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In this article, we exploit the adaptive properties of wavelets to develop some procedures
for testing the equality of nonlinear and nonparametric mean response curves which are
assumed by an experimenter to be the underlying functions generating several groups
of data with possibly hetereoscedastic errors. The essential feature of the techniques is
the transformation of the problem from the domain of the input variable to the wavelet
domain through an orthogonal discrete wavelet transformation or a multiresolution ex-
pansion. We shall see that this greatly simpli&es the testing problem into either a wavelet
thresholding problem or linear wavelet regression problem. The size and power perfor-
mances of the tests are reported and compared to some existing methods. The tests are
also applied to data on dose response curves for vascular relaxation in the absence or
presence of a nitric oxide inhibitor.
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1. Introduction

The problem of comparing the underlying mean response function f(z) generating
data y, in the presence of a covariate x, across several groups have been discussed
and very well motivated by several authors. In many practical situations, the ex-
act mathematical structure of the mean response f(z) is usually unknown. Thus,
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several authors have discussed the problem in the context of nonparametric and
semiparametric regression. Dette and Neumeyer’ provided a brief description of
tests developed in References 6, 9-12, 14, 15, 18, 22. The procedures discussed by
these authors are limited to data with homoscedastic error in all groups. The work
of Dette and Neumeyer” extended the analysis of variance type test statistic in-
troduced by Young and Bowman?? to the case of heteroscedastic data. They also
proposed a test based on differences between a nonparametric variance estimator
in the combined data from all groups {y;;;j = 1,2,--- ,n;, i = 1,2,---k} and the
corresponding estimators in the individual groups {y;;;j = 1,2,--- ,n;}. The idea
for a test based on differences was &rst discussed in Ref. 21 in the case of two
groups. Other authors who have discussed procedures for comparing regresssion
functions in the presence of heteroscedastic errors are Gorgens,® Koul and Schick,!3
and Neumeyer and Dette.'®

A feature that is common to the techniques discussed by these authors is the as-
sumption that the unknown response function will be estimated by some kernel
method. In this paper, our procedures are based on transforming the problem from
the domain of the input variable to the wavelet domain through a discrete wavelet
transformation (DWT) of the data vector or a multiresolution expansion of the
response curve. Previously, Maharaj'® used wavelet coefficients obtained through
DWT to construct a test statistic for the comparison of two time series. By apply-
ing a DWT matrix W to the data vector Y we show, in §2, that the problem of
comparing pairs of mean response functions is equivalent to the problem of thresh-
olding in wavelet analysis. This result then leads directly to the false discovery
rate (FDR) and graphical procedures we shall discuss later. In the application of
wavelets to nonparametric curve estimation, thresholding is one of the steps in the
DWT approach. Discrete wavelet transformations are linear transformations which
map data Y from the domain of the input data vector to the wavelet domain. The
result is a vector of wavelet coefficients d of the same size as the data Y. Once d
has been found, thresholding is applied to d and the DWT inverted to obtain an
estimate f = W—1(6.6x (WY /d.)). The component f; can then be written as

fi= Zwki(555A(WY/5e)k), (1.1)
p

i =1,...,n, where wy; are the elements of W1 and 2 is an estimate of the error
variance. Thresholding is sometimes referred to as denoising or whitening because
it de-correlates even highly correlated data. This property is useful when dealing
with correlated data.

The most common thresholding policies are hard and soft thresholding de&ned re-
spectively by 6"(d;, \) = d;-1(|d;| > \) and 6°(d;, ) = (d; —sgn(d;)-\)-1(|d;| > N),
where \ > 0 is a thresholding parameter and d; € R. When d; ~ N (6, 0?), 02 known,
Ref. 17 among others have shown that the mean and variance of 6" and §° under
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squared error loss are, respectively:

M) =0+ 0[1 — D\ —0) — PN+ 0)] + A\ —0) — p(A+6),
VEO) = 02+ D)1 —dA—0) — DA+ 0)] + (A +0)p(X —0) + (A — 0)p(A+ 0) — (M (6))?,
M;(0) = MP(O) — A[ PN+ 0) — B\ —0)], VE(0) = VE(O) — Au(\,0) +v(\, —0)], (1.2)

where ¢ and ® are the standard normal density and its cumulative distribution
function and v(A,0) = [1+ @A —6) —P(A+0)]-[(20 —A) (1 —D(A—0)) +26(A—6))].
Under certain conditions, Brillinger® showed that, for each i, f; is asymptotically

Gaussian with standard errors estimated by s; = 7 [> % w%iVA (%’“) It then follows

that for a &xed con&dence level a we can construct an approximate Bonferroni-type
simultaneous conddence interval for f; given by

fi - tnfl,a/Qn * Si, fl + tnfl,a/Qn ' 52:| . (13)

If the mean response function f(z) is not too irregular, the coefficients d; at the
&nest scale of the discrete wavelet transformation should contain mainly noise and
the square of the signal to noise ratio will be small. Thus, the wavelet coefficients
d; at the &nest scale are used in the estimation of o2. Two variance estimators we

12
have used in this paper are 6, = \/# Z:L:/f {dl(f]*l) — d(J 1)} , and a more

robust median absolute deviation estimator prap = 1/0.6745 - MAD [d(J_l)]
= 1.4826 - MEDIAN [|d/~Y — MEDIAN(d/=Y)|]. In the expressions for &, and
Gmap, A7V is the vector of &nest detail coefficients associated with the multires-
olution subspace W;_; described in the next paragraph.

