MATH 2050 Fall 2004

Assignment 10 SOLUTIONS
01 -1 X1 8
1. i ThesystemisAx=bwithA=|1 2 1 |,x=|[x2|,andb=| 5].
1 0 1 X3 -7
01 -1/1 00 1 2 1|{0 1 0
ii. Wehave [A[I]=] 1 2 1101 0f-101 -1|/1 0O
1 0 1{0 01 1 0 1|0 01
1 2 1|0 1 0 1 0 3| -2 1 0 ]
-0 1 -1{1 0 O0]-]01 -1 1 00
0 -2 0|0 -1 1 00 -2 2 -1 1 |
1 3
10 3|/-21 0 Lo0oo 1 -3 3
~]101 -1 10 O0|=l010] O % _% ,
1 1 _1 1 1
00 1j-1 3 -3 00 1]-1 35 -5
2 -1 3 2 -1 3 8 -5
soAt =4 0 1 -1 |andx=A"b=3| o 1 -1 || 5|=]| 6].
-2 1 -1 -2 1 -1 -7 -2

iii. The given vectors are the columns of A, so Ax is a linear combination of these

-5 8
vectors—recall 2.1.33. We have just shown that A[ 6| = [ 5] , SO
-2 -7
8 0 1 -1
5| =-=5[1| +6[2 —2] 1].
-7 1 0 1

0o -2 1 1 -5 2 1 0 2
2. A=|0 1 0| —-]0 1 0|=FEA-|0 1 0| =EFA
1 -5 2 0o -2 1 0o -2 1
1 0 2 1 0 0
-1 0 1 0| =E3E2E1A— |0 1 0| =E4E3E0E1A=1
0 0 1 0 0 1
0 0 1 1 50 1 0 O 1 0 -2
where E1=(0 1 O|,E>=(0 1 O|,E3=1]0 1 O|,E4=1] 0 1 0 |.
1 0 0 0 0 1 0 2 1 0 0 1
Since (E4E3E2E1)A =1, A = (E4E3E2E1) ™! = Ef'E; YES VES Y; which is
0 -2 1 001 1 -5 0 1 00 1 02
0 1 0|=[010 0 10 0 10 010
1 -5 2 1 00 0 0 1 0 -2 1 001
19 -10 -6 19 10 -6
3. (@ M=| 14 -11 -2 |,Cc=| -14 -11 2 |,
-2 -5 -3 -2 5 -3
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-1 2 4 19 —14 -2 23 0 0
ACT = 0O 3 5 10 -11 5 | = 0 -23 0
2 -2 3 || -6 2 -3 0 0 -23
(b) detA = -23
L[ 1o -4 2
(c) A—lz—ﬁ 10 -11 5
-6 2 -3

. _ 31 T
4. SlnceC—[_2 1],C —[
2
5
1
5

Thus A= (A~1H)~1 = [

vl = villw

5. Expanding by cofactors of the second column gives

1 2
detAz‘ + 3 1'=7—1—5=1.

6. det ATB~1A3(—B) = (det AT)(detB~!)(det A3)(det —B) = (detA)ﬁ(detAﬁ(—detB) =
(2)2(8)(5) = ~16.

7. (a) We compute det B using the Laplace expansion down the third column.

3 _2
-1 47"

detB = ‘ 3 _o

L 2'=10+(—8)=2.

Now we obtain (easily) that det %B = (%)3 detB = % and detB~! = deltB = %

(b) Let C be the cofactor matrix. We have B = A~1 = deltACT, so CT = (det A)B. Now
detA = 3= = qerg = 5- Thus CT = (det A)B

1 1 1 3 1
1 21 2 1z 2 2 2
=3 3 -20|=| 3 -1 0landC=(CNHT=|1 -1 2
— 1 1 1 1
Lot 2 23 : 03
100 05 100 0 5 100 0 5
001 01 001 0 1 001 0 1
8. |250 00|=/050 0 -10|=5/010 0 -2
001 -40 001 -4 0 001 -4 0
010 10 010 1 0 010 1 0
100 0 5 100 0 5
010 0 -2 010 0 -2
-—5/001 0 1|=-5/001 0 1
001 -4 0 001 -4 0
010 1 0 000 1 2
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1 00 O 5 1 00 O 5
01 0 0 -2 010 0 -2
=-5/001 0 1|=-5[001 0 1/|=-5-4)(% =35
00 0 -4 -1 0 00 -4 -1
000 1 2 000 0 f
2p —a+u 3u 2p 2q 2r
9. | 2q -b+v 3v |=| —a+u -b+v -c+w
2r —c+w 3w 3u 3v 3w
|14 q v p a r p q 7
=23)| —a+u -b+v -c+w |=6|-a -b -c|=-6|a b c
u v w u v ow u v ow
a b c
=—(-6)| p g v |=6(5)=30.
u v ow
10. v; is not an eigenvector: an eigenvector is, by definition, not zero.
5
Avy = 4] is not Av, for any scalar A, so v» is not an eigenvector.
4
Avsz = v3, so v3 is an eigenvector of A.
Avy = —2vy4, SO V4 is an eigenvector of A.
Avs = 5vs, S0 vs is an eigenvector of A.
12
Avg = [ 8 ] is not Avg for any scalar A, so vg is not an eigenvector.
6
e . 1 2 |,
11. (a) The characteristic polynomial of A = 3 9 is
det(A — Al = 1-A 2 =A2-3A-4=QA+1)(A-4).
3 2-A
The eigenvalues of A are —1 and 4. To find the eigenspace for A = —1, we solve

the homogeneous system (A — AI)x = 0 for x = [2] . With A = —1, we have

2 2 1 1
A_M:[3 3]*[0 0]'

The solutions are x» = t, x; = —t. The corresponding eigenspace consists of

vectors of the form [_i] = t[_ﬂ )

To find the eigenspace for A = 4, we solve the homogeneous system (A—AI)x =0

for x = [ij . With A = 4, we have

-3 2 -1
asn=| 3 2
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The solutions are x» = t, x; = %t. The corresponding eigenspace consists of
2 2
vectors of the form [St] = t[ﬂ = S[Z] .

t 3
1 -2 3
(b) The characteristic polynomial of A = | 2 6 -6 |is
1 2 -1
1-A =2 3
det(A — AI) = 2 6-A -6 =-A3+6A7-12A0-8=—-(A-2)3.
1 2 -1-A
The only eigenvalue of A is A = 2. To find the corresponding eigenspace, we solve
X1
the homogeneous system (A — AI)x = 0 for x = | x, | with A = 2. We have
X3
-1 =2 3 ] -1 -2 3
A—-Al = 2 4 -6 |- 0O 00
1 2 -3 | 0O 00
The solutions are x3 = t, xp = s, x1 = —2s + 3t. The eigenspace consists of
—2s + 3t -2 3
vectors of the form s =s| 1| +t|of.
t 0 1

12. We are given Ax = Ax with x # 0. Since A is invertible, Ax # 0, so A # 0. Multiplying
Ax = Ax by A~ gives x = AA~1x, s0 A~!x = 1x. Thus x is also an eigenvector of A~!,
and with eigenvalue %
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