
)

=

1 y dfeag��lg�v�g�k^jO|Jp{uw|}t5mqoruwv$o:p y (t) = c1e
−1/2t + c2e

t y�¦ v�uwk^�lg�kUm�u`pPjOmqo:p3����m�eago�vao�mqoqjO|1hiuwv/�Oo�mqoruwvJp ��� g�p{gig`m�eJjOm

y (1) = c1e
−1/2 + c2e = 0

jOv/�
y′ (1) = −

1

2
c1e

−1/2 + c2e = 1.

dfeag\p{uw|}t5mqoruwv�u��	m�elo:p�p��{p�m�g��)u��"gEsPtJjOmqoruwvJp`o:p
c1 = −2

3
e1/2 jOv/�

c2 = 2
3
e−1 y§�g�v�hig �

y (t) = −
2

3
e1/2−1/2t +

2

3
e−1+t.

dfeag\p{uw|}t5mqoruwv�mng�v/�wp�m�u>o�vb��vao�mq�Qjwp
t
m�g�v/�wp�mnu>o�vb��vao�m~� y

¨ Y
y′′ − 2y′ − y = 0, y (0) = 0, y (0) = −1dfeag�hieJjOk^jlh�m�g�k�o:p�mqorh¥gEsPtJjOmqoruwv©o:p

µ2 − 2µ − 1 = 0
jOv/��o�m3p�p{uw|}t5mqoruwvJp�jOk@g

µ1 = 1/2
(

2 +
√

4 + 4
)

= 1+
√

2
jOv/�

µ2 = 1/2
(

2 −
√

4 + 4
)

= 1−
√

2 ydfeagU�lg�v�g�kEjO|/p{uw|}t5mqoruwv�o:p

y (t) = c1e
(1+

√
2)t + c2e

(1−
√

2)t.

¦ v�uwk^�lg�k	m�u'pPjOmqo:p3���>m3eag�o�vao�mqoqjO|1hiuwv/�Oo�mqoruwvJp ��� g`k@gEsPt5o�k@g�m�eJjOm

y (0) = c1 + c2 = 0

�



y′ (0) = c1

(

1 +
√

2
)

+ c2

(

1 −
√

2
)

= −1.

dfeag	p{uw|}tlmqoruwv¤u��`m�elo:p`p��-p�mng��ªo:p
c1 = −

√
2/4

jOv/�
c2 =

√
2/4 y §�g�v�hig"m�eagp{uw|}tlmqoruwv�u��`m3eag�o�vao�mqoqjO|f«wjO|}tag��/k@uO�P|:g���o:p

y (t) = −
√

2

4
e(1+

√
2)t +

√
2

4
e(1−

√
2)t.

dfeag\p{uw|}t5mqoruwv�mng�v/�wp�m�u>v�gr�¬jOmqo�«Og`o�vb��vao�mq�Qjwp
t
�Ok@u � p`mnu>o�vb��vao�mq� y

*�+-,/.103254® ¯�A�VE8�K�°�=E?aRL=
y1 = t2

RO9<;
y2 = t−1 ROV^A�BEDOF:HJ=E8:DG9<B1DOKa=@?JA�;<8I±_APV^AP9¬=@8:ROF

A�²lH<RL=@8IDG9
t2y′′ − 2y = 0

K3DGV
t > 0

Y'³5?<D{´µ=@?aRL=
αy1 + βy2

8:B	ROFIBED$R�BEDOF:HJ=E8:DG9�DLK
=E?<8:B�A�²lH<RL=@8IDG9�K3DGV&RO9¬°�]PDO9<B^=@RO9¬=@B

α, β
Y

d_u «Og�k�o ����m�eag£p{uw|}tlm~oruwvJp �`� g�eJjO«Og�m�u¥p�t<��p�mqo�m~tlmng$m3eag��¶o�vamnu�m�eag��Oo ��g�k@g�vam~oqjO|
gEsPtJjOm~oruwvJpUjOv/�	p{gig&o ��m�eag&k@gip�tl|}m1o:p�gEsPtJjO|<mnu\¡wg�k@u y·¦ v��JjOk�m~orh�tl|�jOk � t2 (t2)