Aside from the FDR and graphical methods, we shall also discuss a test we have
called the Fy test. The F} test is based on a multiresolution analysis (MRA) of the
La(R) space. The MRA consists of an increasing sequence of closed subspaces V,
J € Z satisying the conditions: (a) (; V; = 0; (b) ; V; = L2(R); (c) there exists a
scaling function ¢ € V; such that ¢(x — k), k € Z is an orthonormal basis of Vp; (d)
forall k € Z, f(z) € V; <= f(x — k) € V;, and (e) f(z) € V; <= f(2z) € V;41.
Properties (¢) - (e) leads to a dilation equation for the scaling function ¢(x), ¢(z) =
> pez (22 —p), where h, are constants called &ter coefficients. In order to ensure
the existence of a unique solution to the dilation equation and orthogonality of the
translates of ¢(z), it is required that >, hy, =2 and >_ ;) hphy_oj = 65,5 € L.
Deéae the difference space W; to be the orthogonal complement of Vj, satisfying
the property that W; © V; = V;41,W; L V;. Then, it can be shown that V; =
Vo & @f;& W; and that for any ¢(z) € Wo, we can write ¥ (x) = > ., gr0(22 — 1),
where g, = (=1)"h_,41 with [ ¢(z)dz =1, [ (z)dz = 0,and [ ¢*(x)dz = 1. This
implies that any function f € Lo(R) can be written as a linear combination of




September 2, 2008 11:35 WSPC/WS-IJWMIP pengoyet  v3

4 P. Guo and A. Oyet

functions in Vy and W;, i =0, ... ,00 (convergent in Ly(R)) given by

F@) =" ciordjor(@) + DY disthjn(x), (1.4)

kEZ Jj=jo kEZ

where cj,x, d;i. are unknown constant coefficients, and ¥ (z) = 27/2¢(2z — k)
and ¢jx(z) = 29/2¢(2'2 — k), k € Z are dilated and translated versions of ¢(z)
and () respectively. We note that (1.4) can be written as f(z) = qZ (x)8 +
g(x) where m is a &mite level at which to terminate the multiresolution ex-
pansion, g(x) are the remainder terms which we assume is negligible, g% (z) =
(po(z),v0,0(z), ¢Y1,0(x), Y11(x), ..., Ym2m_1(x)) and 3 is a vector of unknown con-
stants. Given repeated observations y;;, an alternative estimate of f(x) can be writ-
ten as f (z) = Zi,  WijYij- Various weights w;; which correspond to wavelet versions
of the Gasser Miiller estimator and weighted least squares have been discussed by
Oyet and Sutradhar?’. They also discussed various methods for estimating the error
variance o2 based on these weights.

Two wavelet bases we used in our simulation studies are the Haar and the
Daubechies wavelet systems. The scaling functions and primary wavelets of the
Daubechies? wavelet systems, commonly represented as y¢(x) and y1(x) respec-
tively, have no closed forms. They are constructed numerically for different values
of the wavelet number N, which identify the number of nonvanishing coefficients
in the [dilation equation" y@(x) = > hy N ¢(22 — k). The choice N = 1 yields
the Haar wavelets. In our studies, the Daubechies-Lagarias pyramidal algorithm
of Daubechies and Lagarias® was used in the construction of y@(x). Once yo(x)
was constructed, the corresponding primary wavelet was obtained from the relation
N(@) =3 (= D)khi—k -~ ¢(2x — k). The functions ny¢(z) and nt(z), which we
shall refer to as DaubN, have compact support with vanishing moments of order 1
to IV and support width 2N — 1. This property, commonly referred to as a moment
condition, guarantees good approximation properties of the corresponding wavelet
expansion of a response function f(z) in y¢(x) and y(z). That is, it determines
how quickly the wavelet expansion will converge to the true response f(x).

This article is organized as follows. In §2 we develop the FDR and F} test procedures
for comparing pairs of mean response curves followed by a simulation study of the
size and power performances of the proposed methods. We also discuss a graphical
method similar to the method of Bowman and Young,? which can be used when the
number of observations is small. The graphical procedure is extended to compare
more than 2 curves in §3. In the case where the number of observations and the
input points may not be the same for each of the groups, we develop a more gen-
eral test statistic, obtain their critical values by simulation and study their power
performances. We end with some concluding remarks on the results of comparing
our methods to the kernel-based method of Ref. 12. We also discuss the effect of
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deviations from normality of the error distribution on the proposed tests and apply
the techniques to data on dose response curves for vascular relaxation in the absence
or presence of a nitric oxide inhibitor obtained from a perinatal research.

