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Abstract We consider random analytic functions defined on the unit disk of the com-
plex plane f(z) = Ziio an X, 7", where the X,,’s are i.i.d., complex-valued random
variables with mean zero and unit variance. The coefficients a,, are chosen so that
f(2) is defined on a domain of C carrying a planar or hyperbolic geometry, and
Ef(z) f (w) is covariant with respect to the isometry group. The corresponding Gaus-
sian analytic functions have been much studied, and their zero sets have been con-
sidered in detail in a monograph by Hough, Krishnapur, Peres, and Virdg. We show
that for non-Gaussian coefficients, the zero set converges in distribution to that of
the Gaussian analytic functions as one transports isometrically to the boundary of the
domain. The proof is elementary and general.
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1 Main Result

Random analytic functions are a topic of classical interest [2, 11], which gained re-
newed interest as a toy model for quantum chaos following work of Bogomolny,
Bohigas and Leboeuf [6, 7]. A recent short review of Gaussian analytic functions is
entitled, “What is ... a Gaussian entire function,” [13]. A monograph devoted to the
study of their zeros has appeared several years ago by Hough, Krishanpur, Peres and
Virag [9].

Given a parameter k < 0, and a sequence of coefficients x = (xp, x1, X2, ...), one
may define the power series

00
fex,2)= Zak,nxnznv

n=0

—(j— 172
axn=l_[[1 (J 1)K:| .

We consider random analytic functions (RAF’s) defined by choosing a coefficient se-
quence X = (Xo, X1, ...) where Xg, X1, ... are i.i.d., complex-valued random vari-
ables, with mean zero and unit variance, such that

where

E[(Re[X;])?*] =E[(Im[X;)?*] =1,  ERe[X;]Im[X;]=0. (1.1)

A number of important properties hold for these models, which we describe now. An
excellent reference, with complete proofs is [9].

We write U(z,r) for the open disk {w € C: |w — z| < r}. The natural do-
main of convergence for f,(X,z) is U(0, px), a.s., where p, = lic|~ /2. By (1.1),
E[fc (X, 2) fie (X, w)] =0, and

- 1/k
E[fe (X, ) Fe (K. w)] = Oc o w) i= (If”“’) foric#£0. 0 1 9)

fork =0.

The function Q, possesses important symmetries. For |u| < p,, consider the Mobius
transformation

Z—u
1 +kuz’
which is a univalent mapping of U(0, p,) to itself. This is an isometry relative to a
metric with Gauss curvature 4«. Moreover,

Dl (z)=

O (P (2), DL (w)) = AL ()AL (W) O (z, w),
where

(1 4k |u)»HV @) (1 4 kuz)~Y*  fork #0,

AL{ 7) =
@ exp(%|u|2 —uz) for k = 0.

@ Springer



J Theor Probab

While Q, is not invariant with respect to the isometries @,!, one says it is covariant
because of this property. Also note that for any z € U(0, pi),

D¢ (@) = pe as |ul = p.

Taking u to the boundary of the domain U(0, p, ), conformally maps neighborhoods
of 0 to domains approaching the boundary.

Gaussian analytic functions (GAF’s) are important special cases of RAF’s. Their
zero sets have been studied in [9], and many interesting questions about these zero
sets continue to be studied. Some of the ensembles had been introduced before in [6,
7, 12, 16]. An indication of these point processes is given by the case k = —1. A sem-
inal observation of Peres and Virdg completely classified the distribution [14]:

Theorem 1.1 (Peres and Virdg 2005) Suppose that Zy, Z1, ... are i.i.d., and each
Z; has density on C given by 7! exp(—|z|2). Then the zero set of f_1(Z,z) is
a determinantal point process on U(0, 1) with kernel given by the Bergman kernel
K(z,w)=n(1 —zw) 2.

Because of results such as these, it is useful to compare the zero sets for non-Gaussian
RAF’s to those of Gaussian RAF’s. The expected number of zeros for non-Gaussian
RAF’s has been studied extensively in the literature. See for example [8, 10, 15]. But
the correlations of the zeros of non-Gaussian RAF’s has been considered less fre-
quently. That is what we consider. Our main result proves convergence in distribution
of the zero sets of the RAF’s, for a sequence of neighborhoods converging to the
boundary.

Theorem 1.2 (Main result) Suppose that Xo, X1, ... are i.i.d., complex-valued ran-
dom variables with mean zero and satisfying (1.1). Let Z be i.i.d., complex Gaussians
as in Theorem 1.1. For each k <0, and any continuous function ¢ whose support is
a compact subset of U(0, py), the random variables

PRRICHEG)
& fi (X,6)=0
converge in distribution, in the limit \u| — py, to the random variable

Yo e®).

