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Extra Problems: Solutions 21

1 -1 -2 1 -1 -2 1 -1 =2
¢ 120.3(a) 2 -3 -5} — 10 -1 -1] — [0-1-1].
| -1 4 5 0 3 3 0 0 0

The pivots are 1 and —1. The pivot columns are columns one and two.

-

1 4 5 2 1 4 5 2
3 13 20 8 0 1 5 2
(b) -
-2 —-10 -16 -4 0 -2 -6 0
1 10 38 28 0 6 33 26
145 2 145 2
- 015 2 R 015 2
004 4 004 4
003 14 000 11
The pivots are 1, 1, 4, and 11. Every column is a pivot column.
3 -1 5 3 6 -3 -4 6 4 -2 4 10
7 -7 1 5 4 2 7 -7 1 5 4 2
121. -4 6 4 -2 4 10| — 3 -1 5 3 6 -3
16 —10 16 14 22 —10 16 ~10 16 14 22 —10
-13 9 —11 —11 —16 12 -13 9 —11 —-11 —16 12
2 -3 -2 1 -2 -5
[ 2 -3 2 1 -2 -5 2 ] 3
T-7 1 5 4 2 o 3 & 35 11 %
— 3-1 5 3 6-3| —1]0 I 8 & 9 2
8 -5 8 7 115 0 7 16 3 19 15
-13 9 —-11 -11 -16 12 0 _22_1 94 __g _929 __%1_
f2 -3 -2 1 -2 =5 2 -3 -21-2 -5
0 7T 16 3 22 39 0 7 16 3 22 39
— 0 7 16 3 18 9 - 0 0 00 -4 =30
0 7T 16 3 19 15 0 0 00 -3 -24
L0 —21 -48 -9 -58 —41 6 0 00 8 76
(2 =3 -2 1 -2 -5 2 -3 -21 -2 -5 2 -3 -21 -2 -5
0 7 16 3 22 39 6 7 16 3 22 39 0 7 16 3 22 39
- 6 0 00 1 8 - 0 0 00 1 8 — 6 0 00 1 8
0 0 00 -4 -30 0 0 00 0 2 0O 0 00 0 2
L0 0 00 8 76 6 0 00 0 12 0 0 00 0 O
The pivot columns are columus one, two, five, and six.
2 2 2|2 1 1 1711 1 11 1
122 [Abj=14 6 614 —-146 6|4 —[02 2 0
6 6 102 6 6 102 0 0 4| -4
1 11 1
— 10 1 1 0 (. Thuszg = -1, z0+x3=0,50 70 = ~x3 = l and oy + 29+ 23 =
00 1}-1

l,soz; =1—1xy —x3 =1. The solution is x = { 1} .
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-8 719 —42
U]

Gaussian elimination on the augmented matrix we have

=220 2]y 3]

. _ . _[-21 5 e _ [-10 :
123. The system is Ax = b with A = , X = |z2|, and b = . Using

-8 7 19 —42 03 —-1] =2

so x3 = 1 is free,

3rg —x3 = —2, SO3$2:$3—2:t—2and1§2:%t—%,
—2x1 + xp + 5xg = —10, 50 —2z1 = —xp — 5wy — 10 = -8t — B and z, = §t + L.
A
The solution is x = | 1t —2| = |-2| +¢|4
t 0 1

¥

124.5(a @ —2 3 =115 |. The free variables are x9, x3, and x4, corresponding to the
. J
- columns that are not pivot columns.
(b) Let w9 = t, 23 = s, and 4 = r. Then z; — 229 + 323 — x4 = 5, s0 77 =
D+ 2x0 —3x3+2x4=5+2t—-3s+7.

T 542 —3s+71 5 2 -3 1
The solution is |**| = ¢ = |0 +t 1 + s 0 +7r 0
T3 s 0 0 1 0
T4 T 0 0 0 1

§k125j :Ug,:tisfree;m4:%,m2+m3+2x4=3,som2:§~t;a:1+3w4=2,sox1:1.