2. Test Procedures Based On Discrete Wavelet Transformation
And Multiresolution Analysis

Consider k groups of data arising from the nonparametric model
yij = fi(@yy) +ojeiy, j=12,... & i=12,...,n (2.1)

where for a &ed group j, f;(z) is a nonlinear response function and ¢;; is a sequence
of independent and identically distributed normal random variables with mean 0
and Var(e;;) = 1. An experimenter is interested in determining whether the mean
response functions f1, fa, ... , fi are the same. In statistical notations, the problem
is to test the hypothesis Hy : fi(x) = fa(z) = -+ = fr(x) against the alternative
H,: fi(z)# fu(z), j #k, for some z. These hypotheses can also be written as

Hy : fi(z) — fa(z) = fa(z) — f3(x) = -+ = fr—1(x) — fr(z) =0, at each z, against
Hy: fi—1(x) — fj(x) #0, forsome z, j=2,... k. (2.2)

In the sections that follow, we shall discuss wavelet methods for testing Hy.

2.1. A false discovery rate procedure (FDR)

The FDR approach we are about to describe is applicable when (a) & = 2, (b)
ny=mng =nand (¢) zjy = x40 =24,1=1,2,... ,n. Debne y1 = (Y11, ¥21, - - - ,yml)/,
fl (l‘) = (fl (wl), fl (332, ce ,fl (l‘n))l, and g1 = (2’:‘11, E21y - ,Eml)l. Correspondingly,
we also de&me ys, f2(x) and €5 from (2.1). Thus, in vector notations (2.1) can be
written as y = f(x) + ¢ where y = (y1,y2)7, £ = (fi,£2)7 and € = (e1,e2)7. Let
I, be the n x n identity matrix and D = [I,, —I,]. The FDR approach begins
with the computation of the difference vector u = Dy = y; — y2. We then let
h(z) = Df(z) = fi(x) — f3(z) and e = De = ¢; — e5. It follows that

u=h(z) +e. (2.3)

Now, let W be a discrete wavelet transformation matrix and defne d = W,
6(x) = Wh(z) and £ = We. By applying the DWT matrix W to (2.3) we obtain
d = 0(x) + &£, where the components of d are wavelet coefficients representing the
differenced vector u in the wavelet domain.

Clearly, if Hy in (2.2) is true, then 6(z) = Wh(z) = 0 at each point  and the com-
ponents of the differenced data d = Wu, in the wavelet domain will be dominated
by the noise component. Thus, in the wavelet domain the hypotheses

Hy:0;, =0, ateach i, against the alternative, H, : §; #0, for some i,(2.4)
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is equivalent to the hypotheses (2.2), where 6; are the components of 6(x). We
note that if Hy is rejected for &xed i, the wavelet coefficient d; is retained in the
model. Otherwise, it is set to zero. Thus, in the wavelet domain the problem of
testing equality of two response curves is in fact the wavelet thresholding problem
discussed earlier in §1. Suppose we consider the universal threshold A = o+/2logn
as a critical value of the test, then it can be shown that the level of signi&cance «
can be expressed as

a = P(|d;| > \|Ho) = 2@ (g) ~ (nm)_l . (2.5)

The critical value \; for testing the hypotheses (2.4) can then be obtained in two
steps: (1). For each d; &nd its two-sided p-value, p; in testing Hy : 6; = 0, p; =
2[1 — ®(|d;|/o)]. (2). Order the p; according to their size, p1y < p2y < -+ < Pn)-
Find k& = max{i|p;) < (i/n) - a}. For this k calculate A\, = o® (1 — p(k)/2).
Following Benjamini and Hochberg! we refer to this approach for obtaining the
critical value as the false discovery rate approach.

2.2. The F; test

In this section, we use the MRA and the well known general linear regression ap-
proach to develop a test which can be applied if the number of observations are
not the same and the input points at which the observations were measured are
distinct. The procedure also allow for repeated measurements at some input points.

Following our discussion on MRA in §1, the model (2.1) can be expressed as a
general linear regression model given by

o1, O
y=X7r+¢, where Var(e) =3 = 0 o2 . (2.6)
von2
In the representation (2.6),

qay, (1) qy, (712)

3 Q, 0 (21 qy, (722)
T:<6;), X:(OlQQ),Whertez , and Qg = e (A7)

q?n(xn11) q?n(xHQQ)

Let A be a well-demed 2! x 2m+2 matrix with elements -1, 0 and 1. Then, H,
in (2.2) can be written as Hy : 1 = B2 or Hy : A7 = 0. De&ne y* = 2_1/2y,
X* = 912X, and £* = y* — X*#. From the theory of linear models, it can be
shown that an approximate test statistic for Hy is
(n— k)(A7)T [AXTX*)1AT] " (A7)
= T

E=2mT2 p=2mtl (28)

)

and that the approximate null distribution of Fy is F), (,—x). The Fy test can also
be used when the design points in both groups are the same and the number of
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observations are equal. In that case, the multiresolution expansion is applied to h(x)
in (2.3) and the model written as u;; = q?, ()8 + e, i=1,... L, j=1,... 7.
Here, A becomes the identity matrix, 7 = 3, and k = p = 2m+1.