&£ (2.6)=0

Since Q, is covariant with respect to the mappings @, and since the distribution
of a Gaussian process is determined by its covariance, the zeros of the GAF, {£ :
fe(Z,&) =0} is a stationary point process with respect to these mappings.

Remark 1.3 The mapping @} was defined so that @} (u) = 0. Therefore, mapping
the zeros by @} maps the zeros in a neighborhood of u to a neighborhood of 0. We
have an illustration in Fig. 1 to indicate this. The test function ¢ is nonzero only in a
window around 0.
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Fig. 1 To study the zeros in a neighborhood of a point u# near the boundary of U(0, py ), take the image
under the map ®,/, which maps u to 0, and consider the positions of the zeros under this mapping. This is
described in Remark 1.3

As mentioned before, there have been many papers proving convergence of the
first intensity measure of zeros, which is related to the expected number of zeros.
There are very precise and general results for that. Our main result, Theorem 1.2, ad-
dresses a complementary issue because it allows one to deduce convergence for the
correlations between zeros. It shows that for a general class of non-Gaussian RAF’s,
if you take the correct limit, the zero set converges back to that of the correspond-
ing GAF. In this sense, Theorem 1.2 is one result of the type showing that GAF’s
have a universal property, much as the central limit theorem may be interpreted as a
universality result for Gaussian random variables.

There is another important group of papers proving universality for GAF’s. These
are by Bleher, Di, Shiffman and Zelditch [3-5]. They prove convergence of the entire
set of correlations for a class of GAF’s. Their results are more precise and detailed
than ours. But they are in a different context.

In Sect. 2 we give the simple proof of Theorem 1.2. In Sect. 3, we consider an
elementary application for a discrete family of RAF’s which have been considered
recently.

2 Proof of the Main Result

The main result is a simple application of the CLT, especially using the Lindeberg—
Feller condition. A main step in proving Theorem 1.2 is the following elementary
observation.

Lemma 2.1 Let Z be i.i.d., complex Gaussians as in Theorem 1.1. Then for any
NeN,any z1,...,zy €U0, p) and any 7y, ..., AN € C, the random variables

Z S (X, @(z1)
A" (zg)

converge in distribution, in the limit |u| — py, to the random variable Z,](V:] M fi(Z, zk).
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Proof We may write

N X (z) N o

fK( > /I:(Zk)) A "
E A = E n KXn @ nac () Xy,
k=1 ¢ A (zk) Al(zg) nz:;)a ’ (Zk) 2 :0‘ (u)

k=1 K

where we have left the dependence of o, (u) on Ay, ..., A, and 21, ..., z, implicit
for the coefficients

N
(D (zx))"
Oln,/((u) =dn,x T AuoN -
,; Al (zp)

Since Q is covariant with respect to the transformations @/, this implies that

o9 N
Dl =Y 20z 2

Jik=1

For the same reason the variance of the random variables in question is a constant
function of u.

To apply the Lindeberg—Feller conditions, we need to check that the sequence
o (u) converges to 0 in £°°. It suffices to check this in £7 for any p > 2. We note
that for p =4

DU ()|
4 - N 3 4 |
Z |Otn (u)| IIllaX | k| Z n K |Au(Zk)|4

Cauchy’s integral formula implies

oo o0

s 1PE@ 1
< AL 2mi Jeon |2

) |®M(Z)|2n

e aroE | 96

for each fixed z € U(0, p). For k < 0 the series sums to

u n u 2 1/k
5 P () ) 1/K<1+x|¢K<z>| 4)
s ancor S = ) N T )

o0

n=0

The second factor on the right hand side has norm bounded by 1 for all ¢ € C(0, 1).
Moreover since |®, (z)| converges to p, = lk|~1/2 in the limit |u| — py, the second
factor converges pointwise to 0 in that limit, for every ¢ € C(0, 1) \ {1}. For k =0
the series sums to

e exp((¢ — DIDL()P).

But for k =0, we know pp = 00 and |®(z)| — oo in the limit [u| — oo. Since the
real part of (¢ — 1) is non-positive, the same conclusion follows. In either case, the
dominated convergence gives the desired result. g

Lemma 2.1 implies that the random analytic functions [AY (z)]_1 fie(X, @4(2))
converge in distribution to the random analytic function f; (Z, z), in the limit |u| —
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Pk » in the sense that the finite dimensional marginals of the function values converge.
This also implies convergence in distribution of the zero sets. A clear and elegant
proof of this fact has been provided by Valko and Virdg in a recent paper they wrote
on random Schrodinger operators [17].