′′−2t2 = 0jOv/�
t2 (t−1)

′′ − 2t−1 = 0
jwp � g�|�| y�¦ m&o:p£g�v�uwtO�we�mnu�hieagihi¸£m3eag�¹"k@uwvJpi¸woqjOv¤u��

y1jOv/�
y2 � v/jO�£g�|}�

W
(

t2, t−1
)

= t2
(

−t−2
)

− t−1 (2t) = −1 − 2 = −3,

� eJjOm�o:p�v�uwvl¡wg�kiuzjOv/�'eag�v�hig`jOva�'|}o�v�gEjOk�hiuw�>�Po�v/jOm~oruwv�u���m�eag�p{uw|}tlm~oruwvJp y1
jOv/�

y2o:p�j>p{uw|}tlmqoruwvºjwp � g�|�| y
*�+-,/.103254 » ¼½K�=@?JA"¾¿V^DG9<B^Àl8:RO9

W
DOK

f
RO9J;

g
8:B

4e3t Á RO9<;�8IK f (t) = et Á_Â 9J;
g (t)

Y
� o�v�hig � g�hEjOv � k�o�mngÃm3eagÃm�eag"¹"k@uwvJpi¸woqjOvzjwp W (f, g) = fg′−gf ′ = etg′−get =

et (g′ − g) = 4e3t �Ã� g�uO�Pm½jOo�v m3eag��buw|�|:u � o�vl��|}o�v�gEjOk"gEsPtJjOmqoruwv"�buwk g

g′ − g = 4e2t

� elorhie$k@gip�tl|}m3p�o�v g = et (4
∫

e−te2tdt) = 4e2t + cet y

¢



*�+-,/.103254 Ä 7�8I9<;Q=@?JA\¾¿V^DG9<B^Àl8:RO9�DOK�=n´·D>B^DGF:H5=@8:DO9<B�DOK�=E?<A\K3DGFIF:D{´&8:9<M�AP²ÅHaRL=E8:DG9
´&8�=@?<DGH5=URO]�=EHaROF:F�°£B^DGFINl8I9<M�=@?<A`A�²lH<RL=@8IDG9

sin (t) y′′ + cos (t) y′ − t2y = 0.

Æ�vao�vl�fÆ p�o�vl�fÆ�vao�vl� � ��g�|EÇ pÃm�eagiuwkig�� �_� g�hEjOv � k�o�mngÃm3eag�¹"k@uwvJpi¸woqjOv>u��[p{uw|}tlmqoruwvJpu��	m�eag'gEsPtJjOm~oruwvºjwp

W (y1, y2) (t) = ce−
∫

cos(t)
sin(t)

dt = ce−ln|sin(t)|.

*�+-,/.103254 È 7�8I9<;�=@?<A"BEDGFIHJ=@8IDG9 K3DGV�APRO]i?ÉDOK�=@?<A�K3DGF:FID-´&8I9<M£8I9<8I=E8SROFfNLROFIH<A�T<V^DGW5Ê
FIAPX>BPY

c Y
y′′ + 4y = 0, y (0) = 1, y′ (0) = 0dfeag"hieJjOkEjlh�mng�k�o:p�m~orh"gEsPt<jOmqoruwv�o:p

µ2 + 4 = 0
jOv/��o�m3p	p{uw|}tlmqoruwvJp"jOkig

µ1 = 2ijOv/�
µ2 = −2i y §�g�v�hig�m�eag\�lg�v�g�kEjO|/p{uw|}t5mqoruwv�o:p

y (t) = c1cos (2t) + c2sin (2t) .