2.3. A simulation study of the FDR and Fy procedures

We note that when n; = ny = n, and z;j = x; for all j, and Hj is true, we have
that h(xz) = 0 for the FDR and F} tests. In this case, the difference between the
data from the two groups w; = h(z) + e; is simply noise. It follows that speci&c
expressions for fi(z) and fo(x) are not required when generating data needed to
assess the size of the tests. Thus, to study the size of the tests we set h(z) = 0
and generate observations u; of length n following (2.3). We then used the Haar,
Daub2 and Daub4 wavelet &ters to construct three discrete wavelet transformation
matrices needed for the FDR test. These matrices were applied to the data vector
u to construct the wavelet coefficients. Our next step was to compute the critical
value \; and determine whether to reject Hy. For the F; test, the data vector u
was used to estimate 7 by weighted least squares (see Ref. 20). This procedure
was repeated 1000 times and the proportion of rejections were evaluated. In order
to examine the effect of sample size, the computations were performed for various
combinations of n = 8, 16, and 32, (01,02) = (0.5,0.5), (1,0.5), (1,1) and levels of
signidcance a = 0.01,0.025 and 0.05. The input points used for generating the data
were chosen to be equally spaced from 0.001 to 0.999. Some results obtained under
the Haar wavelet representation are shown in Table 1.

Table 1: Simulated size for FDR test based on 1000 replications and the m = 0 Haar wavelet
with ¢; ~ N(0, 062) and v; ~ N(0, 012,) at signidcance levels a = 0.01, 0.025 and 0.05.

sample (02,0%) = (0.5,0.5) (02,02) = (1,0.5) (0%,02) = (1,1)
size a 001 0.025 0.05 0.01 0.025 0.05 0.01 0.025 0.05
8 071 .097 137 083 111 .130 .085 .094 105
16 .031 .043 .058 028 .047  .052 .024  .038 .053
32 013  .024 .046 015  .025 .050 .017  .026 .046

Simulated Size of F} test based on 1000 replications and the m = 0 Haar wavelet model
with €; ~ N(0,02) and vj ~ N(0,02) at signi&cance levels a = 0.01, 0.025 and 0.05.

sample (02,02%) = (0.5,0.5) (02,02%) = (1,0.5) (0%,0%) = (1,1)
size a 0.01 0.025 0.05 0.01 0.025 0.05 0.01 0.025 0.05
8 .009 .028  .052 011 .024 .042 .011  .030 .044
16 .010 .020 .059 010 .025 .049 .007  .019 .043
32 011 .025  .057 011 .027  .059 .006 .027 .049

Data for examining the power of the FDR and F} tests were generated by specifying
expressions for the difference h(z) = f1(x) — fa(z). We examined the sensitivity of
the test to differences of small magnitude by considering the following functions:
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(1). hi(z) = (a) V1.5, (b) 2.5; (2). ha(z) = (a) 3(x — 0.4)%, () 3(x — 0.4)> +
1.2, (c) 3(z —0.4)%2 4+ 2; (3). hg(x) = 4sindnz — sgn(x — 0.3) — sgn(0.72 — z).
Table 2: Power simulations for FDR test under 1000 replications and the Haar wavelet
with €; ~ N(0,02) and v; ~ N(0, 02) at Signi&cance level o = 0.01, 0.025, 0.05.
(0-6270-1%) = (0'570‘5) (0-6270-1%) = (170'5) (0'527 012/) = (171)

h(z) m « 001 0.025 0.05 0.01 0.025 0.05 0.01 0.025 0.05
hi(a) 8 636  .689  .732 521 530 589 401 437 493
16 878 921 953 706 .766  .819 559 651 674

32 1.00 .997 1.00 957 974 983 870 914 942

hi(b) 8 992 998 .999 948 962 984 885 930  .938
16 1.00 1.00 1.00 1.00 1.00 1.00 995 999 998

32 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

ho(a) 8 125 150 165 110 137 167 A17 0 115 145
16 073 .098 .157 .058 .070  .127 .049 .076 .094

32 .090 .108 .164 .064 .082 .128 .031  .067 .081

ha(b) 8 .808 .827  .865 639  .693 .775 520 562 .688
16 979 986 .990 882 .916  .937 760  .827  .867

32 1.00 1.00 1.00 997 1.00 1.00 982 982 993

ha(c) 8 980 991 .994 915 947 974 .856  .896  .912
16 1.00 1.00 1.00 998 999  1.00 991 999  .999

32 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

hs 8 .000  .000 .000 .000 .000 .001 .000 .001 .001
16 886 962 991 817 891 971 742829 908

32 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

2.3.1. Size and power of FDR test

The result in Table 1 show that the performance of the FDR test in controlling
the size improves as the number of observations increases. For instance, the size of
the FDR test reduces from 0.094 to 0.026 as the number of observations increases
from 8 to 32 at 2.5% level of signi&cance and (0%,03) = (1,1). This pattern can be
observed in all combinations of 07, 03, a, and n. The power of the FDR test, shown
in Table 2 also improves with an increase in the sample size. As an example, with
(02,03) = (1,0.5) and 1.0% level of signi&cance, the power of the test goes from
52.1% to 70.6% and then to 95.7% as the sample size increases from 8 to 16 and
then to 32 respectively.