Lemma 2.2 (Valko and Virdg 2010) Let f,(w, z) be a sequence of random analytic
functions on a domain D (which is open, connected and simply connected) such that
Eh(| fn(2)]) < g(2) for some increasing unbounded function h and a locally bounded
function g. Assume that f,(z) = f(z) in the sense of finite dimensional distributions.
Then f has a unique analytic version and f, = f in distribution with respect to
local-uniform convergence.

Because of this result we see that [A,’ﬁ(z)]*] fie(X, ®Z(z)) converges in distri-
bution to fi(Z, z), with respect to the local-uniform convergence. But by standard
results in complex analysis, such as Hurwitz’s theorem and Rouché’s theorem, this
implies that the zero sets also converge in distribution, relative to the local, weak
topology. For a sequence of locally finite measures i, on a locally compact, Haus-
dorff space, u, converges to u locally, weakly if and only if, for each continuous
function ¢ with compact support, the integrals [ ¢ du, converge to [ ¢ d . This ex-
plains the statement of our main result. Note that A} (z) is finite and non-vanishing
for z € U(0, p,). Therefore the zero set is just the zero set of fi. (X, @ (z)).

3 An Application

The simplest non-Gaussian RAF is given by

faX, =) X7",

n=0

where Xg, X1, ... are i.i.d., random variable chosen from the set {1, —1, i, —i} with
equal probabilities. Our theorem implies that the zero set of such a RAF near the unit
circle is has a distribution which is close to that of the corresponding GAF. Due to
Peres and Virdg’s result, Theorem 1.1, this means that the zero set is asymptotically
determinantal.

On his blog, John Baez has reproduced some numerical plots by Sam Derbyshire
of the zeros of the polynomial

n
pn((XOs e 1xn)1 Z) = Z-xkzkv
k=0

but where the coefficients xo, ..., x, € {1, —1} [1]. Derbyshire plotted the union of
the zero sets

U & paGoeyn), §) =0},

Y0, yn€{l, =1}
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One can consider this from another perspective. For a fixed value of z, we may define
the set of function values for all possible coefficients

Cn(z) = {pn((XOa e axn)a Z) :x07 e 7'xil S {17 _1}}'
This satisfies the recurrence relation
Ci={l4zw:weCro1(@}U{—14+zw:w e Ch—1(2)}.

Defining the set

C@)={f~1(3,2) : y0, y1, ... € {1, =1}},
one can see that C(z) ={l +zw: w € C(2)} U {—1 4 zw : w € C(z)}. This implies
the Hausdorff dimension satisfies the bound

. log(2)
i C@) = {11y

For r € R, we know that C(r) C R. Therefore, it seems reasonable to conjecture that

. min{2, log(2)/log(1/|z])} forze C\R,

dimC(z) =14 .
min{1, log(2)/log(1/|z])} forzeR.

It is easy to see that C(1/3) is the middle-thirds Cantor set; whereas, C (i/ «/5) is

the rectangle {x + iy : x € [<2,2],y € [-+/2, +/2]}. In Fig. 2(a) we have displayed

Ci5(z) for z = €™/ /2.

The fractal dimension of C(z) may pertain to Baez’s conjectures that the zero sets
{z:0 € C,(2)} have a fractal structure associated to z. In analogy to the dimension
of varieties of smooth curves, one might guess that “typically” if z satisfies C(z) 20
then the set of w’s in a neighborhood of z with C(w) > 0 has dimension “approxi-
mately” equal to dim C(z).

Similarly, defining

Bn(Z) :{pn((xlv"'vxl‘l)vz) LX0, Xy e € {17_19i’ _l}}v

we have B, (z) = Uue{l,fl,iﬁi}{u +zw:w € B,_1(z)}. Defining B(z) = {f-1(x,2) :
X0, X1,... € {1,—1,i,—i}}, this implies that dim B(z) < 2log(2)/log(1/|z]). It
seems reasonable to guess that dim B(z) = min{2, 21og(2)/log(1/|z])}. An easy cal-
culation shows B(1/2) = {x +iy:x,y € [-2, 2]}. In Fig. 2(b) we have plotted Bg(z)
for z = ¢™/82.

