Math 2000, Winter 2011—Assignment 10—Solution

Polar coordinates and triple integrals

1. Calculate the following double integrals using polar coordinates.

(a) f f p 2y dA where D is the disk with center the origin and radius 3;
Solution:

2 3 2 3
// xydA:/ / (r cos 0) (r sin 0)rdrdd = (/ sin 6 cosede>/ r3dr = 0.
D 0 0 0 0

(b) [ Jp(z+y)dA where R is the region that lies to the left of the y-axis between the circles
22+ 9> =1 and 22 + 9% = 4;
Solution:

3r/2 2 3m/2 2 14
// (z+y)dA = / / (rcosf + rsin)rdrdfd = (/ (sin @ + cos ) d@) / ridr = ——.
R /2 J1 /2 1 3

(¢) [ [p cos(z? + y?)dA where R is the region that lies above the z-axis within the circle
2?2 +y?=09;
Solution:

//R cos(z”® 4+ y*) dA = /07r /03 cos(r?) rdrdf = (/OTr d@)(/(;g’I“COS(T2) dr) = gsinQ.

(d) [ fD e~@*=¥" 4 A where D is the region bounded by the semicircle x = /4 — y?;
Solution:

/2 2 /2 2
// eV A = / / e rdrdf = (/ d9) / e rdr = 21— 7).
D /270 —7/2 0 2

(e) | [p ye® dA where D is the region in the first quadrant enclosed by the circle z2 +y* = 25;

Solution:
w/2 5
// ye* dA :/ / (rsin 0)e” s rdrdo.
D 0 0

We first integrate fgrﬂ r2(sin §)e” °°3?dh through letting u = r cos 6, and get that it equals
u=0
/ (—re")du =re" —r.
u=r

Hence, by integration-by-parts, we get
23
// ye dA = / (re" —r)dr = (re" —e" —12/2)|5 = 4€5 — 5
D

5
0

2. Evaluate the following triple or iterated integrals.



f) [ [ [Jg(zz —y?)dV where E = {(z,y,2): -1<2<1, 0<y<2, 0<2z<1};

Solutlon
///E(xz—y?’)dv = /2/2/1($2—y3)dzdydg:
://—yZI S dydz
N /_1/0 (2_y3)dydx:/_11($—4)d9::—8.

(8) [ [ [z2xdV where E={(z,y,2): 0<y<2, 0<z<+4—y% 0<z<y}
Solution:

2 r/4-y2 pry 2 p/4—y? 2
/// 2xdV = / / / 2xdzdxdy = / / 2zydxdy = / (4 —y?)ydy = 4
E 0 JO 0 0 JO 0

fo fo zhe 6zx dydxdz;

Solutlon

1 z z+z 1 z 1
/ / / 6zx dydxdz = / / 6sz(z + a)dxdz = / (221 4 321)dz = 1.
o Jo Jo 0o Jo 0

) fos fol fO 1= ze¥ dzdzdy;
Solution:

3,1 pVI—Z2 _ 1
/ / / ze¥ dzdzdy = / ze¥\/1 — 22dzdy = / —dy = ¢
o Jo Jo

ﬂ/Q I3 J5 cos(x +y + z) dzdady.

Solutlon
T/2 ry pz /2 ry
/ / / cos(z +y + z)dzdzdy = / / sin(2z + y) — sin(x + y)) dzdy
0 0o Jo 0 0
1
= / _ cos3 Y 4 cos 2y + DY cos y)dy = —=.
0 2 3