Furthermore, the magnitude of the error variances appear to have some effect on
the power shown in Table 2. More speci&eally, the power of the test reduces as the
error variance becomes larger. The reduction is, however, minimal when the sample
size is large. For instance, consider the case where the difference is constant denoted



September 2, 2008 11:35 WSPC/WS-IJWMIP pengoyet  v3

On Wavelet Methods for Testing Equality of Mean Response Curves 9

by h1(a) and representing the case in which h(x) = v/1.5. When n = 8, a = 5%, and
(02,02) = (0.5,0.5) the power was 73.2%; whereas the power reduces to 49.3% when
the magnitude of the error variances are increased to (0%, 03) = (1,1). However, at
the same 5% level of signi&cance and same increases in error variances, the power
reduces slightly from 100% to 94.2% when n = 32. We also note that the larger the
magnitude of the difference h(z), the higher the power. This can be clearly seen in
Table 2 by comparing the power for the difference functions hq(a) and hq(b) and
by also comparing the power under the functions hs(a), ho(b) and ha(c) for a &xed
level of signi&cance and &xed error variances.

Table 3: Power of F} test under 1000 replications and the Haar (m = 0), Daub2(*) (m = 2)
and Daub4(**) (m = 2) wavelet with ¢; ~ N(0,02), vj ~ N(0, 02) and o = 0.01, 0.025, and 0.05.

(0627012/) - (0'570'5) (0627012/) - (1a0'5) (062’012/) - (1’1)

h(x) n « 0.01 0.025 0.05 0.01 0.025 0.05 0.01 0.025 0.05
hi(a) 8 293 492 .669 159 324 510 129 224 .362
16 897 960 981 681  .802 .903 543 .689 .814

32 1.00 1.00 1.00 989 998  1.00 948 981 991

hi(b) 8 943 991 .997 802 926  .988 .658  .841 .926
16 1.00 1.00 1.00 1.00 1.00 1.00 999  1.00 998

32 1.00 1.00 1.00 1.00 1.00 1.00 1.00  1.00 1.00

ha(a) 8 013  .041 .098 .016 .035 .085 .013  .026 .068
16 .044 100  .165 .034 .063 .118 027  .060 114

32 144 202 .305 066 .169 .234 .046  .110 180

ha(b) 8 449 670 .823 308 498  .684 210 .360 .553
16 980 990 1.00 865  .941 984 738 .867 .940

32 1.00 1.00 1.00 999  1.00 1.00 993 999 .999

ha(c) 8 881 957 991 720 .884 950 .b66 779 .882
16 1.00 1.00 1.00 1.00 1.00 1.00 994 997 1.00

32 1.00 1.00 1.00 1.00 1.00 1.00 1.00  1.00 1.00

hs 8 .000 .000 .010 .003 .006 .017 .003 .015 .040
16 828 973 .994 719 .898 967 613 .820 .924

32 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

hj 16 880  .967 995 762 910  .966 .633  .810 .924
32 1.00 1.00 1.00 1.00 1.00 1.00 1.00  1.00 1.00

h3* 16 886 976 .994 727920 975 .641 807 933
32 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

2.3.2. Size and power of the Fy test

By comparing the results in Table 1, we see that the F} test offers some improvement
over the FDR test in controlling the size for small values of n. However, our results
show that the power performances of the FDR and F} tests are comparable. When
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the structure of the difference function h(x) is simple (e.g. constants and quadratic
functions), the power of the F test tend to be higher with the m = 0 Haar wavelet
&ter; whereas when the difference function is more complicated (e.g. h3(x)), the
power tends to be higher under the m = 2 Daub2 wavelet and Daub4 wavelets as
shown in Table 3.
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Fig. 1. A plot of the data D; = Y; — Z; i = 1,...,n (solid line), Haar wavelet estimate D = h(z) =
f = g(x) (dotted line), and approximate con&lence bounds (dotted broken line) for difference
h(z) = f(z) — g(x) with parameters (a), (b) n = 8 and 16, respectively, with o = 0.05, (oe,0,) =
(1.6,2.5) and h(z) = 0; (c), (d) n=8 and 16, respectively, with o = 0.025, (o¢,0,) = (3.5,0.8), and
h(z) = —0.5; (e), (f) n = 8 and 16, respectively with a = 0.01, (o, 03) = (2,2), and h(z) = —/1.5.

