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M6310

Functional Analysis Graduate Course
Problem List
Problems 25-28, due on December 1st (in class)

Let 'H be a Hilbert space.

(a) Let M be a subspace of H. Show that (M*)L is the closure of M.

(b) Let A be a subset of H. Show that (A1) is the smallest closed subspace of
‘H which contains A.

Let Ay, @ € I (index set) be a collection of o-algebras on a set Q. Show that
A = NuerAq is a o-algebra on Q.

Bounded Extension Theorem. Let X be a normed vector space, and B a
complete normed vector space. Let D be a dense subset of X. Suppose¢: D — B
is a bounded linear functional on D, i.e., satisfying

C:=sup{lf(z)llz : z€D,|z|]x =1} < o0

Show that there exists a unique bounded extension 7 of ¢, defined on all of X,
meaning that there is a unique bounded ¢: X — Bs.t. {(z) = {(x) for all z € D.
Show that ||¢]| = C.

[Hint: If define {(x) = limy, £(x,), where 2, is a sequence in D converging to z.]
Adjoint of densely defined operator. Let H be a Hilbert space and D a
dense set. Suppose A: D — H is a linear map (defined on D).

(a) Define the subset D* of H by

D*={yeH : z (y,Azx) is bounded on D}

(bounded meaning supgep [{y, Az)|/||z]] < 00).
Show that for each y € D*, x — (y, Az) has a unique bounded extension ¢, € H*.

(b) Show that y + £, is an anti-linear map from D* to H. This shows that we
can define a linear operator A* : D* — H satisfying (y, Az) = (A*y,z) for all
z € D and all y € D*,
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