Similar to Derbyshire’s plots, one can consider {z : B(z) > 0}. In addition to the
question about what this set equals, one can also ask, for z such that B(z) > 0, about
the structure of the coefficients {(xo, x1,...) : X0, X1, ... € {1, —1,i, —i}}. One guess
is that as |z| — 1, the distribution converges in some sense to “uniform” with the
density appropriate for the intensity measure of the zeros at that point. An interesting
possibility is to try to study this question by considering instead the correlations of
zeros of f_1(X, z). For instance, repulsion of zeros of f(X,z) holds because the
zero set is asymptotically determinantal. It is tempting to believe that repulsion of the
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(a) (b)

Fig.2 (a) The set C5(z) for z = ei”/4/ﬁ. (b) The set Bg(z) for z = ein/8./2

zeros might be used to prove that the set {x : f(x, z) = 0} is “spread out” in some
sense. However, this remains a challenge for the future.

We can answer a simpler question. Baez notes several “holes” in the sets C,(z)
centered at points on the unit circle, such as 1. In plots, one can also see holes in the
sets B, (z), as well. But the holes for B, (z) must all close as n — oo. The intensity
measure of the zeros of the GAF f_;(Z, z) has full support on U(0, 1). The inten-
sity measure of f_1(X, z) is asymptotically close to that of f_1(Z, z), in the weak
topology, near the unit circle. This is the simplest consequence of Theorem 1.2. There
cannot be any holes in B(z) centered at the unit circle.

Acknowledgements We are very grateful to Carl Mueller and Balint Virdg for useful conversations
and helpful advice. We are also grateful to an anonymous referee for many suggestions improving the
presentation. Parts of this research were carried out during visits of M.M. and S.S. at the University of
Rochester and Memorial University of Newfoundland. We thank these institutions for their support.

References

1. Baez, J.: The Beauty of Roots. November 2009, http://math.ucr.edu/home/baez/roots/

2. Bharucha-Reid, A.T., Sambandham, M.: Random Polynomials. Academic Press, Orlando (1986)

3. Bleher, P, Di, X.: Correlations between zeros of a random polynomial. J. Stat. Phys. 88, 269-305
(1997)

4. Bleher, P., Shiffman, B., Zelditch, S.: Universality and scaling of correlations between zeros on com-
plex manifolds. Invent. Math. 142, 351-395 (2000)

5. Bleher, P, Shiffman, B., Zelditch, S.: Correlations between zeros and supersymmetry. Commun.
Math. Phys. 224, 255-269 (2001)

6. Bogomolny, E., Bohigas, O., Leboeuf, P.: Distributions of roots of random polynomials. Phys. Rev.
Lett. 68, 2726-2729 (1992)

7. Bogomolny, E., Bohigas, O., Leboeuf, P.: Quantum chaotic dynamics and random polynomials. J.
Stat. Phys. 85, 639-679 (1996)

8. Edelman, A., Kostlan, E.: How many zeros of a random polynomial are real? Bull. Am. Math. Soc.
32, 1-37 (1995)

@ Springer


http://math.ucr.edu/home/baez/roots/

J Theor Probab

10.

11.
. Kostlan, E.: On the distribution of roots of random polynomials. In: From Topology to Computation:

13.
14.
15.
16.

17.

. Ben Hough, J., Krishnapur, M., Peres, Y., Virdg, B.: Zeros of Gaussian Analytic Functions and Deter-

minantal Point Processes. American Mathematical Society, Providence (2009)

Ibragimov, 1., Zeitouni, O.: On roots of random polynomials. Trans. Am. Math. Soc. 349(6), 2427—
2441 (1997)

Kahane, J.-P.: Some Random Series of Functions. Raytheon Education Co., Lexington (1968)

Proceedings of the Smalefest, Berkeley, CA, 1990. Springer, New York (1993)

Nazarov, F., Sodin, M.: What is ... a Gaussian entire function? Not. Am. Math. Soc. 57(3), 375-377
(2010)

Peres, Y., Virdg, B.: Zeros of the i.i.d. Gaussian power series: a conformally invariant determinantal
process. Acta Math. 149, 1-35 (2005)

Shepp, L., Vanderbei, R.J.: The complex zeros of random polynomials. Trans. Am. Math. Soc.
347(11), 43654384 (1995)

Shub, M., Smale, S.: Complexity of Bezout’s theorem. I. Geometric aspects. J. Am. Math. Soc. 6,
459-501 (1993)

Valko, B., Virdg, B.: Random Schrodinger operators on long boxes, noise explosion and the GOE.
Preprint, arXiv:0912.0097

@ Springer


http://arxiv.org/abs/arXiv:0912.0097

	A Universality Property of Gaussian Analytic Functions
	Abstract
	Main Result
	Proof of the Main Result
	An Application
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