If the input points are distinct and the number of observations are not equal, the
size of the F; test can be examined by specifying only one of the functions f;(x),
fa(x) since under Hy, f1(x) = fo(x). We studied the size by generating data of size
(n1,n2) = (12,16) and (n1,n2) = (16,20) using each of the functions, f(z) = 0,
f(z) = ha(x)(a), and f(z) = hs(z), dedmed in §2.3. The input points x;; and gy
were chosen to be equally spaced from 0.001 to 0.999. Using the Haar wavelet with
m = 1 and the Daub4 wavelet with m = 3, we found that the F} test performs well

in controlling the size of the test when 02 = o2; whereas when o2 # o2, the test
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tends to overestimate the size. The signidcance levels considered in the simulation
study were a = 0.01,0.025, and 0.05. We further examined the sensitivity of the
test to large and small differences between f1(x) and fa(x). We found that both the
magnitude of the difference and the complexity of the structure of the difference
function has effect on the power of the test.

2.4. A graphical method

Recall that the FDR test requires using d’/~! to estimate ¢ which is then used
in computing the critical value A;. For small samples, the estimate of O'g tend to
be highly biased. The bias in 62 then leads to inaccurate conclusions in most of
the cases. When n is small we found that using estimates of h(z) and con&dence
bounds computed from (1.3) produced more reliable results. The main idea is to
compute an estimate h(z) of the difference function h(z) as in (1.1) and construct
a con&dence bound for k() as in (1.3). Our simulation results show that if h(z) is
approximately zero for all z and the condadence bound is approximately symmetric
about the line h(x) = 0, we cannot reject the null hypothesis Hy.

Figures 1(a) and (b) show that when h(z) = 0 the conddence bound covers zero
and is approximately symmetric about the line h(z) = 0 with some distortion when
the error variances o2 and o2 are large. Figures 1(c) - (f) provide a good illustration
of the fact that when h(x) is non-zero but a constant for all z, the estimate h(z)
is close to the true h(x) and the con&dence bound is not symmetric about the line
h(z) = 0. However, if the sample size is small, n = 8 and h(z) = constant, the
con&dence bound may still cover the line h(z) = 0 (see Figures 1(c), (e)). Figures
1(d) and (f) then show that with a sample size of n = 16 the con&dence bound
will exclude the zero line. These patterns were repeated when h(z) is a function
rather than a constant. In this case, we used the Daubechies wavelet for estimating
the functions instead of the Haar wavelet because it is more suitable for estimating
smooth functions.

3. Extension To k > 2 Groups

When k£ > 2, a preliminary step in examining whether fi = fo = --- = f; is to
estimate the error variance O'JQ- and response curve f; for each of the k groups. We can
then plot and visually assess the shape of the graph of the estimated response curves
fj, j=1,...k If x5 = x;, for all j, which is usually the situation in most cases,
then the graph of the estimated response functions should provide some indication
of differences or equality as in Figures 2(a), 2(b). The data used in constructing
Figures 2(a)-(d) was generated from (2.1) with (a) f; = --- = fi = hs(z) of
§2.3, (b) fi = f3 = hs(z), fo = fu = t(x) = 3 xmin{2z,-2(z — 1)}, (c) fL =
o= fy = f5 = hs(z) and (d) f1 = fo = f5 = t(z) = 3x min{2z, —2(x — 1)},
f3 = f1 = d(x) = 5(x—0.4)2+1.2 where o1 = /5.5, 00 = 1, 03 = 3, and 04 = V1.5.
The graph is the average from 5000 simulations of the estimated functions using
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(1.1) and the Daub4 wavelet in an Splus code. It is clear that the functions in
Figure 2(a) are the same, whereas the functions in Figure 2(b) are not the same.
If in addition to x;; = ; we also have that n; = n for all j, then we can compute
Zijg = Yij — Yi,j+1, ] = 1,2, v ,k — 1. Let h](.’L‘) = fJ<.’L‘) - fj+1(l‘) and de&ne,

k—1
T(x) = 3 by @)l (31)

By (2.2), hj(x) =0, j=1,... ,k—1, implying that T;,(z) = 0 at each x. We then
use the data z;; to obtain an interval estimate of T,,(x) as in (1.1) and (1.3) where
the standard error of T}, (z) is s, = Zf;ll s5/(k—1) and s; is the standard error
of h; de&ned in (1.3). We illustrate this technique in Figures 2(c), 2(d). We found
that if the response functions are not the same but the values of the difference is
close to zero, the con&dence intervals will still cover zero but may not be approxi-

mately symmetric about the line T}, () = 0 as in Figure 2(d).

T T T T T T
00 02 04 06 08 10 00 02 04 06 08 1.0
€Y (b)

T T T T T T
00 02 04 06 08 10 00 02 04 06 08 1.0
(© (d)

Fig. 2. A plot of (a) estimated functions fi(z) = fa(z) = f3(z) = fa(z) = hs(z) (b) fi(z) =
fa(z) = ha(x) and f3(z) = fa(x) = i(x). Graph of T (x) with approximate con&dence bounds
when (a) fe(z) = hg(z) and (b) f1 = fo = f5 = t(z), f3 = fa = d(x).