1 1 0
.
Thus x = gt-t = é +t "} . There are infinitely many solutions.
3 3 0
RN 2 -1 2]-4 1 3 6| 5 1 3 —6/5]
;f"126.\(a) Abl=|3 2 0] 1|—=|0 -7 14 -14|=|01 —2/|2
s 1 3 —6] 5 0 -7 18] -14 00 4|0

—'—1
Soz=0y—22=2,s0y=2; 2+ 3y—62=25,s0x = ~—1. The solution is

0
(b) [A]b]=[1 —1 2|4 ] Thisis row echelon form. The free variables are y = ¢
and z=35,50 x =4+ y — 2z =4+t — 2s. In vector form the solution is

T 4+t —12s 4 1 -2

y| = t = {0l +t |1 +s| O

z s 0 0 1
(c) [Alb] = 2 -1 1 2 -1 2 -5}-4

3 1 -6 -9 ]— 2 -1 1 2
-1 2 =514 3 1 -61-9
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-1 2 -5 -4 -1 2 -5}|-4
-1 2 -5 -4 — 01 -3,-2|— 01 -31-2
03 -9 -6 01 -3;-3 00 0)-1
0 7 -21|-21
The last equation reads 0 = —1. There is no solution.
(d) [Ab]=] -6 8 -5 —5|~-111] — 0 1 5 3| =2
-6 7 -10 -8 -9 -6 7 -10 -8| -9
-8 10 =10 -9 -13 -8 10 -10 -9 -13
[0 1 5 3] -2 [ 2 -3 0 1 4
— 2 -3 0 1 4 | — 0 1 5 3 -2
| -8 10 -10 -9} -13 | -8 10 -10 -9 -13
r 1 I 3 1
-z 0 3 2 I 0 5] 2
- 0 1 5 3| -2 (=10 1 5 31-2
| -8 10 -10 -9]-13 | 0 -2 -10 -5 3
r 3
1 -3 0 L] 2
— 10 1 5 3|-2
|0 00 1]-1
The variable z3 = ¢ is free. Back substitution gives
T4 = —17

z9 + bxs + 3x4 = —2, so
To = —2—bx3 — 34 = —2—5t+3 =1~ 5¢, and then
$1—%CEQ+%CE4=2, S0
T :2+%.’L‘2-—21-£E4=2+%(1—5t)—%(-—1)
=2+3 -8+ l=q-1¢

412 4 —1
The solution is | 1 =% | = é +t ”?
-1 -1 0

,,/’ h T 1
i 127.} We attempt to solve Ax = b, with x = {x;} and b = { 6} . Gaussian elimination

3 -4
proceeds
2 3 4] 1 2 3 4| 1 2 3 41 1
Abl|=|4 7 5| 6| —10 1 -3 4|—-]101 -3 4
6 -1 9| —4 0 -10 =3 -7 0 0 =33;33
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128.

129.

130.

Extra Problems: Solutions

1 1
2y =1 Thus A| 1| =| 6
-1 -4

1
. This says that [ 6} =1

2 0 -1
The question asks if there are scalars a and b such that [—11} =q [—1 +5b 4} .
-3 5 9
0 ~1 2
Thisis | -1 4 m = |-11] . Gaussian elimination proceeds
5 9 -3
0 -1 2 1 -4 11 1 -4 11
-1 4, -11 | —-10 -1} 2| —=14{0 1]|-2
5 9| -3 0 29| -58 0 0| O
There is a unique solution: b = —2, a = 3. The given vector is indeed a linear
2 0 -1
combination of the other two:. |-11} =3|-1| —2| 4] .
-3 5 9
by
The question asks whether every b = || in R® is a linear combination of the given
b3
vectors, The vector equation ¢1vy +cova+c3vs+cqvy = b gives the system of equations
2c1 + 3 — 3 =b
co+c3 + 2c4=by
2c1 +c2 —c3 = b3.

Gaussian elimination proceeds

2 1 -1 0] 3 -5 0] b
01 1 2|b| =101 1 2 by
2 1 -1 01}b3 00 0 0|bs—10;

This system has a solution if and only if b3 — b; = 0. So not every vector in R3 is a
linear combination of the given vectors since not all vectors in R? satisfy this condition.
In fact, the given vectors span the plane with equation = — z = 0.