¦ vËuwk^�lg�k'm�u�pPjOmqo:p3����m3eagzo�vao�mqoqjO|�hiuwv/�Oo�mqoruwvJp �&� g�eJjO«Ogzmnu�hieau{u{p{g c1

jOv/�
c2p�tahie$m�eJjOm

c1 = 1

jOv/�
c2 = 0.

dfelt¬p`m�eag	p{uw|}t5mqoruwv�o:p
y (t) = cos (2t) .

� Y
y′′ + y′ + 2y = 0, y (0) = 2, y′ (0) = −2dfeag�hieJjOk^jlh�mng�k�o:p�m~orhÉgEsPtJjOm~oruwv�o:p

µ2 + µ + 2 = 0
jOv/��o�m�p¥p{uw|}tlmqoruwvJp�jOk@g

¨



µ1,2 = 1/2
(

−1 ±
√

1 − 8
)

= 1/2
(

−1 ±
√

7i
) y dfeag\�lg�v�g�k^jO|_p{uw|}tlm~oruwv�o:p

y (t) = c1e
−1/2tcos

(√
7

2
t

)

+ c2e
−1/2tsin

(√
7

2
t

)

.

dfeag	o�vao�m~oqjO|1hiuwv/�Oo�mqoruwvJp`o��\�/|}�zm�eJjOm

c1 = 2

jOv/�
−2 = −1 + c2

√
7

2
.

dfeag\p{uw|}t5mqoruwv�o:p

y (t) = 2e−1/2tcos

(
√

7

2
t

)

−
2√
7
e−1/2tsin

(
√

7

2
t

)

.

¢ Y
y′′ + 2y′ + 5y = 0, y (0) = 0, y′ (0) = 1dfeag�p{uw|}t5mqoruwvJp�u���m�eag�hieJjOkEjlh�mng�k�o:p�m~orh�gEsPt<jOmqoruwvzjOk@g

µ1,2 = 1/2
(

−2 ±
√

4 − 20
)

=

−1 ± 2i y dfeag\�lg�v�g�k^jO|_p{uw|}tlm~oruwv�o:p

y (t) = c1e
−tcos (2t) + c2e

−tsin (2t) .

dfeag	o�vao�m~oqjO|1hiuwv/�Oo�mqoruwvJp`o��\�/|}�zm�eJjOm

c1 = 0

jOv/�
2c2 = 1.

dfeag\p{uw|}t5mqoruwv�o:p
y (t) =

1

2
e−tsin (2t) .

¨ Y
y′′ + 2y′ + 6y = 0, y (0) = 2, y′ (0) = 2

Ì



dfeag�p{uw|}t5mqoruwvJp�u���m�eag�hieJjOkEjlh�mng�k�o:p�m~orh�gEsPt<jOmqoruwvzjOk@g
µ1,2 = 1/2

(

−2 ±
√

4 − 24
)

=

−1 ±
√

5i
jOv/�zeag�v�hig`m�eag\�lg�v�g�k^jO|_p{uw|}tlm~oruwv�o:p

y (t) = c1e
−tcos

(√
5t
)

+ c2e
−tsin

(√
5t
)

.

d/u�pPjOmqo:p3���>m�eag�o�vao�mqoqjO|�hiuwv/�Oo�m~oruwv � c1
jOv/�

c2
�'t¬p�m�pPjOmqo:p3���

c1 = 2

jOv/�
−2 + c2

√
5 = 2.

dfeag\p{uw|}t5mqoruwv�o:p

y (t) = 2e−tcos
(√

5t
)

+
4√
5
e−tsin

(√
5t
)

.

*�+-,/.103254 Í 7�8:9J;$=E?<A	MGA�9<APVEROF BEDGFIHJ=@8IDG9�DOK�=@?<A`MG8�NGA�9¥;<8�±�A�VEA�9Å=E8SROF�AP²ÅHaRL=E8:DG9<B
c Y

y′′ + 2y′ + y = 0dfeag�p{uw|}tlmqoruwvÎu��¥m�eagÉhieJjOk^jlh�m�g�k�o:p�mqorh�gEsPt<jOmqoruwvÏo:p
µ = −1 y dfeagQ�lg�v�g�k^jO|

p{uw|}tlmqoruwv�o:p
y (t) = c1e

−t + c2te
−t.