In the general case, we begin by computing v;; = y;;/0; and merge the data v;;
from all groups. Let r be the number of distinct x; values in the merged data and
t; the total number of repeated observations v; corresponding to each x;. Now, we
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observe that if Hy is true, we can &nd a common function, say f.(z), such that
filx) = fa(z) = -+ = fr(z) = fe(x). Then, using the combined data we can
estimate fc(x) as fc(‘r) = qT(‘r)Bcv where Bc = [(]./TL) 2;21 tiwiq($i)qT($i)]7
[(1/71) S S, wiq(x)vil} and the weights w; are the minimum variance un-

biased weights discussed in Ref. 20. For &xed j, debme e;; = yi; — fj, €cij =
Yij — fw-, R;=>01", wie?j = e;‘-FWej and RS = S w,l;efyij = erWem, where
fi(xij) = a"(2;)B; and f.j(zi;) = q” (i;)P.,; are estimated response functions
for group j. Here, Bc,j is the component of Bc corresponding to x;;. Suppose that
for &ed j, yij ~ N(0,07). Then, it can be shown that the distribution of W/2e;
is a degenerate normal distribution with mean 0 and singular covariance matrix
Y =WY(1,, - Hy)I,, — H,)TW2, where H, = Q(QTWQ)!QTW and the
rank of ¥ is n; — 2m+L,

Table 4: (1 — @)100% Quantiles of the distributions
of T1 and Ty for comparing k£ = 4 functions with the

m = 0 Daub2 wavelet model obtained from 10,000 simulations

(1 - a)100%

(n1,n2,n3,14)  statistic 90 9% 975 08 99
8 Ty 0.2175 0.3088 0.4111 0.4416 0.5556
15 0.7634 0.9051 1.0231 1.0659 1.1773
10 Ty 0.1637 0.2311 0.3102 0.3303 0.4120
T 0.6561 0.7803 0.8927 0.9273 1.0329
15 Ty 0.0874 0.1254 0.1685 0.1827 0.2256
15 0.4816 0.5711 0.6583 0.6811 0.7704
30 T 0.0249 0.0354 0.0470 0.0499 0.0641
T 0.2578 0.3053 0.3518 0.3649 0.4074
64 Ty 0.0057 0.0085 0.0111 0.0120 0.0151
Ts 0.1251 0.1492 0.1699 0.1763 0.1969
120 Ty 0.0017 0.0024 0.0031 0.0035 0.0042
T 0.0675 0.0794 0.0917 0.0954 0.1061
200 Ty 0.0006 0.0008 0.0011 0.0012 0.0015
T 0.0408 0.0478 0.0545 0.0570 0.0629
(8,10,10,15) Ty 0.0521 0.0727 0.0971 0.1045 0.1356
15 0.3733  0.4392 0.5058 0.5287 0.5991
(15,30,30,64) T 0.0030 0.0043 0.0060 0.0065 0.0084

T 0.0885 0.1044 0.1213 0.1273 0.1400
(64,120,64,120) Ty 0.0007 0.0010 0.0014 0.0015 0.0019
Ty 0.0455 0.0531 0.0610 0.0633 0.0709

Clearly, Rf — R; = 0 when Hy is true and R — R; # 0 otherwise. It follows that,
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two test statistic that can be used for testing Hy are
k k
Ty =Y (RS —R;)*and T, = Y |RS — Rj|. (3.2)
Jj=1 j=1

As an illustration, in 10000 simulations we found that when nqy = n3 = 8,no = ng =
10 and f1 = fo = f3 = fa = h3(x), the average values of R; and R{ were 1 = 3.343,
R{ = 3413, Ry = 4.079, RS = 4.145, Ry = 3.324, R = 3.394, Ry = 4.100,
RS = 4.165. However, with f1 = d(x), fo = f3 = fa = hs(x), the average values of
R; and R} become Ry = 1.591, R = 3.043, Ry = 4.079, R5 = 4.272, R3 = 3.324,
R§ = 3.531, Ry = 4.100, R§ = 4.292. Clearly, the large difference in the values of R;
and R{ shows that f; is different from fo, f3, and f4. Furthermore when we replace
f3 in the above computation with the triangular function ¢(x), the average values
become R; = 1.591, R = 2.469, Ry = 4.079, R§ = 4.634, R3 = 0.617, RS = 1.384,
R4 =4.100, R§ = 4.655. Again, we see that the difference in the response curves are
re! ected in the values of Ry, R{ and R3 and Rf. In general, we found that in cases
where Hj is not true and the values of the functions at the input points are not
close in magnitude, the difference will be clearly re! ected in the computed values of
R; and Rf. A careful examination of these values will also lead to identication of
the functions that are different. Such differences become much more evident when
the sample size is large.