The question is whether or not these points all satisfy an equation of the form azx +
by +cz 4 d = 0. Substituting the coordinates of each point in turn, we get the system

—2a+ b+ ¢ + d=0
204+ 2b—-2¢c 4+ d=0
da+ - ¢ + d=20

—10a + 116 - 9¢ + d=0.
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Gaussian elimination proceeds

-2 1 11 -2 1 1 1
2 2 =21 . 03 -1 2
4 7 -1 1 0 9 1 3
-10 11 -9 1 0 6 —-14 —4
-2 1 1 1 -2 1 1 1
03 -1 2 - 0 3 -1 2
0 0 4 -3 00 4 -3
0 0 —-12 -6 00 0 -15
The equation corresponding to the last row of the final matrix reads 0 = —15. There

is no solution. The points are not coplanar.

1

131. (a) The normals to the planes, |0| and {1} , are not parallel, so the planes are not
2 0
parallel.
(b) We solve the system T2 =00
2z 4y = 2.

o T10 25 10 2] 5
By Gaussian elimination, [2 1 0\2}—%{0 1 —4‘—8]’

soz=1tisfree, y~4z= -8, soy=4t—8and v+ 22 =5,s0 z = —2t + 5. The

T -2t +5 5 -2
solution is jy| = | 4—-8 | = |-8| +¢t| 4| . This is the equation of the line of
z t 0 1

intersection.

132. (a) 3 = a-2b+4c
-11 = a
24 = a+5b+25¢

(b) a=-11, b= -3, ¢ = 2; thus p(z) = —11 — 3z + 2z2.

a_}52a
b 0 0]b+3a |’

(a) If b+ 3a % 0, the second equation is 0 = b + 3a # 0, so there is no solution.

SN
\ 133.} Gaussian elimination begins {

N

5 2
-15 —6

(b) Under no circumstances does the system have a unique solution since if b+ 3a = 0,
y is free and there are infinitely many solutions.

(c) If b+ 3a = 0, there are infinitely many solutions.

t.

(o311 ]

oL

}»SOy:tisfreeand:c:%—%y:

5
0

2
R helon form is >
ow echelon form is [O 0
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1 =-2|a 1 -2 a 1 -2 a
13.(a) | =5 3, b|— |0 ~T|b+5a|—|0 =7 b+ 5a
3 1liec 0 7lc—3a 0 0] (c—-3a)+(b+5a)

The system has a solution if and only if (¢ — 3a) + (b+5a) = 0; that is, if and only
if2a+b+c=0.

1 -2 a
(b) If 2a +b+ ¢ =0, row echelon formis | 0 —7 b+ 5a |, which implies a unique
0 0 0
solution: y = —%(b + 5a), and so on. Infinitely many solutions is not a possibility.
TN
/ 135.) This system is homogeneous. The elementary row operations will not change the right
. column of 0s, so we apply Gaussian elimination to the matrix of coefficients (not the
augmented matrix of coefficients), simply remembering that there is a final column
of 0s.
11 1 1 1 1 1 1 1 11 1
1 3 0|—-10 2 -1|=-=10 -3 -3 |—]01 1
2 -1 -1 0 -3 -3 0 2 -1 0 2 -
11 1
— |0 1 1
0 0 -3

Remembering that the constants are all 0, the last equation reads —3z3 = 0, so 23 = 0,
then z2 + x3 = 0 gives 2o = 0 too and 1 + z» + 23 = 0 gives z; = 0. The solution is

0
the zero vector, {0} .
0

136. (a) We seek a, b, c, not all 0, such that

1 -1 1 0
a |0l +b| 1| +c|1|=lo]|. (*)
1 0 2 0

This leads to the system of equations

a—b+ ¢ = 0
b+ ¢ = 0
a +2¢c = 0.

The solutions are a = —2t, b = —t, ¢ = t. Thus, and for example, a = -2, b = —1,
¢ = 1is a solution to (*).
—2
(b) The result of (a) shows that Ax = 0, where x = [—IJ . If A were invertible, we
1

would have A™'Ax = A~10; that is, x = 0, which is not true. Thus A is not
invertible.