� Y
y′′ + 6y′ + 9y = 0dfeag�p{uw|}tlmqoruwvÎu��¥m�eagÉhieJjOk^jlh�m�g�k�o:p�mqorh�gEsPt<jOmqoruwvÏo:p

µ = −3 y dfeagQ�lg�v�g�k^jO|
p{uw|}tlmqoruwv�o:p

y (t) = c1e
−3t + c2te

−3t.

¢ Y −16y′′ + 8y′ − y = 0dfeag�p{uw|}tlm~oruwv�u��·m3eagUhieJjOk^jlh�m�g�k�o:p�mqorhCgEsPtJjOm~oruwvzo:p
µ = 8/32 = 1/4

jOv/��eag�v�hig
m�eag\�lg�v�g�k^jO|/p{uw|}tlm~oruwv�o:p

y (t) = c1e
1/4t + c2te

1/4t.

Ð



*�+-,/.103254 Ñ ³5DGF�NGA	=@?<A	K3DGFIF:D{´&8:9JM"8:9J8I=@8:ROFÒNORLF:H<A	T<V^DGW<FIAPX>BPY
c Y

4y′′ − 12y′ + 9y = 0, y (0) = 2, y′ (0) = 1dfeag`p{uw|}tlm~oruwv¤u���m3eag>hieJjOk^jlh�m�g�k�o:p�mqorh�gEsPtJjOmqoruwvºo:p
µ = 3/2

jOv/��m3eag	�lg�v�g�k^jO|
p{uw|}tlmqoruwv�o:p

y (t) = c1e
3/2t + c2te

3/2t.

d/u�pPjOmqo:p3���Ëm�eagºo�vao�m~oqjO|�hiuwv/�Oo�m~oruwvJp �Q� gÉ�'tÅp�m$hieau{u{p{gÉm�eag¤hiuwvJp�m½jOmqvam3p{hiuwva�
p�mrjOvam�p{hiuwvJp�m½jOmqvam3p\p�tÒhie�m�eJjOm

c1 = 2

jOv/�
3 + c2 = 1.

dfeag\p{uw|}t5mqoruwv�o:p
y (t) = 2e3/2t − 2te3/2t.

� Y
4y′′ − 4y′ + y = 0, y (−1) = 0, y′ (−1) = 1dfeag`p{uw|}tlm~oruwv¤u���m3eag>hieJjOk^jlh�m�g�k�o:p�mqorh�gEsPtJjOmqoruwvºo:p

µ = 1/2
jOv/��m3eag	�lg�v�g�k^jO|

p{uw|}tlmqoruwv�o:p
y (t) = c1e

1/2t + c2te
1/2t.

d/u pPjOm�p3���-pPjOmqo:p3���{pPjOm3p3���Ém�eag�o�vao�m~oqjO|Chiuwv/�Oo�mqoruwvJp ��� g$�'t¬p�mzhieau{u{p{gQm3eag hiuwva�p�mrjOvam�p	p�tÒhie$m�eJjOm

c1e
−1/2 − c2e

−1/2 = 0
1

2
c1e

−1/2 + c2e
−1/2 −

1

2
c2e

−1/2 = 1,

� eJjOm�o��\�/|}orgip`m�eJjOm c1 = c2 = 1.
dfeag�p{uw|}t5mqoruwv�o:p

y (t) = e1/2t + te1/2t.