Table 5: Power of T7 and T in 10,000 simulations
under the m = 0 Daub2 wavelet model with o = 0.05

(n1,n2), (7137”4)

10 64 200 (3,10) (15,30) (64,120)

Functions Statistic 10 64 200  (10,15) (30,64) (64,120)
fi1=fa=fa=hs(z) T 13.41 76.48 99.97 11.21 42.91 84.09
f3=hs(z) —0.5 Ty 13.36  74.02 99.95 10.82 41.87 78.33
f1=fo=fa=h3(x) Ty 88.70 100 100 85.60 100 100
f3 =hs(z) — 1.5 Ty 86.70 100 100 82.54 100 100
fi=fa=fa=hs(x) Ty 100 100 100 99.99 100 100
f3=hs(z) —2.5 Ty 99.97 100 100 99.99 100 100
Fi=fo=f1—d) T, 5626 99.04 100 4956 8L91 _ 99.55
f3 =t(x) 15 53.46 98.63 100 46.21 79.33 99.08

3.1. Quantiles and power of T and T;

Given that the sampling distributions of 77 and 75 are unknown, it is possible
to obtain the quantiles of their distributions by simulation. An example of the
quantiles of the distributions of T} and T5 for comparing four functions we obtained
from 10000 simulations are shown in Table 4 for various values of n1,ng, n3, nys. The
quantiles were obtained by generating data y;;, ¢ =1,...,n;; j=1,2,3,4 from
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(2.1) under the null hypothesis with f.(x) = hs(z) or d(z) or t(z) after which we
computed the values of T7 and T based on the m = 0 Daub2 wavelet model. We
repeated the computations 10,000 times using an Splus code and then computed
the quantiles in Table 4 from the 10,000 values of T} and T5. Using the 95% quantile
we computed the power of the tests shown in Table 5. The values in Table 5 show
that if the difference between the values of the functions is small, the size of the
data has to be large for the power of the tests to be high.

10 15 0 25 30
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5

64107 10M6
@

20 25

15

5 10 15 20 5 30

0

Fig. 3. A plot of the difference h(x) (solid line), Daubechies wavelet estimate of difference h(x)
(dotted line) and con&addence intervals for methacholine CRC data in mesenteric arteries for (a),
(b) 4-month and 7-month data, respectively with 95% CI; (c), (d) 4-month and 7-month data,
respectively with 99% CI. Haar wavelet estimate of h(z) (dotted line) for (e), (f) 4-month and
7-month data, respectively with 95% CI.

4. Case Study: Methacoline CRC In Mesenteric Arteries

In this section, we apply the graphical method to dose response measurements for
vascular relaxation in the absence and presence of a nitric oxide inhibitor from 4-
month and 7-month old male rats. The pairs of observations from both the 4-month
and 7-month old rats are of size n = 8 and measured at the same concentration z;,
i=1,2,...,8. In our simulation studies, we found that the graphical method was
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more reliable when the sample size is small. The graph of the difference function
h(x), h(z) and the con&dence bands shown in Figure 3 were constructed using the
Daub2 wavelet. The graphs show that the response curves generating the data are
not the same since the con&adence bands do not cover zero. Furthermore, Figures
3(e) and 3(f) indicates that even if the difference h(x) where to be constant for all
x, it is nonzero. Consequently, based on the data shown in Figure 3 the decision is
to reject Hy.

5. Concluding Remarks

Previously, we have used data from a normal population in our simulation studies.
We now discuss the effect of deviations of the error distribution from normality on
the size and power performances of the FDR and F} tests. We also comment on the
results of comparing these two tests to the kernal approach of King et. al.'?. In gen-
erating the data for examining robustness of the tests, we use the functions de&med
in §2.3 and replace the error distribution by one of the following: (a) €;; ~ %06 -4,
Vi ~ %UV “ta; (b) €55 ~ %05~ (X% — 1), Vi ~ %ay- (X% — 1). These distributions
were chosen so that the error variances will be the same as those used under normal
error assumption.

We found that when data is generated from a t-distribution with 4 degrees of free-
dom, the size and power performances of the FDR test were identical to the size
and power of the FDR test under normal errors. When the error distributions are
from a skewed x?2 distribution, the FDR test performs poorly in controlling the size
of the test. However, the power of the test remains at approximately the same level.
Unlike the FDR test, the F; test was found to be robust against deviations from
normality to both the t-distribution and the 2 distribution in terms of size and
power when the design points are the same. When the design points are not the
same, the power of the F] test appear to be unaffected by the change in distribu-
tion. However, the test appear to fail in controlling the size of the test once the
distribution is changed to the skewed x? distribution.

The results of the comparison between the FDR and F) tests and the kernel ap-
proach show that (a) the F} test and the kernel method in Ref. 12 performs better
in controlling the size than the FDR test, and (b) the power of both the FDR and I}
tests are comparable to the power of the kernel method. Now, the null distribution
of the test statistic under the kernel approach is unknown, so a simulated p-value
is needed for the test. King et al'? recommended 8000 simulations. Attempts at
computing these p-values using an Splus code highlighted the inefficiency of this
approach in terms of the number of days it took to complete 1000 simulations. This
appear to be a weakness of the kernel approach. In terms of robustness, we found
that the kernel approach also failed in controlling the size of the test under the
skewed Y2 distribution. The effect of the t-distribution appear to be minimal. But
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the reduction in power of the test based on the kernel approach appear to be much
higher than the reduction in both the FDR and F}; tests. When the sample size is
small, n = 8, the power of the kernel based method was found to be very low. Thus,
for small samples, the method will also be highly unreliable. In this case, we have
shown that the graphical method we have proposed is more reliable.
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