¢ Y
y′′ − y′ + 1

4
y = 0, y (1) = 1, y′ (1) = 0dfeag`p{uw|}tlm~oruwv¤u���m3eag>hieJjOk^jlh�m�g�k�o:p�mqorh�gEsPtJjOmqoruwvºo:p

µ = 1/2
jOv/��m3eag	�lg�v�g�k^jO|

Ó



p{uw|}tlmqoruwv�o:p
y (t) = c1e

1/2t + c2te
1/2t.

d/u�pPjOmqo:p3���Ëm�eagºo�vao�m~oqjO|�hiuwv/�Oo�m~oruwvJp �Q� gÉ�'tÅp�m$hieau{u{p{gÉm�eag¤hiuwvJp�m½jOmqvam3p{hiuwva�
p�mrjOvam�p{hiuwvJp�m½jOmqvam3p\p�tÒhie�m�eJjOm

c1e
1/2 + c2e

1/2 = 1
1

2
c1e

1/2 + c2e
1/2 +

1

2
c2e

1/2 = 0,

� eJjOm�o��\�/|}orgip`m�eJjOm c2 = 1 − c1
jOv/�

c1 = 3/2.
dfeag�p{uw|}tlm~oruwv o:p

y (t) =
3

2
e1/2t −

1

2
te1/2t.

*�+-,/.103254 Ô ³5?<D{´Õ=@?<RL=`=@?<A>BEH<WJB^=@8�=@HJ=E8:DG9
x = ln t

=@VERO9<B^K3DOVEX>B`=E?<A'K3DGF:FID{´&8:9<M
Ö�H<FIAPV&AP²ÅHaRL=E8:DG9JBU8I9¬=@D�RO9¥A�²ÅHaRL=@8IDG9$´&8I=@?�]PDO9<B^=@RO9¬=\]�D5A�×�]�8:A�9Å=EBPY�³5DGFINOA�=E?<A`AP²ÅHaRwÊ
=E8:DG9<B�Y

c Y
t2y′′ + 4ty′ + 2y = 0 Á t > 0¹>g"hEjOv�k@g � k�o�mng�m�eag'gEsPt<jOmqoruwvÉjwp

t2
(

dx

dt

)2
d2y

dx2
+

(

t2
d2x

dt2
+ 4t

dx

dt

)

dy

dx
+ 2y = 0

� eJjOm�o:p � �Oo�«Og�v�m�eag	p�tJ��p�m~o�mqt5mqoruwv x = ln t �

t2
1

t2
d2y

dx2
+
(

−
1

t2
t2 + 4t

1

t

)

dy

dx
+ 2y = 0.

dfeag"hieJjOkEjlh�mng�k�o:p�m~orh"gEsPt<jOmqoruwv�u��`m�elo:p�Ø·Ù�ÚÛo:p

µ2 + 3µ + 2 = 0

jOv/�"o�m�pUp{uw|}t5mqoruwvJp�jOkig
µ1,2 = 1/2

(

−3 ±
√

9 − 8
)

= −1, −2 y dfeag��lg�v�g�k^jO|

Ü



p{uw|}tlmqoruwv�o:p
y (x) = c1e

−x + c2e
−2x,

� eJjOm�mqk^jOvJp�|�jOm�gip�mnu>m3eag��buw|�|:u � o�vl�Qg^Ý��/k@gipip�oruwv o�v t
�n«wjOk�oqj¬�P|:g y

y (t) = c1e
−ln(t) + c2e

−2ln(t)

= c1t
−1 + c2t

−2.

� Y
t2y′′ − 4ty′ − 6y = 0 Á t > 0

Y
dfeag	m~k^jOvJp3�buwk��£gE�$gEsPtJjOm~oruwv�o:p

t2
(

dx

dt

)2
d2y

dx2
+

(

−t2
1

t2
− 4t

dx

dt

)

dy

dx
− 6y = 0,
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d2y

dx2
− 5

dy

dx
− 6y = 0.
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µ2 − 5µ − 6 = 0
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µ1.2 = 1/2

(

5 ±
√

25 + 24
)
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y (x) = c1e
6x + c2e

−x,
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y (t) = c1t
6 + c2t

−1.
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